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1 What is a Riemann Surfaces

This course is an introduction to Riemann surfaces with an algebraic and geometric viewpoint
as the subtitle of the book followed by the course says

In 1851 Riemann studies (using Dirichlet Principle) inverses of conformal functions. Riemann
shows that inverses of complex analytical functions are (analytical) functions defined on surfaces:
the so called Riemann surfaces. Which functions are analytical, meromorphic, determines the
conformal structure of the surface.

(Compact) Riemann Surface: Surface X with an atlas X = ∪x∈XUx of charts ϕx : Ux →
Vx open in C homeomorphism s.t. (for charts ϕx, ϕy with no empty intersection) ϕy ◦ ϕ−1

x :
ϕx(Ux ∩ Uy) → ϕy(Ux ∩ Uy) is analytical (as its inverse). Notice that we can think of having
different geometries (distances, given by isometric differential structures) on a topological surface
X and the corresponding Riemann surface is the class of conformal geometries.

In fact we are not interested in functions in C but on functions on the Riemann Sphere Ĉ (which
is the complex projective line bringing infinity to Earth), so we consider in general meromorphic
functions ϕy ◦ ϕ−1

x .

Now aRiemann surface is a topological surface with a class of meromorphic functions.

In the course we will work with this points:

• Holomorphic (analytical) maps between Riemann surfaces are branched coverings. In fact
one can see a Riemann surface as a branched covering of the Riemann Sphere (earlier work
of Schwarz, Hurwitz, Weiertrass, Clebsch, Klein, and many more).

• The group of meromorphic functions on a Riemann surface is (functorially) the group
of of fractional functions of a projective (the infinity brought to Earth) smooth curve.
So compact Riemann surfaces are (smooth) projective complex curves (earlier work of
Schottky, Wiman, Torelli, Fricke, and many more).

• Finally any R. S. is the quotient of either Ĉ,C or the complex disk H by a discrete
subgroup of the corresponding group of motions (Poincaré, Koebe)



2 Program

The lectures of the course will be devoted to the following topics:

-1. Prerequisites. Conformal and meromorphic functions: zeros, poles, Cauchy Integral For-
mula, Liouville’s Th., series, Maximum Modulus Principle. Coverings and Fundamental
Groups: Surfaces, coverings, universal coverings, fundamental groups and groups of deck-
transformations of coverings, monodromies. (1 Lecture)

0. Riemann Sphere and Möbius Transformations. Meromorphic and rational functions. The
group PSL(2,C) . (1 Lecture)

1. Elliptic Functions and Tori. Weiertrass p -function. Topology and elliptic functions and
tori. (2 Lectures)

2. Riemann Surfaces. Meromorphic functions and germs, the sheaf of Riemann surfaces. Con-
nected components in the space of germs of meromorphic functions. The space of tori, the
group PSL(2,Z) . (3 Lectures)

3. Fuchsian Groups. Discrete subgroups and discontinuous actions. Fundamental regions and
Riemann surfaces. Uniformization Th. (3 Lectures)
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Figure 3The Modular Space as a Riemann Surface and Farey numbers
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