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1 Linear processes

Recall that Kronecker’s delta is defined for all integers i, 7 € Z by:
(1, ifi=g;
% _{ 0, ifi#j. (1.1)

A process {V;t € Z} is called white noise in discrete time, if it is wide
sense stationary with mean 0 and autocorrelation function

o, ifr=0;

Ru(7) = 0260, — { R, (12)

Definition 1.1 Let {V;;t € Z} be white noise in discrete time. Define, for
each t € Z, the random variable

o0 T

Y, = Z cxVier = I;L'El' Z e Vioks (1.3)

k=0 k=0

where {c;;k = 0,1,...} are real numbers such that Y~ ¢ < oo (this
condition guarantees that the mean square limit exists, by Theorem 5.1 in
Kompletteringshéfte 2). Then, the process {Yy;t € Z} is called a linear
process.

Theorem 1.1 A linear process {Yy;t € Z} is wide sense stationary, with
mean py = 0 and autocorrelation function

o0

Ry (1) = o? Z CrChot|r] V1 € Z. (1.4)

k=0

Proof: By Theorem 4.1 in Kompletteringshéfte 2

o0

E(Y;) =) aBE(Vi) =0 WVteZ,
k=0

and, for 7 =0,1,...,

EY:Yii,) = Z Z kG E(ViekVigr—1)
k=0 =0

NE

o0 [ee]
Z ckclazRV(t +7—-1l—t+k)= o2 Z CrClar YVt € Z.
0 1=0 —

il
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For 7 = —1,-2,..., we get (using the previous result):

[e.9]

E(Y;SY;H-T) = E(Y;-H'Y;-H'Hﬂ) =0’ Z CkCh+|7| vVt € Z.
k=0

Since the autocorrelation function does not depend on ¢, the process is wide
sense stationary. .

The systematic study of linear processes started with the Ph. D. The-
sis of Herman Wold: A Study in the Analysis of Stationary Time Series,
Almqvist och Wicksell, Uppsala, 1936. We remark that a linear process
{Y;;t € Z} such that the numbers {cx; k = 0,1, ...} satisfy the stronger con-
dition that >/, |ck| < 00, is in fact the output from a stable and causal
LTI (a linear time-invariant filter), with impulse response {c;; k = 0,1,...},
for which the input is the white noise process {V;;t € Z}. In this case, the
conclusions of Theorem 1.1 follow from Theorem 11.5 in Yates & Goodman.

Since the linear process representation

Y, = chVn,k Yn ez
k=0

contains infinitely many coefficients, one might think that it would not
often in practice be useful for stochastic modelling. However, there are im-
portant classes of linear processes which depend only on a finite number of
parameters. In the following, we will consider one such class, called the au-
toregressive moving average (ARMA) processes. We begin by studying two
special cases: the autoregressive (AR) processes, and the moving average
(MA) processes, respectively.

2 Wide sense stationary AR processes

Definition 2.1 A stochastic process {Y,,;n € Z} is called an autoregres-
sive process of order p, or an AR(p)-process, if

p
Y aYoi=X, Vnel, (2.1)

=0

where {X,,;n € Z} is a white noise.
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Figur 1: A realisation of an ARMA process.

Equation (2.1) is called an AR(p) equation. The polynomial

p

A(s) = Z ars”

k=0

is called an AR polynomial (by convention, for an AR polynomial we
always have ag = 1). We first consider the following question: given a white
noise process {X,;n € Z} and an AR polynomial A(s), when does there
exist a process {Y,,;n € Z} which satisfies equation (2.1)?

Theorem 2.1 If the polynomial A(s) = > 1_,axs® (where ag = 1) has all
its roots outside the complex unit circle, then there exists a unique wide
sense stationary process {Y,;n € Z} which satisfies the AR(p) equation

p
daY, =X, Vnez, (2.2)
=0

where {X,;n € Z} is a white noise. Moreover, {Y,;n € Z} is a linear
process:

Yo=Y aXor Vnel, (2.3)
k=0



where {ci;k = 0,1,...} are the coefficients of the Maclaurin series expan-

sion of C(s) = ﬁ,

1 o0
=C(s) = ooy R
A6) (s) kZ:OCkS Is| < Ra,

and Ry > 1. In particular, Y, |ck| < 00, so the limit in (2.3) exists. The
coefficients {ci; k = 0,1,...} also satisfy the homogenous linear difference
equation

p
Zaick,i:O szp,p—i—l,
=0

and the initial conditions
k
Zaick,izémk Vk:O,l,...,p—l,
i=0

for which the unique solution can be obtained using Theorem 2.3 below.

