Lecture 13

Birth and Death Processes

The subsequent material has been partially taken from V. Andasari, course notes Stochas-
tic Modeling, at Boston University and from Wikipedia.

Transition Probabilities, Kolmogorov’s equations

The continuous-time birth and death Markov chain {X (¢) : t € [0,00)} may have either
a finite {0,1,2,---, N] or infinite {0,1,2,---} state space. Assume that its transition
probabilities P,(t) are stationary, i.e.

Py(t) = PIX(t+s) = j|X(s) =i}, forall At >0.
In addition, assume the infinitesimal transition probabilities for this process are

Py (A1) = PAX(t + A1) = X (1) = j | X(1) = i}

NAE + o(At), j=1
(1At + o(At), j=-1

) 1= () AL+ o(AD), =0
o(At), j#—1,0,1

for At sufficiently small, pg =0, g > 0, and \; > 0, ; > 0 fori=1,2,---. It is often the
case that \g = 0, except when there is immigration. The initial conditions are

1, i=j
Pi]'(o):(SZ'j:{Q 27&]

In a small time interval At, at most one change in state can occur, either a birth, i — i+41
or a death, i — 7 — 1.
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Source Wikipedia

In the same way as for the Poisson process, we define P;(t) = P{X(t) = ¢} and assume
X(0) = 0. If At > 0,7 > 1, by invoking the law of total probability and the Markov



property, we obtain
Pyj(t+ At) = Py(t) Pej(At)
k=0

f:Pik(t) P{X(t+A) =5 X(t) =k}

e
I

[
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Pr(t) - P{X({t+At) — X(t)=75—k| X(t) =k}

EE
I

<. O

Py(t) - P{X(t+ At) — X(t)=75— k| X(t) = k}.

>
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Now, for k = 7, for the right hand side we have
= Py(t) - PAX(t + At) = X(t) = j —j [ X () = j}
= Py(t) - PX(E+ M) — X(1) = 0| X(1) = j}
= Py (t) - [1 = (& + p) At + o(At)]

fork=75-1,
=Fja(t) PAX(E+A) - X(t)=j—- (-1 | X)) =j—1}
= Pya(t)- PAX(t+ AN — X() = 1| X(1) = j 1)
= i,j—l(t) . [Aj_lAt + O(At)}

fork=j5+1

, ) P{X(t+At) —X(t)=7—-(U+1) | X({t)=75+1}
=P jn(t) P{X(t+A)—X(t)=-1|X(t)=j+1}
= ) - [1j41 At + o(At)]

1

whereas for k # j,7 — 1,5 + 1, that is for £ < j — 2

= Py(t) - PIX(t + A1) = X(1) 2 2 X(t) = k}
= Py(t) - o(At)

and k > j+ 2

Palt) - P{X(t + At) — X(t) < -2 | X(£) = k)
= Py(t) - o(Al) .

Collecting all together,
Pt + At) =Fy;(t) - [L = (Aj 4 p5) At + o(AL)] + Py j1(t) - [Aj—1 AL + o(Al)] +
Py (t) - [y At + o(At)] + Pir(t) - o(At)
=P 1 (A1 AL+ Py (0 pj At + Pi(8) [1 = (A + ) At] + o(Ab),

which holds for all i and j in the state space with the exception of j = 0 and j = N (if
the population size is finite).

If 7 =0, then (and due to py =10)

Po(t + At) = Py (t) 1 At + Po(t) [1 — MNAt] + o(At)



If j = N, which is the maximum population size, then
Pi]v(t + At) = Pi,Nfl(t)/\NflAt + PzN(t) [1 — ,uN) At] + O(At),

where Ay = 0 and P,y = 0 for k > N. Subtracting P,;(t), Pi(t), and P;x(t) from the
preceding three equations, respectively, dividing by At, and taking the limit as At —
0, yields the forward Kolmogorov differential equations for the general birth and death
process,

4Py (1)

S 1P ) = O ) Pylt) + iy Prgin (1)
dPy(t

Czl(;( ) — —)\opio(t) + ,ulpﬂ(t), for Jj = 0
dPin(t |

(Z( ) =Av_1Pinoi(t) — pnPin(t), for j=N.

