
TAMS42: Probability and Statistics
∣∣∣ Provkod: TEN1

∣∣∣ 29 May 2023, 08:00-12:00

Examiner: Xiangfeng Yang (Tel: 013-285788). Things allowed (Hjälpmedel): a calculator.
Scores rating (Betygsgränser): 8-11 points giving rate 3; 11.5-14.5 points giving rate 4; 15-18 points giving rate 5.

1 (3 points)

Suppose that a box contains 10 balls of which 6 balls are white and 4 balls are black. Now 3 balls are randomly taken
out from the box in two different ways:
(1.1) (1p) without replacement (i.e. once a ball is chosen then it will be put outside of the box), if X denotes the
number of white balls in these 3 chosen balls, then what is P (X = 2)?
(1.2) (2p) with replacement (i.e. once a ball is chosen then it will be put back into the box), if Y denotes the number of
white balls in these 3 chosen balls, then what is P (Y = 2)?

Solution. (1.1) X ∼ Hypergeometric, and it follows that

P (X = 2) =

(
6
2

)(
4
1

)
(
10
3

) =
15 · 4
120

= 0.5.

(1.2) Y ∼ Bin(3, 0.6), and it follows that

P (Y = 2) =

(
3
2

)
0.62(1− 0.6)1 = 0.432.

2 (3 points)

A fair die (with six sides marked as 1, 2, 3, 4, 5 and 6) is tossed, and let X be the upper side number.
(2.1) (1p) Find the mean µ = E(X) and variance σ2 = V (X) of X.
(2.2) (2p) If the die is tossed 100 times, and let X1, X2, . . . , X100 denote these 100 upper side numbers. Find the
probability P (X1 +X2 + . . .+X100 ≤ 400).

Solution. (2.1) The mean is

µ = E(X) = 1 · 1
6
+ . . .+ 6 · 1

6
= 3.5.

The variance is

σ2 = V (X) = E(X2)− µ2 = 12 · 1
6
+ . . .+ 62 · 1

6
− 3.52 = 15.16667− 12.25 = 2.91667.

(2.2)

P (X1 +X2 + . . .+X100 ≤ 400) = P (X̄ ≤ 4)

= P (
X̄ − µ

σ/
√
n

≤ 4− µ

σ/
√
n
) = P (N(0, 1) ≤ 4− 3.5√

2.91667/
√
100

= P (N(0, 1) ≤ 2.93) = Φ(2.93) = 0.9983.
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3 (3 points)

Let (X,Y ) be a two dimensional continuous random variable with a joint probability density function

f(x, y) =

{
c · e−(x+y), if 0 < x < y < ∞
0, otherwise.

(3.1) (1p) Find the value of c so that f(x, y) is indeed a joint probability density function.
(3.2) (1p) Find the marginal probability density functions fX(x) and fY (y) for X and Y.
(3.3) (1p) Find the probability P (X + 1 ≤ Y ).

Solution. (3.1)

1 =

∫ ∫
{0<x<y<∞}

f(x, y)dxdy =

∫ ∞

0

(∫ y

0

c · e−xe−ydx

)
dy = c ·

∫ ∞

0

e−y

(∫ y

0

e−xdx

)
dy

= c ·
∫ ∞

0

e−y
(
1− e−y

)
dy = c ·

∫ ∞

0

e−ydy − c ·
∫ ∞

0

e−2ydy = c− c/2 = c/2 ⇒ c = 2.

(3.2)

fX(x) =

∫ ∞

x

f(x, y)dy = ce−x

∫ ∞

x

e−ydy = ce−2x, for x > 0,

fY (y) =

∫ y

0

f(x, y)dx = ce−y

∫ y

0

e−xdx = ce−y(1− e−y), for y > 0.

(3.3)

P (X + 1 ≤ Y ) =

∫ ∞

1

(∫ y−1

0

c · e−xe−ydx

)
dy = c ·

∫ ∞

1

e−y

(∫ y−1

0

e−xdx

)
dy

= c ·
∫ ∞

1

e−y
(
1− e−(y−1)

)
dy = c ·

∫ ∞

1

e−ydy − c · e ·
∫ ∞

1

e−2ydy

= c/e− c/(2e) = c/(2e) = 1/e.