Proof: We will prove that the process {Y,;n € Z}, as defined in (2.3),
satisfies equation (2.2), but not that it is the unique wide sense stationary
process to do so. We will need the following lemma about power series.

Lemma 2.2 Let A(s) = Y ;7 aps® and C(s) = > 1o, brs® be power seri-
es which are absolutely convergent for |s| < Ry and |s| < R, respectively.
Then, D(s) = A(s)C(s) has an absolutely convergent Maclaurin series ex-
pansion:

D(s) = A(s)C(s) = Y dps*  V|s| < min(Ry, Ry),

where

k
dy, = Zaick_i Vk=0,1,... (2.4)
i=0

For a proof of Lemma 2.2, see a basic course in analysis. We apply the

lemma as follows: let A(s) = > F_, axs® (the AR polynomial), and let

R S
C(s) = A6 kz;cks V|s| < Ra,
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where Ry > 1 is the smallest of the moduli of the roots of A(s). (In words,
the power series on the right hand side is the Maclaurin series expansion of
C(s) = 4, which is absolutely convergent for |s| < Ry.) Lemma 2.2 now

i A(s)”
gives:

1=A(s)C(s) = dps*  V|s| < Ry,
k=0

where

k
de =) ace; V=01, (2.5)
=0

The uniqueness theorem for the coefficients of absolutely convergent power
series (see a basic course in analysis) now gives us the following infinite
system of linear equations for the coefficients {cx; k= 0,1,...}:

apgCy = 1
aopC1 + a1 = 0
apcy + aicy +ascg = 0

(2.6)

p
aoCp + A1Cp—1 + ... + ApCp_p = Zaick,i =0 Vk=p,p+1,...,
i=0

where ag = 1. The last line in (2.6) is a homogenous linear difference equa-
tion for {cx;k = 0,1,...} with constant coefficients, for which the unique
solution can be obtained using Theorem 2.3 below.

We now prove that the process {Y;;t € Z}, defined in (2.3), satisfies
equation (2.2). For each n € Z, it holds that

P
E a;Yn—;i =
i=0

l.im. E e Xp_i + al.im. E ckXn—1-k + ... +aplim. E ckXn—p-k =
r—00
k=0 k=0

=00 00

k=0
s s T
lgm( E Can_k + a; E Can—l—k + ...+ Qp E Can—p—k) =
r—00
k=0 k=0 k=0
p T
l.im. E a; g CeXn—i—ks
T—00
=0 k=0



where, using (2.6), for r > p,

p r P
Z a; Z CuXn—i—k = Xpaoco + Xn—1 (apc1 + arco) + ... + Xy Z Q;Cr—;
i=0 k=0 i=0

+ Z a; Z Canfi k — X + 0 + Z a; Z Can i—k-

= k=r—i+1 = k=r—i+1
Next, for i =0,...,p, let U; =37, | cxXn_i—i. It holds that

r

E(U) = Y  aBEXuix) =0,

k=r—i+1
and
p
Z <ZCLV +2ZZ |CLZCLJ||O UMU)|
i=0 =0 j=i+1
<Za2V +QZ Z |aa]|v
=0 j=i+1

where we used the Cauchy inequality (see Kompletteringshifte 2). Also,

T s

V(UZ): Z CZV(Xn—i—k):OQ Z Ci,

k=r—i+1 k=r—i+1

which converges to 0 as r — oo, since Y, _ . 41 ¢ < oo. These facts toget-

her give that
lTl_glo Zal Z cxXn_i—k =0,

=0 k=r—i+1
so {Y;;t € Z} satisfies (2.2). .

In order to compute explicitly the coefficients {cx; k = 0,1,...}, the
following theorem can be used. (For a proof, see the Appendix.)

Theorem 2.3 Assume that the real numbers {ci;k = 0,1,...} satisfy the
homogenous linear difference equation with constant coefficients:

p

Zaick_izo Vk=p,p+1,...,

=0



where ay, ..., a, are real numbers, and a, # 0. It then holds that

c=Y Pk k=01, (2.7)

r=1
where {u,;v =1,...,r} are the distinct roots of the characteristic poly-
nomial p(s) = aps?+a1sP 1 +.. . +a,, {m,;v =1,...,7} are the multiplici-

ties of the distinct roots, and each P,(s) is a polynomial of degree m,—1. The
mi1+me+...+m, = p coefficients of the polynomials {P,(s);v =1,...,r}
can be determined from p initial conditions, like those in (2.6).

