
Exempel

Beräkna ∫∫
D
ydxdy

där

(a) D är triangeln med hörn i (0, 0), (2, 2) och (4, 7).

(b) D = {(x , y) : x2 + y2 ≤ 1, x2 + 4y2 ≥ 1}.
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Lösning (a)

x

y

D1

D2

y = x

y = 7x/4

y = (5x − 6)/2

(2, 2)

(4, 7)

(0, 0)
•

•

•
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Lösning (a)

D = D1 ∪ D2

där

D1 = {(x , y) : 0 ≤ x ≤ 2, x ≤ y ≤ 7x/4},
D2 = {(x , y) : 2 ≤ x ≤ 4, (5x − 6)/2 ≤ y ≤ 7x/4}.

∫∫
D
ydxdy =

∫∫
D1

ydxdy +

∫∫
D2

ydxdy =∫
2

0

(∫
7x/4

x
ydy

)
dx +

∫
4

2

(∫
7x/4

(5x−6)/2
ydy

)
dx = . . . = 9.
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Lösning (b)

D = {(x , y) : x2 + y2 ≤ 1, x2 + 4y2 ≥ 1}

D1

D2

x

y

y =
√
1− x2

y = −
√
1− x2

y =
√
1− x2/2

y = −
√
1− x2/2
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Lösning (b)

D = D1 ∪ D2

där

D1 =

{
(x , y) : −1 ≤ x ≤ 1,

1

2

√
1− x2 ≤ y ≤

√
1− x2

}
,

D2 =

{
(x , y) : −1 ≤ x ≤ 1,−

√
1− x2 ≤ y ≤ −1

2

√
1− x2

}
.

∫∫
D
ydxdy =

∫∫
D1

ydxdy +

∫∫
D2

ydxdy =∫
1

−1

(∫ √
1−x2

√
1−x2/2

ydy

)
dx +

∫
1

−1

(∫ −√1−x2/2
−
√
1−x2

ydy

)
dx = . . . = 0.
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