TAMS46: Probability Theory (Second Course) ‘ Provkod: TENT | 05 January 2023, 14:00-18:00

Examiner: Xiangfeng Yang (013-285788). Things allowed: a calculator, a self-written A4 paper (two sides).
Scores rating (Betygsgrinser): 8-11 points giving rate 3; 11.5-14.5 points giving rate 4; 15-18 points giving rate 5.
Notation: ‘A random variable X is distributed as...” is written as ‘X € ... or X ~ ...~

1 (3 points)
Let X ~U(0,1) and Y ~ Fxzp(1) be independent random variables. Find the probability density function of X + Y.

Solution. Tt is clear that fx(z) =1 for 0 <z < 1, and fy(y) = e”¥ for y > 0. Then it is directly from the convolution
formula that

oo 1
fxay(u) = / Ix (@) fy(u—x)dx = / 1 fy(u—2x)dx
o Jo
fol 1oemw=2)ge  ifu>1
fou T-em(w=2)de  if0<u<l1
e tle—1), fu>1
1—e™ ifo<u<l.

One remarks: one can also use transformation and define for example U = X +Y and V =Y, then find the joint density
fuv(u,v) of (U, V), and derive the marginal density fi(u). O

2 (3 points)
Let (X,Y)’ have a joint probability density function as follows

cox-y, If0<y<x<l,
fla,y) = :
0, otherwise.

(2.1) (1p) Find the value of ¢ such that f(z,y) is indeed a density function.
(2.2) (1p) Compute the conditional expectation E(Y|X = x) for 0 < z < 1.
(2.3) (1p) Compute the conditional expectation F(X|Y = y) for 0 < y < 1.

Solution. (2.1)

1 .z -1 T -1
1:/ (/ c~m-ydy)dm/ (’T(/ ydy)d.r/ c-x-2*/2dr=c/8 = c=8.
0 0 0 Jo 0

(2.2) The marginal probability density function is

fx(2) :/ c-x-ydy=cx®/2 for 0 <z < 1.
0

Therefore, the conditional probability density function is

fy (y)f(i,y){:lg/%—ffé, fo<y<ax<l,
Y| X=x - -

[x(z)

0, otherwise.

The conditional expectation can be then computed as
OO

) xr 2y 2 T . 23/_
E(Y[X =x) :/ yfy|x==(y)dy :/ y—dy = 7/ yidy = =
0o o 7T = Jo 3

Page 1/4



(2.3) The marginal probability density function is

1
fy(y):/ c-x-ydr =cy(l—y?)/2for 0 <y < 1.
y

Therefore, the conditional probability density function is

czy o 2 .
fxpy=y(z) = f@y) _ {cy(lyz)/2 =gy H0<y<a<l

0, otherwise.

The conditional expectation can be then computed as

1 1
2z 2 2
rfx|y—y(z)dr = / " oy == / Py — = .
! Jy (1-y?) (1_92).1, 3 1 —y2

ge.el

(XY =)= |

J —00

3 (3 points)
Let the probability generating function gx y (s,t) of (X,Y)" be given as
gx.y(s,t) = E(s*tY) = exp{(s — 1) + 2(t — 1) + 3(st — 1)}.

(3.1) (1p) Find the probability generating function gx(s) of X and P(X = n) for n > 0.
(3.2) (1p) Find the probability generating function gy (t) of ¥ and P(Y = n) for n > 0.
(3.3) (1p) Find the probability generating function gx4+y (u) of X +Y.

Solution. (3.1) The probability generating function gx(s) of X is
9x () = B(s¥) = gx,y(s,1) = exp{(s — 1) +3(s — 1)} = exp{4(s — 1)}.

Therefore,
g% (0) _ ane!
n! n!

P(X =n)=
(3.2) The probability generating function gy (¢) of Y is
gy (t) = B(tY) = gxy(1,t) = exp{2(t — 1) +3(t — 1)} = exp{5(t — 1)}.

Therefore,
3 (0) 5"
nl nl

PY =n)=
(3.3) The probability generating function gxiy (u) of X +Y is

gxsy(u) = BE(w™™Y) = gxy(u,u) = exp{(u—1) +2(u — 1) + 3(u® — 1)} = exp{3(u — 1) + 3(u* — 1)}.