4 (3 points)

A population X is a continuous random variable with a probability density function as follows:

f(x) =

{
1
2 (1 + θx), if − 1 < x < 1

0, otherwise,

where θ ∈ [−1, 1] is an unknown parameter. A sample {0.2,−0.6} is taken from this population.

(4.1) (1p) Estimate θ by θ̂MM using the Method of Moments.

(4.2) (2p) Estimate θ by θ̂ML using the Maximum-Likelihood method.

Solution. (4.1) For MM, we use the first equation E(X) = x̄, where

E(X) =

∫ 1

−1

x · f(x)dx =
1

2

∫ 1

−1

xdx+
1

2
· θ

∫ 1

−1

x2dx =
θ

3
.

Theretofore, θ
3 = x̄ which implies that θ̂MM = 3x̄ = 3 · (−0.2) = −0.6.

(4.2) For ML, the likelihood function is

L(θ) = f(x1) · f(x2) =
1

2
(1 + θx1) ·

1

2
(1 + θx2) =

1

4
(1 + θx1)(1 + θx2).

The log likelihood function is

lnL(θ) = ln
1

4
+ ln(1 + θx1) + ln(1 + θx2).

Then

ln′ L(θ) =
x1

1 + θx1
+

x2

1 + θx2
=

0.2

1 + 0.2θ
− 0.6

1− 0.6θ
=

−0.4− 0.24θ

(1 + 0.2θ)(1− 0.6θ)
< 0, for θ ∈ [−1, 1].

Therefore lnL(θ) is decreasing for θ ∈ [−1, 1], so the maximum of lnL(θ) is reached when θ = −1, that is θ̂ML = −1.
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5 (3 points)

For a population X ∼ N(µ, σ2) with σ2 = 32, the (1− α) confidence interval of µ is given by

Iµ =
(
X̄ − zα/2 · σ/

√
n, X̄ + zα/2 · σ/

√
n
)
= X̄ ∓ zα/2 · σ/

√
n,

(5.1) (1p) How large should n be in order that the width of 99% confidence interval of µ is at most 1?
(5.2) (2p) For n = 16, how large should α be in order that the width of (1− α) confidence interval of µ is at most 1?
(Hint: the width of a confidence interval Iµ = (a, b) is equal to b− a).

Solution. (5.1) The width of the confidence interval is 2 · zα/2 · σ/
√
n. Therefore

2 · z0.01/2 · 3/
√
n ≤ 1 ⇔ 2 · 2.57 · 3/√n ≤ 1 ⇔ √

n ≥ 15.42 ⇔ n ≥ 237.8, namely n ≥ 238.

(5.2) Again, the width is 2 · zα/2 · σ/
√
n, so

2 · zα/2 · 3/
√
16 ≤ 1 ⇔ zα/2 ≤ 0.67.

It is from the standard normal table that the cdf corresponding to the percentile 0.67 is 0.7486. This cdf should be
(1− α/2) (as what we have been using), namely (1− α/2) ≤ 0.7486 ⇔ α ≥ 0.5028.

6 (3 points)

It is claimed in a newspaper that 30% of Swedish young people prefer iPhone than Android, but we suspect there are
more. A survey gave that 40 out of 100 respondents preferred iPhone. Does the survey provide any evidence that more
than 30% of Swedish young people prefer iPhone than Android? We will answer this using appropriate hypotheses test
with a significance level 5%.
(6.1) (1p) What are the hypotheses? (namely what are H0 and Ha?)
(6.2) (1p) Is H0 rejected based on TS and C? Why?
(6.3) (1p) Is H0 rejected based on p-value? Why?

Solution. (6.1) Let p be the true proportion of Swedish young people who prefer iPhone than Android. Then
H0 : p = 30% against Ha : p > 30%.
(6.2)

TS =
p̂− p0√

p0(1− p0)/n
=

40/100− 30%√
30%(1− 30%)/100

= 2.18, C = (zα,+∞) = (1.645,+∞).

It is from TS ∈ C that H0 is rejected (namely, the survey provides evidence that more than 30% of Swedish young
people prefer iPhone than Android).
(6.3) The p-value is:

p-value = P (N(0, 1) > TS) = P (N(0, 1) > 2.18) = 1− Φ(2.18) = 1− 0.9854 = 0.0146.