The forward Kolmogorov differential equations can be written in matrix notation,

dP(t)

—= =Pt
U —pua
or
[ dPy/dt ] [ —Xo Ao 0 0 1
dPll/dt M1 — ()\1 + ,Ul) )\1 0
dPp/dl | = [Pio Pir Pia Pig -+ -] 0 a2 — (A2 + p2) A2
dP;s/dt 0 0 s — (A3 + p3)

where the generator matrix Q for the infinite state space is

[~ Ao 0 0
= (A + ) A1 0
Q= 0 f2 — (A2 + p2) A2 :
0 0 3 — (A3 + ps3)

and for the finite state space is

—Xo Ao 0 0
o — M+ m) A 0
Q= : : : e :
0 0 pn—1 —(An-1+pN-1) Av-a
0 0 0 N —p |

Similarly, to obtain the backward Kolmogorov differential equations, we start from

Py(A 1) = 3 Pu(A) Py (1)

k=
= Py 1 (A Py (1) + P At) Py () + P (A P 5 (8) + ) Pin(A) Py (8),
~~ ~~ k

k=i—1 k=1 k=i+1




where the last summation is over all k # ¢ — 1,7+ 1,7. For k =1
Pi(At)Py;(t) = Pij(t) - [L = (A + ) At + o(At)]

fork=1—-1
Pri1(At) Py j(t) = Pioyj(t) - [ At + o(At)]

fork=7+1
P i1 (A) Py j(t) = Pt (1) - [NAE 4+ o(At)]

and for k # 7,7 — 1,7 + 1, we have

S PulAt)Py(t) = Piy(t) - o(A1).

Piecing everything together and rearranging the resulting equation , it turns out that

Dividing by At and taking the limit as At — 0, we obtain the backward Kolmogorov
differential equations

dP;;(t

djt( ) _ piPio15() — (N + i) Pij(t) + AiPia ()
dFPy;(t

OJ( ) = —)\ngj(t) + )\()Plj(t), fori =0
A1)

dzjf = punPn_1;(t) — pnPn;(t), fori=N

where 1o = 0 and Ay = 0, and j > 0,72 > 0 The backward Kolmogorov differential
equations can be written in matrix notation,

dP(t)
— = QP(¢t
U0
or ) i i o ]
dFo; /dt —Xo Ao 0 0o .- Py,
dPy;/dt 1 — (A4 ) A 0 . Py
dPyj/dt | = 0 fho — Mo+ p2) Ay - Py
- dPN]/dt - L 0 0 0 UN —HN 1L PN] i

The Limiting Behavior of Birth and Death Processes

For a general birth and death process that has no absorbing states, the limits

exist and are independent of the initial state 7. The limits form the limiting distribution (or
limiting probability) of the process, which is at the same time the stationary distribution.



To determine if a limiting distribution exists and what its values are, we rewrite the
forward Kolmogorov differential equations,

dPy(t
d(;f( ) = —XoPyo(t) + 1 Pa(t)
dPl--(t .
d]t ) Nj1Pija(t) — (N + ) Pig(t) + i Pija(t), 5 =>1,

with initial conditions P;;(0) = §;;. If we take the limit as ¢ — oo to these equations,
the limit of the right hand sides exists. The limit on the left hand side, the derivatives
P/;(t), also exists. Since the probabilities are converging to a constant, the limit of these
derivatives must be zero. These equations can be solved recursively. For the first equation,

or when j =0
dPj(t ) .
lim ﬁ = —Xo lim Pyg(t) 4+ p1 lim P;1(t)
t—o00 dt t—00 t—o00

0= —Aommo + p117m

Ao
Ty = — Ty
H1

From the second equation,

. dP;(1) . . .
Jim —= = A lim B (8) = (N ) im By (8) + e lim P (1)
0= Xjo1mj1 = (N + ) 75 + a4
when 7 =1
A1 AoA1
Ty = —T = To »
H2 M2
when 7 = 2,
A2 AoA1 Ao
Mg = — Ty = o
3 12t
and so on. Thus,
Ai
Tit1 = T
Hi+1

Now we aim to show by induction that the stationary probability distribution equals

o AoAL - Ay
b2 - -

™ T, 1=1,2,3,---.

We have to verify this relation for ¢ 4+ 1 instead of 7. Then

Pit1Tirr = (N + ) T — Nic1mia

B ()\0/\1 s Xim1 (A ) Ao /\i—1> .
= - 0
Hafdo - Haph2 - -+ fhi—1

AoA1 - Ay <>\i+m )
= —1 0
Hapho - e -1 2%




or,
PYIYREEDY
Tiy1 = ———————To -
Hifto - it

Thus, if the state space is infinite, {0,1,2,--}, a unique positive stationary probability
distribution 7 for a general birth and death process exists, with

,ui>0 and M\_; >0 fOYi:1,2,3,"'

Since Y .o, m; = 1, which we expand

i T, — 1
=0

0 <1+§::—;> :1,

from which we solve for g,

Let us summarize our work.

