
TAMS46: Probability Theory (Second Course)
∣∣∣ Provkod: TEN1 ∣∣∣ 24 August 2021, 08:00-12:00

Examiner: Xiangfeng Yang (013-285788). Things allowed: a calculator, an English-Swedish dictionary.
Scores rating (Betygsgränser): 8-11 points giving rate 3; 11.5-14.5 points giving rate 4; 15-18 points giving rate 5.

1 (3 points)

Suppose that X and Y have a joint probability density function as follows

f(x, y) =

{
1
y · e

−x/y · e−y, for 0 < x <∞ and 0 < y <∞,
0, otherwise.

Are X/Y and Y independent? Why?

Solution. Let U = X/Y and V = Y, then it follows that X = UV and Y = V which gives J = v. Thus the joint
probability density function of (U, V ) is: for 0 < u, v <∞,

fU,V (u, v) = f(uv, v) · |J | = 1

v
· e−(uv)/v · e−v · v = e−u · e−v.

The marginal probability density functions are

fU (u) =

∫ ∞
−∞

fU,V (u, v)dv =

∫ ∞
0

e−u · e−vdv = e−u, 0 < u <∞,

fV (v) =

∫ ∞
−∞

fU,V (u, v)du =

∫ ∞
0

e−u · e−vdu = e−v, 0 < v <∞.

It is clear that fU,V (u, v) = fU (u) · fV (v), so U and V (namely X/Y and Y ) are independent.

2 (3 points)

Let X be a Binomial random variable with a random parameter N as follows:

X|N = n ∼ Bin(n, p), with N ∼ Po(λ).

Find the probability P (X = k) for k = 0, 1, 2, . . . .

Solution. It is from total probability that

P (X = k) =

∞∑
n=0

P (X = k|N = n) · P (N = n)

=

∞∑
n=k

(
n
k

)
pkqn−k · e−λλ

n

n!

=
pk

k!
e−λ

∞∑
n=k

λn

(n− k)!
qn−k =

(λp)k

k!
e−λ

∞∑
n=k

(λq)n−k

(n− k)!

=
(λp)k

k!
e−λ

∞∑
j=0

(λq)j

j!
=

(λp)k

k!
e−λeλq

=
(λp)k

k!
e−λp,

namely X ∼ Po(λp).
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3 (3 points)

Let X be a discrete random variable with

P (X = 0) = 0.2, P (X = 1) = 0.5, P (X = 2) = 0.3.

(3.1) (1p) Find the probability generating function gX(t) = E(tX).
(3.2) (1p) Find the moment generating function ψX(t) = E(etX).
(3.3) (1p) Find the characteristic generating function ϕX(t) = E(eitX).

Solution. (3.1)
gX(t) = E(tX) = t0 · 0.2 + t1 · 0.5 + t2 · 0.3 = 0.2 + 0.5t+ 0.3t2, t ∈ R.

(3.2)
ψX(t) = E(etX) = et·0 · 0.2 + et·1 · 0.5 + et·2 · 0.3 = 0.2 + 0.5et + 0.3e2t, t ∈ R.

(3.3)
ϕX(t) = E(eitX) = eit·0 · 0.2 + eit·1 · 0.5 + eit·2 · 0.3 = 0.2 + 0.5eit + 0.3e2it, t ∈ R.

4 (3 points)

Let X1 ∼ Exp(1) and X2 ∼ Exp(1) be two independent exponential random variables. Set X(1) = min{X1, X2} and
X(2) = max{X1, X2}. Find the conditional expectation E(X(2)|X(1) = x).

Solution. Step 1: find the joint probability density function of (X(1), X(2)). To this end, for any 0 < x < y,

P (X(1) > x,X(2) ≤ y) = P (x < X1 ≤ y, x < X2 ≤ y) = P (x < X1 ≤ y) · P (x < X2 ≤ y) = (e−x − e−y)2.

Therefore

F (x, y) := P (X(1) ≤ x,X(2) ≤ y) = P (X(2) ≤ y)− P (X(1) > x,X(2) ≤ y) = (1− e−y)2 − (e−x − e−y)2.

By taking the partial derivatives ∂2F (x, y)/∂x∂y, it follows that the joint probability density function is

fX(1),X(2)
(x, y) = 2e−xe−y, 0 < x < y.

