
TAMS42: Probability and Statistics
∣∣∣ Provkod: TEN1

∣∣∣ 15 August 2023, 08:00-12:00

Examiner: Xiangfeng Yang (Tel: 013-285788). Things allowed (Hjälpmedel): a calculator.
Scores rating (Betygsgränser): 8-11 points giving rate 3; 11.5-14.5 points giving rate 4; 15-18 points giving rate 5.

1 (3 points)

Suppose that there are two boxes marked as A and B . Box A has 2 white balls and 3 black balls, and Box B has
12 white balls and 15 black balls. A person randomly takes 1 ball from each box independently.

(1.1) (1p) Find the probability that the color of the ball from box A is the same as the color of the ball from box B .
(1.2) (1p) Let X be the number of white balls in the 2 chosen balls, find the probability P (X = 1).
(1.3) (1p) Find the mean E(X) of X.

Solution. (1.1) It directly follows that

P (same color) = P (white from box A and white from box B ) + P (black from box A and black from box B )

=

(
2
1

)(
12
1

)
(
5
1

)(
27
1

) +

(
3
1

)(
15
1

)
(
5
1

)(
27
1

) =
2× 12 + 3× 15

5× 27
=

69

135
=

23

45
= 0.5111.

(1.2)

P (X = 1) = P (there is only 1 white ball)

= P (1 white ball from box A and 1 black ball from box B )

+ P (1 black ball from box A and 1 white ball from box B )

=

(
2
1

)(
15
1

)
(
5
1

)(
27
1

) +

(
3
1

)(
12
1

)
(
5
1

)(
27
1

) =
2× 15 + 3× 12

5× 27
=

66

135
=

22

45
= 0.4889.

(1.3) In the same way as in (1.2), one can obtain the following

P (X = 0) =

(
3
1

)(
15
1

)
(
5
1

)(
27
1

) =
3× 15

5× 27
=

45

135
,

P (X = 1) =
66

135
,

P (X = 2) =

(
2
1

)(
12
1

)
(
5
1

)(
27
1

) =
2× 12

5× 27
=

24

135
.

Therefore,

E(X) = 0 · P (X = 0) + 1× P (X = 1) + 2× P (X = 2) = 0× 45

135
+ 1× 66

135
+ 2× 24

135
=

114

135
=

38

45
= 0.8444.
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2 (3 points)

Suppose that forecast of rainfall size X per hour (unit: mm) in Linköping on 16 August 2023 is a random variable with
a probability density function f(x) as follows

f(x) =

{
0.5, if 0 ≤ x ≤ 2,

0, otherwise.

(2.1) (1p) Find the mean µ = E(X) and variance σ2 = V (X) of X.
(2.2) (2p) One measures rainfall sizes per hour at 100 different locations of Linköping, and let X1, X2, . . . , X100 denote
the rainfall sizes at these locations. Assume that X1, X2, . . . , X100 are independent and each has the same distribution
as X. Let X̄ = X1+X2+...+X100

100 be the average rainfall size of these locations. Find the probability P (X̄ ≤ 1.1).

Solution. (2.1) The mean is

µ = E(X) =

∫ 2

0

x · f(x)dx =

∫ 2

0

0.5 · xdx = 1.

The variance is

σ2 = V (X) = E(X2)− µ2 =

∫ 2

0

x2 · f(x)dx− µ2 =

∫ 2

0

0.5 · x2dx− 12 =
4

3
− 1 =

1

3
= 0.3333.

(2.2)

P (X̄ ≤ 1.1) = P (
X̄ − µ

σ/
√
n

≤ 1.1− 1√
0.3333/

√
100

) = P (N(0, 1) ≤ 0.1× 10√
0.3333

) = P (N(0, 1) ≤ 1.73) = Φ(1.73) = 0.9582.

3 (3 points)

Let X and Y be independent random variables, and

P (X = 1) = P (Y = 1) = p, P (X = 0) = P (Y = 0) = 1− p,

where 0 < p < 1 is a value to be determined. Now a new random variable Z is defined as

Z =

{
0, if X + Y is odd (namely, X + Y = 1),

1, if X + Y is even (namely, X + Y = 0 or 2).