Example 2.4 Consider the AR(1) equation
Yot aYe =X, Vnez, (2.8)

where |a|] < 1. The AR polynomial is A(s) = 1 + as, with the only root
s1 = —%, so by Theorem 2.1, there exists a unique wide sense stationary
stochastic process

Yn - ZCan_k Vn € Z
k=0

satisfying (2.8). The coefficients {cx;k = 0,1,...} satisfy the homogenous
linear difference equation with constant coefficients

¢, +ac,_1 =0 Vn=12,...,

and the initial condition ¢y = 1.
We can use Theorem 2.3 to explicitly compute {cx;k = 0,1,...}.
The characteristic polynomial is ¢(s) = s + a, with the only root u; = —a,
SO
c=c(—a)f  k=0,1,... (2.9)

where ¢ = P;(s) is a polynomial of degree 0 (a constant). Using the initial
condition, we get:
co=c(—a)l =c=1.

Summing up, we obtain:

Y= (-a)fX,.p VneL (2.10)



It is interesting to note that for the wide sense stationary AR(p)
process {Y,;n € Z} defined in Theorem 2.1, the autocorrelation function
satisfies exactly the same homogenous linear difference equation as the co-
efficients {cy; k = 0,1,...}, but with a different set of initial conditions.

Theorem 2.5 Assume that the polynomial A(s) = 4_,axs® (where ag =

1) has all its roots outside the complex unit circle, and let {Y,;n € Z} be
the unique wide sense stationary process, defined in (2.3), which satisfies
equation (2.2). Then, the autocorrelation function of {Y,;n € Z} satisfies
the homogenous linear difference equation

p
> aiRy(k—i)=0 Vk=pp+1,...
1=0

as well as the initial conditions
p
ZaiRy(kJ—i)zaz%,k Vk=0,1,...,p—1.
i=0
Proof: Multiplying both sides of equation (2.2) with Y;,_;, where j = 0,1, ..,

gives:
p

> aY, Y, =Y, ;X, Vnelk
i=0
Taking the expected value on both sides gives

p
> aiRy(j—i)=E(Y,;X,) Vnel
=0

Using the representation (2.3), and Theorem 4.1 in Kompletteringshéfte 2,
we get:

E(Y,jX,) = EQ_ axXnjrXn) =Y cnBE(Xoj1Xy)
k=0 k=0

= COE(Xn_an) = 0'2507]‘ Vn € Z.
(Recall that ¢g = 1.) In particular, Ry satisfies the homogenous linear

difference equation

p

> aiRy(k—i)=0 Vk=pp+1,...

=0



and the initial conditions

p
D aiRy(k—i) =0k VE=0,1,...p—1

=0

Example 2.6 Consider again the AR(1) equation
Y, +aYy, =X, Vnez (2.11)

where |a| < 1. It was shown in Example 2.4 that the unique wide sense
stationary process which satisfies (2.11) is

V,=Y (o)X, VneZ
k=0

The autocorrelation function of {Y,,;n € Z} satisfies the same homogenous
linear difference equation with constant coefficients as do {cx; k = 0,1,...},

namely:
Ry (k) +aRy(k—1)=0 Vk=1,2,...,

but with a different initial condition:
agRy (0) + a1 Ry (—1) = Ry (0) + aRy (1) = o°.
Using Theorem 2.3, we get
Ry(k) =d(—a)* Vk=0,1,...
where d is a constant, for which the initial condition yields the equation
Ry(0) +aRy (1) = d+ ad(—a) = d(1 — a®) = o°.
Summing up, and using again the fact that Ry (—k) = Ry (k), we obtain:

o?(—a)l¥!

1 —a?

Ry(k) = Vk € Z.

We remark that for this example, the autocorrelation function can also be

easily computed using Theorem 1.1. (Do this yourself and check that the
same answer is obtained!)

10



3 Moving average (MA) processes

Definition 3.1 A stochastic process {Y,;n € Z} is called a moving ave-
rage process of order ¢, or a M A(q)-process, if

q
Yo=> bXoi Vnez, (3.1)
=0

where {X,,;n € Z} is white noise.

The equation (3.1) is called an MA equation. The polynomial

q
B(s) = Z by,s*
k=0

is called an M A polynomial.
By definition, a moving average process is the output from a FIR

(finite impulse response) filter, with impulse response {bx;k = 0,...,q},
where the input is a white noise process. Therefore, the process {Y,,;n € Z}
is wide sense stationary for any values of the coefficients {bx; k =0, ..., q};

see Theorem 11.5 in Yates & Goodman. Also, by definition, {Y,,;;n € Z} is
a linear process.