Theorem Suppose p; > 0 and \;_; > 0 for all « € N and
oA A
) PRSI
=1 Mk
Then there exists a unique limiting distribution
XA A
Mo - -

e T, 1€N,

where 7 is given by ().

Construction by Trajectories: Waiting times and Jumps

Now suppose we are given a birth and death process {X(t) : t € [0,00)} with state space
S =Z,. Given X(0) =i € S, introduce the waiting time T; == inf{t > 0: X (t) # i}.

|

L

Theorem It holds that Ty ~ Exp(Ao) and T; ~ Exp(X\; + ;) @ € N,



Proof. Let us carry out the proof for ¢ € N, the proof for ¢ = 0 is similar. Introduce
Gi(t) .= P(T; > t|X(0) =1i), t>0.

By the definition of conditional probability and the fact that {7; >t + h,T; > t, X(0) =
i} ={T; >t+h,X(0) =i} we have for h >0
L~ P>t X(0)=14) PI>t+hT,>tX(0)=1)
P(T; > t + h|X(0) = i) = . .
= O =0 = o0 = 0) P(T, > 1,X(0) = 1
= P(T; > t|X(0) =1)- P(T; > t+ h|T; > ¢, X(0) = i) .

Thus, by the Markov principal, and time homogeneity,

P(T; > t + h|X(0) = i) = P(T; > t|X(0) = i) - P(T; > t + h|X(¢) = 1)
= P(T; > t|X(0) = i) - P(T; > h|X(0) =4).

According to the infinitesimal transition probabilities, this says

where we consider now h as an infinitesimal time increment. Rearranging this and dividing
by h we obtain

Gi(t+h) — Gi(t)
h

= —(Ni + ) Gi(t) + @ :

Letting h — 0 this implies

which has the unique solution
P(T; > t|X(0) =14) = Gy(t) = e Nttt >0,
However the right-hand side is 1— cumulative distribution function of Exp(\; + ;). O

Remark For the Exp(\; + u;)-distribution of the waiting times between the (n — 1)st
and nth jump we recall the memoryless property of the exponential distribution. Let
X ~ Ezp(X\). We have

P(X>t4+xz,X>1)

PX>t+z|X >t) =

P(X >1t)
_P(X>t4x) 1-Fx(t+a) e
- P(X>t)  1—-Fx(t) e

=eM=P(X >1).

Theorem Let X (¢) =i € N for some ¢ > 0. Then the the probability to jump to i — 1

(resp. i + 1) next is 3E-- (resp. /\’J\ru)




Example The so-called simple birth and death process {X(t) : t € [0,00)} has transition
probabilities
Piii(At) = P{X(t+At) — X(t) =5 | X(t) =i}

1—i(p+NAt+o(At) j=0

IAAL + o( At) j=1
) ipAt+ o(At) j=-1
o(At) j#-1,0,1

for all ¢+ € Z,. Simple birth and death processes are also known as birth and death
processes with absorbing states. For these processes, the zero state is an absorbing state,
where when the population size becomes zero, it remains zero thereafter.
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V. Andasari, course notes Stochastic Modeling, BU

Plots of three sample paths for the simple birth and death process when p = 1.0, X (0) =
50, and A = 0.1 (left) and A = 1.0 (right). In the case A << pu (left figure), the population
size becomes zero and it remains in zero forever.

Example The Yule Process or simple birth process is defined by its birth rates \; := i A,
1 € N for some A > 0. There is no death, i. e. u; := 0, ¢« € N. The process stars in state
I,i. e. X(0)=1.

In other words, for a simple birth process the birth rates are proportional to the size
of the current population. This is, for example, a reasonable assumption on the growth
of a virus population in an infected individual until the production of anti-bodies sets in.
As time proceeds according to the horizontal axis we get a branching image as below.

L]
. ‘ S

Federico Polito, research gate, modified



The number of births at time ¢ of a simple birth process of population size n is given by

n

Prntm(t) = ( )(At)m(l — A" 4 o(h), t>0.

m
In exact form, the number of births is the negative binomial distribution with parameters
n and e ™, recall that on Wikipedia.

For the special case n = 1, this is the geometric distribution with success rate e . The

expectation of the process grows exponentially. In particular, if Xy =1 then E[X(t)] =
At
e™, t>0.

Jorg-Uwe Lobus, jorg-uwe.lobus@liu.se


https://en.wikipedia.org/wiki/Negative_binomial_distribution