From p-value < α, it follows that H0 is rejected.
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fo
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s
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1
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B
a
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p
ro

b
a
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ility

(1
.1

)
C

o
n

d
itio

n
a
l

p
ro

b
a
b

ility
P

(A
|B

)
=

P
(A
∩
B

)
P

(B
)
.

(1
.2

)
T

o
ta

l
p

ro
b

a
b
ility

P
(B

)
=
∑
ki=

1
P

(B
|A
i )P

(A
i )

w
h

ere
{
A
i }
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re

d
isjo

in
t

a
n

d
∪
ki=

1
A
i

=
S
.

(1
.3

)
B

a
y
es’

T
h

eo
rem

P
(A
j |B

)
=

P
(B
|A
j
)P

(A
j
)

∑
ki
=

1
P

(B
|A
i
)P

(A
i
)

w
h

ere
{
A
i }

a
re

in
(1

.2
).

2
.

R
a
n
d
o
m

v
a
ria

b
le

s
(r.v

.s)

(2
.1

)
D

iscrete
r.v

.
X

h
a
s

a
p

m
f
p
(x

)
=
P

(X
=
x

)
sa

tisfy
in

g
p
(x

)≥
0

a
n

d
∑
p
(x
i )

=
1
,

X
x
1

x
2

···
x
n

···
p
(x
)

p
(x

1 )
p
(x

2 )
···

p
(x
n
)

···

E
x
p

ecta
tio

n
(o

r
E
xpected

va
lu
e

o
r
m
ea
n

)
µ
X

=
E

(X
)

=
∑
x
i p

(x
i );

V
a
ria

n
ce
σ

2X
=
V

(X
)

=
E

(X
−
µ
X

)
2

=
E

(X
2
)−

µ
2X

=
∑
x

2i
p
(x
i )−

( ∑
x
i p

(x
i ))

2
.

(2
.2

)
C

o
n
tin

u
o
u

s
r.v

.
X

h
a
s

a
p

d
f
f

(x
)

sa
tisfy

in
g
f

(x
)≥

0
a
n

d
∫
∞−∞

f
(x

)d
x

=
1
,

P
(a
<
X
<
b)

=

∫
b

a
f

(x
)d
x
.

E
x
p

ecta
tio

n
(o

r
E
xpected

va
lu
e

o
r
m
ea
n

)
µ
X

=
E

(X
)

=
∫
∞−∞

x
f

(x
)d
x

;

V
a
ria

n
ce
σ

2X
=
V

(X
)

=
E

(X
−
µ
X

)
2

=
E

(X
2
)−

µ
2X

=
∫
∞−∞

x
2
f

(x
)d
x
−
(∫
∞−∞

x
f

(x
)d
x )

2
.

(2
.3

)
C

u
m

u
la

tiv
e

d
istrib

u
tio

n
fu

n
ctio

n
(cd

f)
o
f

a
r.v

.
X

is
F

(x
)

=
P

(X
≤
x

).
(2

.4
)
X

a
n

d
Y

a
re

r.v
.s,
a
,b

a
n

d
c

a
re

sca
la

rs,
th

en

E
(a
X

+
bY

+
c)

=
a
E

(X
)

+
bE

(Y
)

+
c,

V
(a
X

+
bY

+
c)

=
a

2
V

(X
)

+
b
2
V

(Y
)

+
2
a
b
co
v
(X
,Y

),

E
(g

(X
,Y

))
=

{
∑
i,j
g
(x
i ,y

j )·
p
(x
i ,y

j ),
fo

r
d

iscrete
(X
,Y

),
∫
∞−∞
∫
∞−∞

g
(x
,y

)·
f

(x
,y

)d
x
d
y
,

fo
r

co
n
tin

u
o
u

s
(X
,Y

).
.

(2
.5

)•
D

iscrete
r.v

.
(X
,Y

)
h

a
s

a
jo

in
t

p
m

f
p
(x
,y

)
sa

tisfy
in

g
p
(x
,y

)≥
0

a
n

d
∑
x
i ∑

y
i
p
(x
i ,y

i )
=

1
.

T
h

e
m
a
rgin

a
l
p
m
f

o
f
X

is
p
X

(x
)

=
∑
y
p
(x
,y

);

T
h

e
m
a
rgin

a
l
p
m
f

o
f
Y

is
p
Y

(y
)

=
∑
x
p
(x
,y

);
X

a
n

d
Y

a
re

in
d
epen

d
en

t
if
p
(x
,y

)
=
p
X

(x
)·
p
Y

(y
).

