TAMS46: Probability Theory (Second Course) ‘ Provkod: TENT | 29 October 2022, 14:00-18:00

Examiner: Xiangfeng Yang (013-285788). Things allowed: a calculator, a self-written A4 paper (two sides).
Scores rating (Betygsgrinser): 8-11 points giving rate 3; 11.5-14.5 points giving rate 4; 15-18 points giving rate 5.
Notation: ‘A random variable X is distributed as...” is written as ‘X € ... or X ~ ...~

1 (3 points)

(1.1) (1p) Let X be a continuous one-dimensional random variable with a probability density function fx(z),z € R.
Define Y = X2, find the probability density function fy(y) of Y.
(1.2) (2p) Let X; and X3 be independent Exp(1)-distributed random variables. Find the density function of ﬁ

Solution. (1.1) Tt is from the many-to-one formula (#2.2 on p.23 book) that

Fr@) = Fx (V) - —— + fx(—vE) - ——.

2,/y 2,y
1.2 Let U=~-5_and V =X, + Xo, then it follows that X1 =U -V and Xo =V — U - V. Furthermore, it is from
X1+X2
x1 > 0 and xo > 0 that
O<u<l, v > 0.
Therefore
fov(u,v) = fx, x,(wv,v —uv) - |J| = e =7 .y = e 0<u<1,v>0.
Then - -
fulu) = fov(u,v)dv = / ve Ydv=1, 0<u<l.
Jo Jo
O
2 (3 points)
Let X be a Poisson random variable with a random parameter M as follows:
X|M =m ~ Po(m), with M ~ Exp(1).
(2.1) (1p) Find the mean E(X) of X.
(2.2) (1p) Find E(X - M).
(2.3) (1p) Find the probability P(X = 1).
Solution. (2.1) E(X)=E(E(X|M)) =E(M) = 1.
(2.2)
E(X-M)=E(E(X-M|M))=FEME(X|M))=FE(M?) = / e %dx = 2.
0
(2.3) It is from total probability that
P(X=1)= / P(X =1|M =m) - fy(m)dm = / e "m-e Mdm = / me”?"dm = T
0 0 0
O
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3 (3 points)
Suppose that X is a random variable such that

1
E(X”):Z+2"‘1, n=1,2,....

(3.1) (2p) Find the moment generating function ¥ x (t) of X.
(3.2) (1p) Determine the probabilities P(X = k) for k =0,1,2,....

Solution. (3.1) The moment generating function is

0 tnE(Xn) oo tnE(Xn) 0 t"’(l-‘,-Q”_l)
; _ XN . o 1
Yx(t) = E(e >*Z ol *1+Z ! *1+Z n!
n=0 n=1 n=1
L=t 1< (20" 1, 1,
=1+4- — 4+ = =14+—-(e"—1 — —1
+4n§::1n!+2; nl = DHgen =)
1 1, 14
= 4+4e +2€ .

(3.2) If one considers a random variable Y as: P(Y =0) = 1, P(Y =1) = 1 and P(Y = 2) = 1, then the moment
generating function of Y is

Yy (t) =E(e™) ==+ ¢ + lem'

The fact 1x (t) = ¥y (t) implies that X and Y have the same distribution, namely P(X =0) =1, P(X =1) = § and

P(X =2)=3.

4 (3 points)

Suppose that Xy, Xs and X3 are independent U (0, 1) random variables, and let (X (1), X(2), X(3)) be the corresponding
order statistic.

(4.1) (2p) Find the conditional probability density function fx ., |x,=y, (y3) of X(3) given X1) =y1.

(4.2) (1p) Find the probability P(X(3) > 2X(1)).

Solution. (4.1) It is from Theorem 3.1 (p.110 book) that the joint probability density function of (X1, X(2y, X(3)) is
fX(l),X(Q),X(g) (y13y27y3) - 6) 0< Y1 < Y2 < Ys <1

Therefore, the joint probability density function of (X (1), X(3)) is

Y3
Xy, x@ W1,y3) = / IX 00X 2y, X (5 (Y1, Y2, Y3)dy2 = 6(ys — y1), 0<y1 <ys <Ll
Y1

This further implies that the probability density function of Xy is

1
Fxay W) = [ Fxoyxe Wiys)dys =301 —y1)?, 0<y <1
Y1

Thereofore ; ( )
X)X Y1, U3 2(ys — 1)
— 3) = = , O<yr <ys <1,
fX(S)‘X(l) Y1 (yJ) fX<1> (yl) (1 — y1)2 n Ys

1/2 1 1/2
P(X(S) > 2X(1)) = / ( fX(l),X(s) (yl,yg)dyg) dyl = 6/ (1/2 - y1)dy1 = 3/4 =0.75.
0 0

21
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5 (3 points)
Let X = (X7, X2)" be a two dimensional normal random variable X ~ N(u, A), where the mean vector is u = (0,0) and

. . 3 1
the covariance matrix is =

1 2
and YQ = X1 — X2.
(5.1) (1.5p) Find the distribution of Y.
(5.2) (1.5p) Find the conditional distribution of Y5 given Y7 = 1.

) . Define a new two dimensional random variable as Y = (Y1, Y3) with Y7 = X7 + X»

Solution. (5.1) Y can be written as Y = BX with B = (} 11) . Therefore the distribution of Y is
Y ~ N(Bu, BAB) N((8>, )
(5.2) According to #(6.2) (p.127, book), the conditional distribution Y5 given Y7 = 1 is still normal with
. 1 20
EYa: =1)=p22 = =, and Var(Ya|V1 = 1) = 02 (1 — p?) = —,
oy, T > 7

where 03, = 7,03, =3 and 1 = cov(Y1,Y2) = poy, 0y,, namely p = 1/v/21. That is

1 20

6 (3 points)

Let X1, X5, ... be i.i.d. (independent and identically distributed) random variables with finite mean p = E(X;) # 0 and
finite variance 02 = Var(X;) # 0. Let S, = X1 + Xo + ... + X,, for n > 1.
(6.1) (1p)

S ¥ converge in probability? If yes, then find the limit; if no, then explain why.
N

(6.2) (2p)

S
Does v/n - On T converge in distribution? If yes, then find the limit; if no, then explain why.
Sp +np Y Y
n

Solution. (6.1) Yes! It is from LLN (p.162, book) that 2= —2 p, therefore Cramér’s theorem (p.168,book) implies

Sn*nu:%—u AN il
Sntnp S 4y pp

(6.2) Yes! Tt is from LLN (p.162, book) that S,—L" —2 1, and from CLT (p.162, book) that SL’TL\/%“ LN N(0,1), therefore
Cramér’s theorem (p.168,book) implies

Sp—np

Sn —np o\/n d 5
Nt R . — = N(0, —
Vi Sn +np 7 % +u 7 w4 ( 42
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B Some Distributions and Their Characteristics
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