Theorem 3.1 A MA(q) process {Y;;t € Z} is wide sense stationary with
mean iy = 0, and has the autocorrelation function

o? (b0b|7| + b0 + ...+ bq_mbq) , T =0,...,9—1;
Ry (1) = { 0%boby, 17| = ¢; (3.2)
07 |T| > q.

Proof: Since the process is linear, by Theorem 1.1 it is wide sense stationary
with mean py = 0, and autocorrelation function

q—|7]

q
Ry () = o’ Z bibry 7| = o’ Z bkbk_,_m V1 € Z.
k=0 k=0

Comparing the autocorrelation function of a wide sense stationary
AR(p) process with that of an MA(q) process, we see that the first function
decreases to 0 geometrically as |7| — oo, while the second function has a
symmetric ”cut-oft”: it is 0 for |7] > ¢.

11



4  Autoregressive moving average (ARMA)
processes

Definition 4.1 A stochastic process {Y,,;;n € Z} is called an autoregres-
sive moving average process of order (p,q), or an ARMA(p, q) pro-

cess, if
p

=0

i=0

where {X,,;n € Z} is white noise.

Theorem 4.1 If the polynomial A(s) = Y 1_,ars® (where ag = 1) has all
its roots outside the complex unit circle, then there exists a unique wide sense

stationary process {Yn;n € Z} which satisfies equation (4.1). Moreover,
{Yo;n € Z} is a linear process:

Yo=Y aX,.r Vnel, (4.2)
k=0

where {ci;k = 0,1,...} are the coefficients in the Maclaurin series expan-
sion of C(s) = 3L

[

B o0
(s) =C(s) = chsk V|s| < Ra,
k=0

where Ry > 1. In particular, Y- |cx| < 00, so the limit in (2.3) exists. The
coefficients {cx; k = 0,1,...} also satisfy the homogenous linear difference

equation
p

Z a;ich—; =0 Vk > max(p,q + 1)

1=0

and the initial conditions
k
Zaick,izbk Vk=0,1,...,max(p,q + 1) — 1,
i=0

where by =0 fork =q+ 1,9+ 2,.... The unique solution of the difference
equation can be obtained using Theorem 2.3.

12



Proof: Very similar to the proof of Theorem 2.1 Let A(s) = Y 7_, axs”, let

B(s) = >0_obis®, and let C(s) = iég , the Maclaurin series expansion of
which is absolutely convergent for |s| < Rs, where Ry > 1 is the smallest of

the moduli of the roots of A(s):

B(s) _ - k
As) kZ_OCkS V|s| < Ra.

C(s) =

Lemma 2.2 now gives:
p 0o
B(s) =Y bpst = A(s)C(s) = Y _dis®  V|s| < Ry,
k=0 k=0
where
k
de =) ac;  VE=0,1,.... (4.3)
i=0

Identifying the coefficients of the power series gives us the following infinite
system of linear equations for the coefficients {cx; k= 0,1,...}:

apcoy = by
apCq + a1y = bl
apCs + ajc; +ascy = by

(4.4)

k
Zaick_i = b k < min(p, q)
i=0

p
Zaick—i = by p<k<gq
i—0

k
Zaick—i = 0 g+1<k<p

i=0
p

Zaick,i = 0 k > max(p,q+1).
i=0

The last line in (4.4) is a homogenous linear difference equation for {cy; k =
0,1,...} with constant coefficients, for which the unique solution can be
obtained using Theorem 2.3. The solution is

k= Z P, (k)uk, k> max(0,qg+ 1 — p). (4.5)

v=1

13



where {u,;v = 1,...,r} are the distinct roots of the characteristic polyno-
mial p(s) = ags? +a1sP 1 +...+ap, {m,;v =1,...,r} are the multiplicities
of the distinct roots, and each P,(s) is a polynomial of degree m, — 1. The
p coefficients of the polynomials {P,(s);v = 1,...,r}, and the coeffici-
ents {c;k = 0,...,max(0,¢ + 1 — p) — 1}, can be determined from the
max(p,q + 1) initial conditions given in (4.4). The proof that the process
{Yy;t € Z}, defined in (4.2), satisfies (4.1), is similar to the corresponding
proof for AR processes, and is therefore omitted. n

As before, for the wide sense stationary ARMA(p, q) process {Y,,;n €
Z} defined in Theorem 4.2, the autocorrelation function satisfies the same
homogenous linear difference equation as the coefficients {cx; k = 0,1, ...},
but with a different set of initial conditions.