•
C

o
n
tin

u
o
u

s
r.v

.
(X
,Y

)
h

a
s

a
jo

in
t

p
d

f
p
(x
,y

)
sa

tisfy
in

g
f

(x
,y

)≥
0

a
n

d
∫
∞−∞
∫
∞−∞

f
(x
,y

)d
x
d
y

=
1
.

T
h

e
m
a
rgin

a
l
pd

f
o
f
X

is
f
X

(x
)

=
∫
∞−∞

f
(x
,y

)d
y
;

T
h

e
m
a
rgin

a
l
pd

f
o
f
Y

is
f
Y

(y
)

=
∫
∞−∞

f
(x
,y

)d
x

;

X
a
n

d
Y

a
re

in
d
epen

d
en

t
if
f

(x
,y

)
=
f
X

(x
)·
f
Y

(y
).

3
.

S
e
v
e
ra

l
sp

e
cia

l
r.v

.s

(3
.1

)
X
∼
B
in

(n
,p

)
h

a
s

a
p

m
f
p
(x

)
=
P

(X
=
x

)
=

(
nx )
·
p
x
·
(1−

p
)
n−

x
,

x
=

0
,1
,2
,...,n

.

E
(X

)
=
n
·
p
,

V
(X

)
=
n
·
p·

(1−
p
).

(3
.2

)
X
∼
P
o
(λ

)
h

a
s

a
p

m
f
p
(x

)
=
P

(X
=
x

)
=

e −
λ
λ
x

x
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,
x

=
0
,1
,2
,....

E
(X

)
=
λ
,

V
(X

)
=
λ
.

(3
.3

)
X
∼
H
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p
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g
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m
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h
a
s

a
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f
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(x

)
=
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=
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)
=

(
Mx
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x

)

(
Nn

)
.
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.4

)
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f
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=

{
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x
,
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≥

0
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0
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)
=
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,

V
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)
=
(

1λ )
2
.

(3
.5

)
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∼
N

(µ
,σ

2
)

h
a
s

a
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d
f

f
(x

)
=

1

σ √
2
π
e −

(
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−
µ
)
2

2
σ
2
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∞
<
x
<
∞
.

E
(X

)
=
µ
,

V
(X

)
=
σ

2
.
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=
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.
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√
n
.

ca
se

1
.2

(n
≥

3
0
)

F
o
r

a
n
y

p
o
p

u
la

tio
n
X
,

it
h

o
ld

s
th

a
t
X̄
−
µ

σ
/ √
n
∼
N

(0
,1

)
a
n

d

I
µ

=
x̄
∓
z
α
/
2 ·

σ
√
n

o
r
I
µ

=
x̄
∓
z
α
/
2 ·

σ̂
√
n
.

ca
se

1
.3

(a
n
y
n

)
If

p
o
p

u
la

tio
n
X
∼
N

(µ
,σ

2
)

a
n

d
σ

2
is

u
n

k
n

o
w

n
,

th
en

X̄
−
µ

S
/ √

n
∼
T

(n
−

1
)

a
n

d

I
µ

=
x̄
∓
t
α
/
2
(n
−

1
)·

s
√
n
.

C
I-1
′:

(1−
α
)

C
I

o
f

th
e

d
iff

e
re

n
c
e

o
f

tw
o

p
o
p

u
la

tio
n

m
e
a
n

s
µ
X
−
µ
Y

ca
se

1
.1 ′

(a
n
y
n

1
,n

2
)

If
in

d
ep

en
d

en
t

p
o
p

u
la

tio
n

s
X
∼
N

(µ
X
,σ

2X
),Y
∼
N

(µ
Y
,σ

2Y
),

a
n

d
σ

2X
,σ

2Y
a
re

k
n

o
w

n
,

th
en

(X̄
−
Ȳ

)−
(µ
X
−
µ
Y

)
√
σ
2X
n
1

+
σ
2Y
n
2

∼
N

(0
,1

),
a
n

d
I
µ
X
−
µ
Y

=
(x̄
−
ȳ
)∓

z
α
/
2 · √

σ
2X
n
1

+
σ
2Y
n
2
.

ca
se

1
.2 ′

(n
1
,n

2
≥

3
0
)