Find the value of p in order that X and Z are independent.

Solution. It is clear that

P (Z = 0) = P (X + Y = 1) = P (X = 0 and Y = 1) + P (X = 1 and Y = 0)

= P (X = 0)× P (Y = 1) + P (X = 1)× P (Y = 0)

= (1− p)× p+ p× (1− p) = 2p · (1− p)

In order that X and Z are independent, at leat the following must hold:

P (X = 0 and Z = 0) = P (X = 0)× P (Z = 0). (1)

The probability P (X = 0 and Z = 0) can be computed as follows:

P (X = 0 and Z = 0) = P (X = 0 and X + Y = 1) = P (X = 0 and Y = 1) = P (X = 0)× P (Y = 1) = (1− p)p.

Therefore, the equation (1) gives
(1− p)p = (1− p)× 2p · (1− p),

which reduces to 1 = (1− p)2, implying that p = 1/2. (With p = 1/2, one can also check the other equalities of
independence).
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4 (3 points)

Suppose that a population X ∼ N(0, σ2) is a normal random variable with an unknown standard deviation σ > 0,
namely, X has the following probability density function

f(x) =
1

σ
√
2π

e−
x2

2σ2 , −∞ < x < ∞.

A sample {x1, x2, . . . , xn} is taken from this population. Estimate σ by σ̂ML using the Maximum-Likelihood method.

Solution. The likelihood function is

L(σ) = f(x1) · f(x2) · . . . · f(xn) =
1

σ
√
2π

e−
x2
1

2σ2 · 1

σ
√
2π

e−
x2
2

2σ2 · . . . · 1

σ
√
2π

e−
x2
n

2σ2

=

(
1

σ
√
2π

)n

· e−
x2
1+x2

2+...+x2
n

2σ2 .

The log likelihood function is

lnL(σ) = n · ln
(

1

σ
√
2π

)
− x2

1 + x2
2 + . . .+ x2

n

2σ2

= n ·
[
ln

(
1√
2π

)
− ln(σ)

]
− x2

1 + x2
2 + . . .+ x2

n

2σ2
.

Then the equation

ln′ L(σ) = −n

σ
+

x2
1 + x2

2 + . . .+ x2
n

σ3
= 0

gives

σ̂ML =

√
x2
1 + x2

2 + . . .+ x2
n

n
.

5 (3 points)

Suppose that two populations X ∼ N(µ1, σ
2
1) and Y ∼ N(µ2, σ

2
2) are independent. A sample {x1, x2, . . . , x9} is taken

from X with sample mean x̄ = 12.1 and sample standard deviation sx = 2. Another sample {y1, y2, . . . , y16} is taken
from Y with sample mean ȳ = 8.5 and sample standard deviation sy = 3.
(5.1) (1.5p) If σ2

1 = σ2
2 = 6 is known, construct a two-sided 95% confidence interval of µ1 − µ2.

(5.2) (1.5p) If σ2
1 = σ2

2 = σ2 is unknown, construct a two-sided 95% confidence interval of σ2.

Solution. (5.1) It is from Case 1.1’ of CI that

Iµ1−µ2
= (x̄− ȳ)∓ zα/2 ·

√
σ2
1

n1
+

σ2
2

n2

= (12.1− 8.5)∓ 1.96 ·
√

6

9
+

6

16
= 3.6∓ 1.96 ·

√
1.0417 = 3.6∓ 1.96 · 1.02

= 3.6∓ 2 = (1.6, 5.6).