Theorem 4.2 Assume that the polynomial A(s) =Y _,axs™ (where ag =

1) has all its roots outside the complex unit circle, and let {Y,;n € Z} be
the unique wide sense stationary process, defined in (4.2), which satisfies
equation (4.1). Then, the autocorrelation function of {Y,;n € Z} satisfies
the homogenous linear difference equation

p

Z a;Ry(k—1i)=0 Vk > max(p,q+ 1)

i=0
and the initial conditions
p

q
ZaZRy(k’ —i) =0o? Z bici_k Vk=0,...,max(p,q+ 1) — 1.

i=0 i=k
Proof: Multiplying both sides of equation (4.1) with Y,,_;, where j = 0,1, ...
gives:

iaiYn_iYn_]’ = ibiYn—an—i Vn € Z.
=0 1=0

Taking the expected value on both sides gives

p

q
> aiRy(j—i) =) bEY,;X,) Vnel,

i=0 =0

where, using the representation (4.2), the right hand side equals

i bz i CZE(Xn—an—i—l) = 02 i bici—j Vn € Z.
0 =7

=0 =

14



In particular, Ry satisfies the homogenous linear difference equation
p
Z&lRy(k—Z) =0 szmax(p,q+1),
i=0
and the initial conditions

p q
ZaiRy(k—i) ZUZZbici,k Vk=0,...,max(p,q+ 1) — 1.
i=0 i=k

5 The spectral density of a linear process

Recall that for a discrete time wide sense stationary stochastic process
{Y,;n € Z} such that

> IRy (k)] < oo, (5.1)

the spectral density is defined by

Sy(f) = i Ry (k)e™ /% v —

k=—o00

ngé, (5.2)

N —

where 7 = v/—1. This expression is also known as the discrete Fourier
transform of the autocorrelation function. Conversely, given the spectral
density, the autocorrelation function is obtained by

R (k)_/l/QS (f) j?wfkd
y(K) = v(Jf)e If Vk € 7.

1/2

Theorem 5.1 Let {Y,;n € Z} be a linear process
Vo= aVax Vnelz, (5.3)
k=0

such that Y~ |ck| < 0o, where {V,;n € Z} is white noise, and let C(s) =
S ore g cks™. Then,
Sy(f) = o?|C (e )P v

<f< (5.4)

DN | —
DN | —

15



Proof: The white noise process {V,;n € Z} has autocorrelation function
Ry (k) = 0204 Since > 2| |Ry (k)| = 0% < 00, the spectral density is

<f<

DO | —
DO | —

Sv(f)=0" ) bowe P =0 V-

k=—o00

In words, white noise has constant spectral density. Since {Y,,;n € Z} is the
output of a stable LTI with impulse response {cx;k = 0,1,...} for which
the input is the white noise process {V,,;n € Z} (see Section 1), the claim
(5.4) follows from Theorem 11.6 in Yates & Goodman. 0

Example 5.2 An ARMA(p, q) process {Y;;t € Z} has spectral density

2
q —jonfk |2
_ 2 > ko bre

7 —jonfk
Zkzo age~ 7!

B (e‘jzﬂf)
A (e=727f)

Sy(f) =0’ (5.5)

This follows from the representation of {Y;;t € Z} as a linear process; see
Theorem 4.1.

Example 5.3 Consider again the AR(1) equation
Y, +aY,_1 =X, Vn € Z, (5.6)

where |a| < 1. It was shown in Example 2.4 that the unique wide sense
stationary process which satisfies (5.6) is

Vo= (-a)fX,.p VneL

k=0

In Example 2.6, it was shown that the autocorrelation function of {Y,;n €
Z} is
o?(—a)l*
Ry (k) = ——— Vk € Z.
v (k) 1—a? <
By Example 5.2, the spectral density of {Y,;n € Z} is

0_2

= v —
1+ ae=32nf |

Sv(f) <fsy (5.7

1
2
where

1+ ae’ﬂ’”c|2 = (1 + ae’ﬂ”f) (1 + aeﬂ”f) =1+ ae’>7 4 ae 2" + ¢?

16



N | —

=1+ad’+a(e*™ +e ) =1+ a®+2acos (2nf) v —

leading to

0.2

Sy(f) = 1 + a2+ 2acos(27 f)

<C

|
N | —

(VAN

—

INA
l\D.I —

For an illustration, see Figures 2 and 3.

L L L L L L L L L
-0.5 —-0.4 -0.3 -0.2 -0.1 o 0.1 0.2 0.3 0.4 0.5

Figur 2: Sy (f) for an AR(1) process with a = —0.5, 0 = 1.