4 (3 points)

Suppose that X1, Xs, X3 and X4 are independent U(0, 1) random variables, and let (X (1), X2y, X(3), X(4)) be the
corresponding order statistic. Find the probability P(X 3y + X4 < 1).

Solution. 1t is from Theorem 3.1 (p.110 book) that the joint probability density function of (X (1), X (2, X(3), X(4) is

fX<1>~,X(z>,X<3),X<4)(wla95273537954) =4l = 24, O<zi <o <23 <74 <1.
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Therefore, the joint probability density function of (X3, X(4)) is

s ) s s ) s
FX ), X0 (3, 4) = /0 </ IX 000X (29, X (3, X (a) (1171,952,503,14)61362) dry = /0 </ 24d$2> dxy
T 1

xrs3
= / (24x3 — 24x1) doy = 2423 — 1205 = 1223, for 0 < w3 < x4 < 1.
0

Therefore, by drawing the region of (3, x4),

1/2 , plezs 1/2
P(X@) + X4y <1)= / </ IX (3 X (xs,u)du) drs = / (
JO

xr3 0

‘17:E3
/ 12x§d:£4> drs
z3

1/2 1
= / (1223 — 2423) dxs = 5
0

5 (3 points)

Let X and Y be two random variables such that X ~ N(3,42) and Y|X = 2 ~ N(10 + 20z, 5%) (that is, the conditional
distribution of Y given X = x is N(10 + 20z, 5%)). Find the mean vector g and the covariance matrix C of the two
dimensional random variable (X,Y)’.

Solution. The mean of X is directly from the problem E(X) = 3. The mean of Y can be computed as
EY)=E(EY|X))=E(10+20X) =104+ 20E(X) =10+20-3 = 70.

Therefore the mean vector is g = (3,70)’
For the covariance matrix, it is known that V(X) = 42 = 16. The variance of Y can be computed as

V(Y)=EWV(Y|X))+ V(E(YI|X)) = E(5* + V(10 + 20X ) = 25 + 400V (X) = 25 + 400 - 4* = 6425.
The covariance is computed as

cov(X,Y) = BE(XY) - BE(X)E(Y)=BE(E(XY|X)) -3-70 = E(XE(Y|X)) — 210 = E(X (10 + 20X))) — 210
= E(10X +20X?) — 210 = 10B(X) + 20E(X?) — 210
=10-3+20(3% +4%) — 210 = 30 + 20 - 25 — 210 = 320.

16 320
C= (320 6425) '

Therefore the covariance matrix is

6 (3 points)
Let X,, ~ Bin(n?,1/n). Use convergence of moment generating functions to show that

X —
ni)N(O,l), as n — oo.
Vvn

(Hint: moment generating function of Binomial random variable is ¥ g (n.p) (t) = [(1 — p) + pet]™, and moment

generating function of standard normal random variable is 1y (o,1)(t) = et’/2. You might also need to use the expansions
em—lzx—i—%—l—g—?—{—...andln(l—i—x):x—x—;—i—%—i—...)
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Solution. The moment generating function of X\”/;L" is

t
b= Dol Xa) =

2
1 " 1 "
=e V. {(1— )—|—e\/ﬁ} =e V. {14— —(evr — 1)]
n n n

n

Uy (1) = Bexplt- 2" )

t
Jn

2

—tm 9 1, - 2 a8
=e cexpynln( 1+ —(evr —1) (use e —1:x—|—§+§+...)
1t 1
2
In(l+=—(—4=+4— =
" n( +n(\/ﬁjLQnJro(n)))}
t t? 1 2 a3
2 _
nln(l+(ng/2+w+07ﬂ)))} (use n(l+a)=o——+—+...)

{ 2 "3
t t2 1
R 2
=€ .exp{n <ng/2++0(7’L2)

=e V. exp

—eWr.e

2
=e WV expltvn+ = —|—0(1)} :exp{

which completes the proof.
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B Some Distributions and Their Characteristics
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