(5.2) With

s2 =
(n1 − 1)s2x + (n2 − 1)s2y

n1 + n2 − 2
=

(9− 1)22 + (16− 1)32

9 + 16− 2
=

167

23
= 7.2609,

the confidence interval is

Iσ2 =

(
(n1 + n2 − 2)s2

χ2
α/2(n1 + n2 − 2)

,
(n1 + n2 − 2)s2

χ2
1−α/2(n1 + n2 − 2)

)
=

(
23 · 7.2609
χ2
0.025(23)

,
23 · 7.2609
χ2
0.975(23)

)
=

(
167.0007

38.08
,

167.0007

11.69

)
= (4.3855, 14.2858) .
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6 (3 points)

Suppose that the distribution X of weights (in grams) of all peanuts boxes produced by a factory is normal
X ∼ N(µ, σ2). Now 16 peanuts boxes are randomly selected with sample mean x̄ = 498 g and sample standard
deviation s = 4 g. Does this sample provide any evidence that the average weigh µ of all such peanuts boxes is less than
500 g? Answer this using appropriate hypotheses test with a significance level 5%.
(Hint: Do NOT use method of Confidence Interval).
(6.1) (1p) Write down appropriate hypotheses H0 and Ha.
(6.2) (2p) Perform the hypotheses testing formulated in (6.1). Namely, find TS and C and conclude whether or not H0

is rejected.

Solution. (6.1) The hypotheses are:
H0 : µ = 500 against Ha : µ < 500.

(6.2) Since the population variance σ2 is unknown, it follows that

TS =
x̄− µ0

s/
√
n

=
498− 500

4/
√
16

= −2,

C = (−∞, −tα(n− 1)) = (−∞, −t0.05(15)) = (−∞, −1.75).

The fact TS ∈ C implies that H0 is rejected (there is evidence for µ < 500).
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T
A

M
S

4
2
:

fo
rm

u
la

s
a
n

d
ta

b
le

s
—

b
y

X
ia

n
g
fen

g
Y

a
n

g

1
.

B
a
sic

p
ro

b
a
b
ility

(1
.1

)
C

o
n

d
itio

n
a
l

p
ro

b
a
b

ility
P

(A
|B

)
=

P
(A
∩
B

)
P

(B
)
.

(1
.2

)
T

o
ta

l
p

ro
b

a
b
ility

P
(B

)
=
∑
ki=

1
P

(B
|A
i )P

(A
i )

w
h

ere
{
A
i }

a
re

d
isjo

in
t

a
n

d
∪
ki=

1
A
i

=
S
.

(1
.3

)
B

a
y
es’

T
h

eo
rem

P
(A
j |B

)
=

P
(B
|A
j
)P

(A
j
)

∑
ki
=

1
P

(B
|A
i
)P

(A
i
)

w
h

ere
{
A
i }

a
re

in
(1

.2
).

2
.

R
a
n
d
o
m

v
a
ria

b
le

s
(r.v

.s)

(2
.1

)
D

iscrete
r.v

.
X

h
a
s

a
p

m
f
p
(x

)
=
P

(X
=
x

)
sa

tisfy
in

g
p
(x

)≥
0

a
n

d
∑
p
(x
i )

=
1
,

X
x
1

x
2

···
x
n

···
p
(x
)

p
(x

1 )
p
(x

2 )
···

p
(x
n
)

···

E
x
p

ecta
tio

n
(o

r
E
xpected

va
lu
e

o
r
m
ea
n

)
µ
X

=
E

(X
)

=
∑
x
i p

(x
i );

V
a
ria

n
ce
σ

2X
=
V

(X
)

=
E

(X
−
µ
X

)
2

=
E

(X
2
)−

µ
2X

=
∑
x

2i
p
(x
i )−

( ∑
x
i p

(x
i ))

2
.

(2
.2

)
C

o
n
tin

u
o
u

s
r.v

.
X

h
a
s

a
p

d
f
f

(x
)

sa
tisfy

in
g
f

(x
)≥

0
a
n

d
∫
∞−∞

f
(x

)d
x

=
1
,

P
(a
<
X
<
b)

=

∫
b

a
f

(x
)d
x
.

E
x
p

ecta
tio

n
(o

r
E
xpected

va
lu
e

o
r
m
ea
n

)
µ
X

=
E

(X
)

=
∫
∞−∞

x
f

(x
)d
x

;

V
a
ria

n
ce
σ

2X
=
V

(X
)

=
E

(X
−
µ
X

)
2

=
E

(X
2
)−

µ
2X

=
∫
∞−∞

x
2
f

(x
)d
x
−
(∫
∞−∞

x
f

(x
)d
x )

2
.