6 Final remarks

One of Herman Wold’s most famous results is the Wold decomposition
theorem, which says that any wide sense stationary process {Y;;t € Z}
can be written as a sum of a linear process and a so-called deterministic
wide sense stationary process:

Y, = chVn,k + S, Vn € Z,
k=0

where {V,,;n € Z} is a white noise process, and Y- ¢t < co. The process
{Sn;n € Z} is deterministic in the sense that for each n € Z, S, is the mean
square limit of a sequence of linear combinations of random variables in the

17
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Figur 3: Sy (f) for an AR(1) process with a = 0.5, 0% = 1.

(infinite) set {S,,;m < n — 1}. So, if {S,,;m <n — 1} is known, then S, is
also “known” in the sense that it can be approximated arbitrarily well (in
mean square) by a linear combination of elements in {S,,;m <n — 1}.

The theory of linear processes, and of ARMA processes in particu-
lar, has seen a rapid development since the appearance of Wold’s Thesis.
They have been used to model an ever increasing number of phenomena
within the areas of science, technology and economics. Many generaliza-
tions and variations on ARMA processes have been suggested, for example
multivariate ARMA processes, ARIMA processes, RCA (random coefficient
autoregressive) processes, and ARCH-and GARCH (generalized autoregres-
sive conditionally heteroscedastic) processes, which have found use within
the area of mathematical finance. For more information, see:

e T.W. Anderson: Time Series Analysis. John Wiley and Sons, Inc. New
York 1971.

e G.E.P. Box & G.M. Jenkins: Time Series Analysis. Holden-Day, San
Francisco, 1970.

e P.J. Brockwell & R.A. Davis: Introduction to Time Series and Forecasting

Springer-Verlag, New York, 2002.

e U. Hjorth: Stochastic processes. Korrelations- och spektralteori. Stu-
dentlitteratur, Lund 1987.
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o K.J. Astrom: Introduction to Stochastic Control Theory. Academic
Press, New York, 1970.
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A Appendix: Linear difference equations with
constant coefficients

Let y = {y,;n = 0,1,...} be a real valued sequence (= a sequence of real
numbers). Denote by A the (forward) difference operator, which is a
mapping from the real valued sequences to the real valued sequences, defined
by

Ay ={(Ay)n;n=0,1,...} ={Ypt1 —Yn;n=0,1,...} (A1)

Denote by A* the kth power of A, defined (recursively) by
NPy = A(AFYy) Vk=1,2,3,.... (A.2)
By induction, it can be shown that

k
Aky = {yn+k - <

1)yn+k_1 +- o+ (=Dfyn=0,1,...} (A.3)

Definition A.1 An (ordinary) difference equation is an equation of
the following type:

Gy Yn, (DAY - -y (Aky)n) =0 Vn=0,1,..., (A.4)

where G : R*2? — R a function. Equivalently, using (A.3), an ordinary
difference equation can be written in the following form:

F(n, Yny Yntts -y Ynsk) =0 Yn=0,1,..., (A.5)
where F : R¥2 4 R a function.
Definition A.2 If F in (A.5) takes the form
fon¥n + fin¥nt1 + -+ fon¥nik = In Vn=0,1,..., (A.6)
where f; = {fin;n=0,1,...},i=0,1,...,k,and g = {g,;n =0,1,...} are
real valued sequences, and neither fy nor f; are identically 0, the equation is

called a linear (ordinary) difference equation of order k. For brevity,
we call an equation such as (A.6) a linear difference equation of order k.

Definition A.3 If g in (A.6) is identically 0, the linear difference equation
is called homogenous, otherwise inhomogenous.
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Definition A.4 If f; is equal to a constant a; for i = 0,1,... k (that is, if
fin=ua;forn=0,1,...and i =0,1,... k), the equation is called a linear
difference equation of order k with constant coefficients. In this case,
and if the equation is homogenous, it can be written in the form

aoYn + @1 Yni1 + -+ apYpir =0 Yn=0,1,2,... (A7)
Consider now a real valued sequence y of the particular form
Yp =u" Yn=0,1,2,...,
where u € R. This sequence is a solution to (A.7) if and only if
aou"+au™ - Fau™ ™ = " (aptaut - Fapu®) =0 Yn=0,1,2,.. .,
that is, if and only if u is a root of the polynomial
o(u) = ag + ayu + - - - + apu,

which is known as the characteristic polynomial of the difference equa-
tion (A.7). The equation ¢(u) = 0 is called the characteristic equation
of (A.7). We have shown the following lemma.

Lemma A.1 If uy is a root of the characteristic polynomial o(u) = ag +
aiu + - - + agu®, the real valued sequence

Yn = cuy Vn=20,1,2,..., (A.8)
where ¢ is a real constant, is a solution to the difference equation (A.7).

For the linear difference equation (A.7), it is easily seen that any
linear combination of two solutions to the equation is also a solution. This
proves the following theorem.