Step 2: find the marginal probability density function of X(1) :

fX(1)
(x) =

∫ ∞
x

fX(1),X(2)
(x, y)dy = 2e−2x, 0 < x <∞.

Step 3: find the conditional probability density function of X(2)|X(1) = x :

fX(2)|X(1)=x(y) =
fX(1),X(2)

(x, y)

fX(1)
(x)

=
2e−xe−y

2e−2x
= ex · e−y, 0 < x < y.

Step 4:

E(X(2)|X(1) = x) =

∫ ∞
−∞

yfX(2)|X(1)=x(y)dy =

∫ ∞
x

yexe−ydy = . . . = x+ 1, x > 0.
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5 (3 points)

Let X1, X2, . . . be independent and identically distributed random variables with mean 0 and variance 1. Assume that
N ∼ Po(λ) is independent of X1, X2, . . . . Show that

X1 +X2 + . . .+XN√
N

d−−→ N(0, 1) as λ→∞.

Solution. We first rewrite
X1 +X2 + . . .+XN√

N
=
X1 +X2 + . . .+XN√

λ
· 1√

N/λ
.

Now we will show two things: (i) N/λ
p−−→ 1. To see this, the moment generating function gives

ψN/λ(t) = EetN/λ = (see Appendex B) = eλ(e
t/λ−1) = eλ(t/λ+o(1/λ)) = et+o(1) → et = ψ1(t).

(ii) X1+X2+...+XN√
λ

d−−→ N(0, 1). To see this, the characteristic function gives

ϕX1+X2+...+XN√
λ

(t) = Ee
it
X1+X2+...+XN√

λ = E
(
Ee

it
X1+X2+...+XN√

λ |N
)

=
∑
k≥0

E(e
it
X1+X2+...+Xk√

λ |N = k) · P (N = k)

=
∑
k≥0

Ee
it
X1+X2+...+Xk√

λ · P (N = k), (as N is independent of X1, X2, . . .)

=
∑
k≥0

(
E(e

i t√
λX1)

)k
· P (N = k), (E(e

i t√
λX1) = 1− t2

2λ
+ o(1/λ) as mean 0 and variance 1)

= e−λ
∑
k≥0

(
1− t2

2λ
+ o(1/λ)

)k
· λ

k

k!

= e−λ
∑
k≥0

(
λ− t2/2 + o(1)

)k
k!

= e−λ · eλ−t
2/2+o(1) = e−t

2/2+o(1) → e−t
2/2 = ϕN(0,1)(t).

Now (i) and (ii) plus the Cramér’s theorem (Book Theorem 6.5 on Page 168) imply that

X1 +X2 + . . .+XN√
N

d−−→ N(0, 1) as λ→∞.

6 (3 points)

Let X1, X2, . . . be independent U(0, 1) random variables, and set Yn = X1 ·X2 · . . . ·Xn for n = 1, 2, . . . .

(6.1) (1p) Prove that Yn
p−−→ 0 as n→∞.

(6.2) (2p) Prove that Yn
a.s.−−→ 0 as n→∞.

Solution. For any 1 > ε > 0, it is important to notice that

{X1 ·X2 · . . . ·Xn > ε} ⊆ {X1 > ε,X2 > ε, . . . ,Xn > ε}.

There is no need to consider ε ≥ 1 as in this case everything becomes 0.
(6.1) For any 1 > ε > 0,

P (|Yn − 0| > ε) = P (Yn > ε) = P (X1 ·X2 · . . . ·Xn > ε)

≤ P (X1 > ε,X2 > ε, . . . ,Xn > ε)

= P (X1 > ε) · P (X2 > ε) · . . . · P (Xn > ε)

= (1− ε)n → 0, as n→∞.
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Therefore Yn
p−−→ 0 as n→∞.

(6.2) For any 1 > ε > 0,

∞∑
n=1

P (|Yn − 0| > ε) =

∞∑
n=1

P (Yn > ε) =

∞∑
n=1

P (X1 ·X2 · . . . ·Xn > ε)

≤
∞∑
n=1

P (X1 > ε,X2 > ε, . . . ,Xn > ε)

=

∞∑
n=1

P (X1 > ε) · P (X2 > ε) · . . . · P (Xn > ε)

=

∞∑
n=1

(1− ε)n =
1

ε
− 1 <∞.

Therefore the first Borel-Cantelli lemma (Book section 7.7) implies that Yn
a.s.−−→ 0 as n→∞.
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