(2
.3

)
C

u
m

u
la

tiv
e

d
istrib

u
tio

n
fu

n
ctio

n
(cd

f)
o
f

a
r.v

.
X

is
F

(x
)

=
P

(X
≤
x

).
(2

.4
)
X

a
n

d
Y

a
re

r.v
.s,
a
,b

a
n

d
c

a
re

sca
la

rs,
th

en

E
(a
X

+
bY

+
c)

=
a
E

(X
)

+
bE

(Y
)

+
c,

V
(a
X

+
bY

+
c)

=
a

2
V

(X
)

+
b
2
V

(Y
)

+
2
a
b
co
v
(X
,Y

),

E
(g

(X
,Y

))
=

{
∑
i,j
g
(x
i ,y

j )·
p
(x
i ,y

j ),
fo

r
d

iscrete
(X
,Y

),
∫
∞−∞
∫
∞−∞

g
(x
,y

)·
f

(x
,y

)d
x
d
y
,

fo
r

co
n
tin

u
o
u

s
(X
,Y

).
.

(2
.5

)•
D

iscrete
r.v

.
(X
,Y

)
h

a
s

a
jo

in
t

p
m

f
p
(x
,y

)
sa

tisfy
in

g
p
(x
,y

)≥
0

a
n

d
∑
x
i ∑

y
i
p
(x
i ,y

i )
=

1
.

T
h

e
m
a
rgin

a
l
p
m
f

o
f
X

is
p
X

(x
)

=
∑
y
p
(x
,y

);

T
h

e
m
a
rgin

a
l
p
m
f

o
f
Y

is
p
Y

(y
)

=
∑
x
p
(x
,y

);
X

a
n

d
Y

a
re

in
d
epen

d
en

t
if
p
(x
,y

)
=
p
X

(x
)·
p
Y

(y
).

•
C

o
n
tin

u
o
u

s
r.v

.
(X
,Y

)
h

a
s

a
jo

in
t

p
d

f
p
(x
,y

)
sa

tisfy
in

g
f

(x
,y

)≥
0

a
n

d
∫
∞−∞
∫
∞−∞

f
(x
,y

)d
x
d
y

=
1
.

T
h

e
m
a
rgin

a
l
pd

f
o
f
X

is
f
X

(x
)

=
∫
∞−∞

f
(x
,y

)d
y
;

T
h

e
m
a
rgin

a
l
pd

f
o
f
Y

is
f
Y

(y
)

=
∫
∞−∞

f
(x
,y

)d
x

;

X
a
n

d
Y

a
re

in
d
epen

d
en

t
if
f

(x
,y

)
=
f
X

(x
)·
f
Y

(y
).

3
.

S
e
v
e
ra

l
sp

e
cia

l
r.v

.s

(3
.1

)
X
∼
B
in

(n
,p

)
h

a
s

a
p

m
f
p
(x

)
=
P

(X
=
x

)
=

(
nx )
·
p
x
·
(1−

p
)
n−

x
,

x
=

0
,1
,2
,...,n

.

E
(X

)
=
n
·
p
,

V
(X

)
=
n
·
p·

(1−
p
).

(3
.2

)
X
∼
P
o
(λ

)
h

a
s

a
p

m
f
p
(x

)
=
P

(X
=
x

)
=

e −
λ
λ
x

x
!

,
x

=
0
,1
,2
,....

E
(X

)
=
λ
,

V
(X

)
=
λ
.

(3
.3

)
X
∼
H
y
p
er
g
eo
m
etr
ic

h
a
s

a
p

m
f
p
(x

)
=
P

(X
=
x

)
=

(
Mx

)
(
N
−
M

n
−
x

)

(
Nn

)
.

(3
.4

)
X
∼
E
x
p
(λ

)
h

a
s

a
p

d
f

f
(x

)
=

{
λ
e −
λ
x
,
x
≥

0
,

0
,

o
th

erw
ise.

E
(X

)
=

1λ
,

V
(X

)
=
(

1λ )
2
.