Theorem A.2 If the characteristic polynomial p(u) = ag+aju+- - A apu®

has k distinct roots wuq, us, ..., ux, then the real valued sequence

Yn = Cruf + couy + - - - + cpup Vn=20,1,2,... (A.9)
where ¢q, 9, . .., ¢ are real constants, is a solution to the difference equation
(A.7).
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Example A.3 Consider the linear homogenous difference equation with
constant coefficients

6Yn — 11yps1 + 6Ypnio — Ynaz =0 Vn=0,12,... (A.10)
The corresponding characteristic polynomial is
o(u) =6 — 11u + 6u® — u°.

This polynomial can be shown to have the roots u; = 1, us = 2 and ugz = 3.
By Theorem A.2, any sequence of the type

Yn = €1 + 22" + ¢, 3" Yn=0,1,2,..., (A.11)

where ¢, ¢o and c3 are real constants, is a solution to the difference equation
(A.7). Assume now that we require that the solution to (A.7) should satisfy
the following initial conditions:

Yo = 3, Yy = 6, Yo = 14.

Then, by (A.11), the constants ci, ¢; and c3 must satisfy the following
system of linear equations:

(6] + Co -+ C3 = Yo = 3
c1+2c+3cz = y1= 6
c1t+4c+9c3 = Yy =14

This system has the unique solution
Cl = Cy = C3 = 1.

Hence, the only solution to (A.7) of the type (A.11) satisfying the given
initial conditions is

Yo =14+2"4+3"  Yn=0,1,2,....

Lemma A.4 If uy is a root with multiplicity 2 of the characteristic
polynomial ©(u) = ag + ayu + - - - + apu®, the real valued sequence

Yp = cnuy Yn=20,1,2,..., (A.12)

where ¢ is a real constant, is a solution to the difference equation (A.7).
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Proof: 1t is clear that

A0Yn + O1Ynt1 + A2Ynt2 + -+ QpYntk

= cagnu} + cai(n + Duf™ + - + cap(n + k)uftF
= cus (apnu} ™" + ar(n+ Duf + -+ + ap(n + k)up™ ) = cun Q) (wr),

where @, (u) = ¢(u)u™. Since u; has multiplicity 2 as a root of the charac-
teristic polynomial, we can write

p(u) = (u—w)*B(u),

where §(u) is a polynomial such that f(u;) # 0. This gives:

Qn(u) = ((u—u)28(u)+ (u—u)*B(u)u" + (u—u)*Blu)nu"
= (u—up)h,(u),

where h,(u) is another polynomial such that h,(u;) = 25(u;) # 0. There-
fore, u; is a root of the polynomial @/ (u) (with multiplicity 1). ]

Lemma A.5 If uy is a root with multiplicity 2 of the characteristic poly-
nomial o(u) = ag + ayu + - - - + axu®, the real valued sequence

Yn = (cn + d)uy Yn=0,1,2,..., (A.13)

where ¢ and d are real constants, is a solution to the difference equation

(A7)

Proof: This follows from Lemma A.1, Lemma A.4, and the fact that any
linear combination of two solutions to the difference equation (A.7) is also
a solution. .

Example A.6 Consider the linear homogenous difference equation with
constant coefficients

4yn + 4yn+1 - 3yn+2 - 2yn+3 + Ynta = 0 n = 07 17 27 s (A14)
The corresponding characteristic polynomial is
o(u) =4+ 4u — 3u® — 2u® + ut = (u+ 1)*(u — 2)%
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By Lemma A.5, any sequence of the type
Yn = (A1n+Bl)<—1)n+(A2n+Bg)2n Vn:0,1,2,...,

where A;, Ay, By and B, are real constants, is a solution to the difference
equation (A.7). The four constants can be determined if we require that the
solution satisfies four initial conditions.

Lemma A.7 If u; is a root with multiplicity m of the characteristic
polynomial ¢(u) = ag + aju + - - - + aiu®, the real valued sequence

Yn = Pp(n)uf  VYn=0,1,2,..., (A.15)

where P,,() is a real valued polynomial of degree m — 1, is a solution to the
difference equation (A.7).