F
o
r

a
n
y

in
d

ep
en

d
en

t
p

o
p

u
la

tio
n

s
X

a
n

d
Y
,

it
h

o
ld

s
th

a
t

(X̄
−
Ȳ

)−
(µ
X
−
µ
Y

)
√
σ
2X
n
1

+
σ
2Y
n
2

∼
N

(0
,1

)
a
n

d

I
µ
X
−
µ
Y

=
(x̄
−
ȳ
)∓

z
α
/
2 · √

σ
2X
n
1

+
σ
2Y
n
2

o
r
I
µ
X
−
µ
Y

=
(x̄
−
ȳ
)∓

z
α
/
2 · √

σ̂
2X
n
1

+
σ̂
2Y
n
2
.

ca
se

1
.3 ′
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n
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n

1
,n

2
)
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in

d
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d
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t

p
o
p

u
la
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s
X
∼

N
(µ
X
,σ

2X
),Y

∼
N
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Y
,σ
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),

w
h

ere

σ
2X
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a
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u
n

k
n

o
w

n
b

u
t
σ

2X
=
σ
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,
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en

(X̄
−
Ȳ

)−
(µ
X
−
µ
Y

)

S √
1n1

+
1n2

∼
T
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1

+
n

2 −
2
),

w
h

ere
S

2
=
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1 −

1
)S

2X
+
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1
)S
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n
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2
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n

d

I
µ
X
−
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Y

=
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−
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)∓

t
α
/
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1
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s √
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+
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.
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α
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z
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/
2

N
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,1)

α
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α
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α
/
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−
1)

T
(n

−
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α
/2

C
I-2

:
(1−

α
)

C
I

o
f

p
o
p

u
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n

v
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n
c
e
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σ
2

•
If

a
p

o
p

u
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n
X
∼
N

(µ
,σ

2
)

a
n

d
σ

2
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u
n

k
n
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w

n
,
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2

σ
2

∼
χ
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−
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n

d

I
σ
2

=
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−

1
)s

2

χ
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/
2
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−
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−
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2

χ
21−
α
/
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−
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.

•
If
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ep
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d
en

t
p

o
p

u
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n

s
X
∼
N

(µ
X
,σ

2
)

a
n

d
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∼
N
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Y
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2
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a
n

d
σ

2
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u
n

k
n

o
w
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,
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+
n
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2
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σ
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∼
χ
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+
n

2 −
2
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a
n

d

I
σ
2

=

(
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1
+
n

2 −
2
)s

2

χ
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/
2
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1
+
n

2 −
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+
n

2 −
2
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2

χ
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α
/
2
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1
+
n

2 −
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,

w
h
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S

2
=
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1 −

1
)S

2X
+

(n
2 −

1
)S
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n
1
+
n
2 −

2
.
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)

χ
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/
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−
1)

χ
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α
/
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−
1
)

χ
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−
1
)

α
/2

α
/2

C
I-3

:
(1−

α
)

C
I

o
f

p
o
p

u
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n

p
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p
o
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n
(s)

•
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a
(la
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p
o
p

u
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n

h
a
s

a
n

u
n

k
n

o
w
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p
o
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n
p
,
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p

√
p
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p
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n
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N
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≥

1
0
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n

d

n
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0
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p̂
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p̂∓
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p
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√
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p
2
)

n
2

∼
N

(0
,1

)

if
n
i p̂
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H
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H
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p
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=
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p
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p
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≤
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≤
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≤
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=
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p
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+
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=
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=
p
i ,

1
≤
i≤

k
,

H
a

:
P

(A
i )6=
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k
.

2/9



If
n

is
la

rg
e

in
th
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r
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,
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≤
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k
.

F
o
r

th
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H
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S
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=
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∞
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⇒
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e
g
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β
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b
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p
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.
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h
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u
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n
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e
ŷ
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ŷ
=
β̂

0
+
β̂

1
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.

•
β̂
j −
β
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e

rea
l
β
j

=
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?
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p
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b
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−
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e
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Y
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=
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=
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=
e
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.
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b
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=

1
)

=
p

a
n

d
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=
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p
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,...,x
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,...,x
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,...,x
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.
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−
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≥
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=
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r
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=
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<
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p̂
(x

1
,...,x

k
)

=
e
β̂
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≥
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