(3
.5

)
X
∼
N

(µ
,σ

2
)

h
a
s

a
p

d
f

f
(x

)
=

1

σ √
2
π
e −

(
x
−
µ
)
2

2
σ
2

,−
∞
<
x
<
∞
.

E
(X

)
=
µ
,

V
(X

)
=
σ

2
.

(3
.6

)
X
∼
U

(a
,b)

h
a
s

a
p

d
f

f
(x

)
=

{
1
b−
a
,
a
<
x
<
b,

0
,

o
th

erw
ise.

E
(X

)
=

a
+
b

2
,

V
(X

)
=

(b−
a
)
2

1
2

.

4
.

C
e
n
tra

l
L

im
it

T
h
e
o
re

m
(C

L
T

)

S
u

p
p

o
se

th
a
t

a
p

o
p

u
la

tio
n

h
a
s

m
ea

n
=
µ

a
n

d
v
a
ria

n
ce=

σ
2
.

A
ra

n
d

o
m

sa
m

p
le
{
X

1
,X

2
,...,X

n }
fro

m
th

is
p

o
p

u
la

tio
n

is
g
iv

en
.

T
h

en
fo

r
la

rg
e
n
≥

3
0
,

X̄
−
µ

σ
/ √

n
∼
N

(0
,1

).
(1

)

•
If

th
e

p
o
p

u
la

tio
n

is
n

o
rm

a
l,

th
en

(1
)

h
o
ld

s
fo

r
a
n
y
n
.

•
N

o
te

th
a
t
µ

=
E

(X̄
)

a
n

d
(σ
/ √

n
)
2

=
V

(X̄
).

5
.

S
e
v
e
ra

l
n
o
ta

tio
n
s

in
sta

tistics

(5
.1

)
S

a
m

p
le

m
ea

n
:
X̄

=
X

1
+
X

2
+
...X

n
n

=
∑
X
i

n
;
x̄

=
x
1
+
x
2
+
...x

n
n

=
∑
x
i

n
.

(5
.2

)
S

a
m

p
le

v
a
ria

n
ce:

S
2

=

∑
(X

i −
X̄

)
2

n
−

1
=

1

n
−

1

(
∑

X
2i −

( ∑
X
i )

2

n

)
;
s
2

=

∑
(x
i −

x̄
)
2

n
−

1
=

1

n
−

1

(
∑

x
2i −

( ∑
x
i )

2

n

)
.

•
C

a
p

ita
l

letters
X̄

a
n

d
S

2
refer

to
th

e
o
b

jects
b

a
sed

o
n

ra
n

d
o
m

sa
m

p
le

(th
erefo

re
th

ey
a
re

in
g
en

era
l

r.v
.s),

w
h

ile
sm

a
ll

letters
x̄

a
n

d
s
2

a
re

th
e

o
b

jects
b

a
sed

o
n

o
b

serv
a
tio

n
s

(so
th

ey
a
re

sca
la

rs).

(5
.3

)
A

p
o
in

t
estim

a
to

r
o
f
θ

o
b

ta
in

ed
b
y

M
eth

o
d

s
o
f

M
o
m

en
ts

is
d

en
o
ted

a
s
θ̂
M
M
.

(5
.4

)
A

p
o
in

t
estim

a
to

r
o
f
θ

o
b

ta
in

ed
b
y

M
a
x
im

u
m

L
ik

elih
o
o
d

m
eth

o
d

is
d

en
o
ted

a
s
θ̂
M
L
.

6
.

C
o
n
fi
d
e
n
ce

In
te

rv
a
l

(C
I)

In
th

is
co

u
rse,

th
ree

ty
p

es
o
f

co
n

fi
d

en
ce

in
terv

a
ls

a
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stu
d
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d
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d
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g
o
n
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e

u
n

k
n

o
w

n
p

o
p

u
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tio
n

p
a
-
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m

eter(s):
C

I-1
(co

n
fi

d
en

ce
in

terv
a
ls

fo
r

p
o
p

u
la

tio
n

m
ea

n
(s)),

C
I-2

(co
n

fi
d

en
ce
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p

u
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p

u
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p
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