Proof: Just as in the proof of Lemma A.4, we define the auxiliary function
Qn(u) = p(u)u™. Since u; has multiplicity m as a root of the characteristic
polynomial,

p(u) = (u—u)"B(u),

where ((u) is a polynomial such that 5(u;) # 0. The same argument as in
the proof of Lemma A.4 shows that

Quy) = Q'(ug) = -+ = Q™ *(uy) = 0. (A.16)
Next, we express the polynomial P,,(s) in the form
Po(s) =by+bis+bys(s—1)+ -+ bp_15(s—1)(s—2)...(s —m+2),

where by, by, .. ., b, are real numbers. Clearly, any polynomial of degree m—1
can be uniquely expressed in this way. Note also that

nn—1)---(n—j+1)=0 Vn=0,1,...,5 — 1,

for all j =1,2,.... We can now write:
m—1
=0
m—1 ; dj §
:;bﬂh[@u :|u=u1 vn:0’1’2"”



(please verify the last equality!) This finally leads to:

k k m—1 ' dj .
D i = Yoy ulb[q e, =
i=0 i=0 =0
m—1 dj k .
= D ulby[5 =) e, =
=0 =0
m—1 ‘ dj
= ub; [@Qn(u)}u:ul =0 (A.17)
7=0
by (A.16). .

We are now ready to state our main result concerning the general
solution of a linear homogenous difference equation of order k£ with constant
coefficients.

Theorem A.8 Let ¢(u) = ag + aju + -+ + apu® be the characteristic
polynomial of the linear honogenous difference equation (A.7). If ¢(u) has r
distinct roots uq, us, . . ., u,, with multiplicities {my, ms, ..., m,}, then the
real valued sequence

Yo=Y _ P(n)up  Vn=0,1,2,... (A.18)
v=1
where, for each v = 1,...,r, P,(s) is a polynomial of degree m, — 1, is a

solution to the difference equation (A.7). Moreover, any solution to (A.7)
can be written in the form (A.18).

Proof: The first claim follows from Lemma A.7 and the fact that any linear
combination of two solutions to the difference equation (A.7) is also a so-
lution. The proof of the second claim, that any solution can be written in
this form, is omitted. .

Example A.9 Consider the linear homogenous difference equation with
constant coefficients

Yn + 3Ynt1 + 3Ynso + Yniz =0 vn=20,1,2,...
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The corresponding characteristic polynomial is
o(u) =1+ 3u+3u® +u* = (u+1)*
By Theorem A.8, any sequence of the type
Yn = (Aon? + Ain 4+ Ag) (=)  VYn=0,1,2,..., (A.19)

where Ay, A;, and Ay are real constants, is a solution to the difference
equation. Let us require that the solution satisfies three initial conditions:
Yo =1, y1 = 2, yo = —9. Then, the constants Ay, A;, and Ay must satisfy
the following linear system of equations:

Ao(—l)o = yo = 1
(A212+A11+A0)(—1)1 = yl = 2
(A222 + A12 + Ao)(—1)2 = Yg = — 9
The system has the unique solution Ag = 1, A; = —1, Ay = —2. Hence,

the only solution to the difference equation of the type (A.19) satisfying the
given initial conditions is

We remark that a characteristic polynomial ¢(u) can have com-
plex roots. However, since the (constant) coefficients of the linear difference
equation (A.7) are real numbers, nonreal roots always occur in conjugate
pairs. Furthermore, since also the initial values are real numbers, it can
be shown by induction that the solution {y;;t = 0,1,...} to the difference
equation must be a real valued sequence.

Example A.10 Consider the linear homogenous difference equation with
constant coefficients

yn+yn+2:o Vn:0,1,2,...

The corresponding characteristic polynomial ¢(u) = u?+ 1 has two complex
roots, which are complex conjugates:

up =i = e/? Uy = —i = e /2
By Theorem A.8, any sequence of the type
Y = 1€72 4 cpe /2 vn=0,1,2,..., (A.20)
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where ¢; and ¢y are (possibly complex) constants, is a solution to the diffe-
rence equation. Using Euler’s formulee, this can be written as

Yn = (€1 + ) cos(nm/2) + i(c; — ¢2) sin(nm/2) Vn=0,1,2,...

Since {y,;n =0,1,...} is a real valued sequence, we see (by choosing n =0
and n = 1) that ¢; and ¢, must be complex conjugates. We can therefore
write:

yn = acos(nm/2) + bsin(nw/2)  Vn=0,1,2,...,

where a = 2Re(c;) = 2Re(cs) and b = —2Im(c;) = 2Im(cp). Assume that
the solution should satisfy the initial conditions yo = 1 och y; = 0. Then,
we see that a = 1 och b = 0, so the only solution to the difference equation
of the type (A.20) satisfying the given initial conditions is

Yn, = cos(nm/2) Yn=0,1,2,....
The fact that this is a solution can also be seen as follows:

Ynt2 = cos((n + 2)w/2) = cos(nmw/2 + 1) = — cos(nmw/2) Vn=0,1,2,...
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