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Linear difference equations of order 1 and 2

f(n), g(n), h(n) given functions of n, where n > 0 is an integer. Find the function (sequence)
z(n) = x, such that

order 1: Tni1 + f(n)x, = g(n) (1)
order 2: Tnta + f(n)Tpe1 + g(n)z, = h(n) (2)

Both have solution structure x,, = @, 5 + = p, Where x, j are all homogeneous solutions (the solutions
if g(n) =01n (1) and h(n) = 01in (2)), z, , is one particular solution.

These are more difficult to solve than the corresponding differential equations because there are no
primitive functions. For constant coefficients the homogeneous solution is easy to find:

Tnt1 +axy, =0 has the solution =z, =c¢(—a)” (3).

Tpta + aTpi1 + bz, =0 has the solution z, = c1(r1)™ + ca(r2)®  (4)

where 71 # 7o are the solutions to 72 + ar +b = 0. In case r; = ro, then z, = (cin + co)rp. If

r19 = a+if = pet™ (polar form) are complex, one can write 17, = p"eti"¥,
: :

The constant ¢ in (3) can be determined by an initial value of z¢. In (4) ¢; and ¢y are determined by
giving zg and x7.

For non-homogeneous equations, a particular solution is found by some Ansatz.

Observe that the condition for z,, — 0 as n — oo in (3) is |a| < 1, and in (4) |ry 2] < 1.

Example

Solve xp49 — Tp41 — 62, =0 with initial conditions zg = 3 and z1 =4

Solution: the solutions to 72 — 7 — 6 =0 are r = 3 and 7o = —2 = the general solution is

Ty = 13" + co(—2)"

The initial condition at n = 0 gives 19 = ¢13° + c2(—=2)" = ¢1 + ¢ =3 (1), and at n = 1 we get

r1 =13 +c2(=2) =3¢; —2ca =4 (2). (1) and (2) = ¢ =2 and ca =1 = the solution with
the given initial conditions is x,, = 2- 3™ 4 (—2)"

TEST QUESTIONS

1. Solve x,4+1 + 3z, =0 with initial condition xzg =5

2. Solve xy42 + 6xp,41 + 52, =0 with initial conditions 9 =5 and z; = 3
3. Solve x40+ 625,41 + 92, =0 with initial conditions g =5 and z; = 3
4. Solve x40 — 22,41 + 22, =0 with initial conditions g =5 and z; = 3
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ANSWERS

1. General solution is z, = ¢(—3)".

Initial condition zyp =5 = ¢ =5 = x, = 5(—3)™.

2. General solution is x,, = ¢1(—1)" + ca(—5)".
Initial conditions xo =5, 21 =3 = ¢1+c =5, —c1 —bcs=3=>c1 =7, ¢c0=-2=
Ty =T(=1)" = 2(=5)"

3. General solution is x,, = (¢1n + ¢2)(—3)"

Initial conditions g =5, 21 =3=c2 =5, (1 +2)(-3)=3=¢; =—6,ca =5 =

Ty = (—6n 4+ 5)(=3)"

4. General solution is x, = ¢ (1 +1)" + c2(1 — i)™ = (V2)"(c1€"™/* + cpe™ /%) =

= 2"/2(c3 cos T + ¢y sin 2T

Initial conditions xo =5, x1 =3 = c3 =5, 21/2(63% + 64%) =3=c3=5,¢c4=-2=

T, = 2"/2(5cos F — 25sin )



