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Linear systems of 2 (order-1) difference equations (constant coefficients)

Tpt1 = ATp + byn

a, b, c,d constants
Yntl = CTp + dYn ( ’ )

Find the sequences x,, and y, such that {

With matrices: (wn+1> - <a b) (J;n>
Yn+1 ¢ d) \yn
N

=A

Eigenvalues and eigenvectors of A: ATy = AUy, AUy = AaTs (assume two independent eigenvectors
exist even if A\; = \p)

Diagonalization of A: A=TDT~! with D = /})1 )?
2

(”“’"H) =A (wn) = TDT‘l(x") = T—1<$“+1> = DT—1<“’”>. Put T—l(‘”"> = (“’") =
Yn+1 Yn Yn Yn+1 Un Un Yn
Fnil T A&y Fn 01/\71‘) (mn Zn .

~ — D ~ — - = ~ = = - T ~ = n

(yn+1> (%) (’\2%7.) (yn> (sz\é‘ Yn G ) = 0 H D2

Therefore, all solutions to the system are (;n) = 1 ATT1 + caA5 s
n

and @1, T columns of T.

In the case of complex eigenvalues and eigenvectors, A1 2 = @ & iff = pe*™, &) o = G & i1
(5") = p"[c1™° (4 + iD) + coe” " (T — i10)] =
n
= p"[c1(cosny + isinng)(4 + i) + ca(cos np — isinn) (@ — 1w)] =
kl k2

/_/\\ /——' — .
= p" [(c1 + e2)(Tcosny — wsinny) + i{c; — co){Tsin ne + @ cos ny)], real expression if ky, kg real
v

exporn. ?oscillating”

Asymptotic (long-time) behaviour of solutions (as n — co):
If all eigenvalues |A;| < 1 then A} — 0 asn - oo for all j = solutions — 0
If some |Aj| > 1 then the magnitude of solutions grow (to co as n — c0)

Systems of 2 difference equations and single order-2 difference equations:

Note that z,411 = azp + byn = ZTpis = aTps1 + bYntr = aZpy1 + blex, + dyn) = azpy1 + bezy, +
WHZpt1 — azp) = (a + dTpi1 + (be — ad)tn, & Ty — (6 + d)Tnp1 + (ad — be)z, = 0. The system
therefore gives this order-2 difference equation with constant coefficients for z,. After solving this for
T, Yn is determined (if b # 0) from by, = Tpt1 — aZp.

Conversely, defining y, = x,41, an order-2 difference equation z,49 + aZnpy1 -+ bz, = 0 can be

written as an order-1 system <m"+l) = ( 0 1 ) (m">
Ynt1 =b —a/ \yn
L ——

=A




Example

Tnt1) (2 1 Ty
Solve <yn+l) N (4 —1) (yn>

Solve also the system by rewriting it as an order-2 difference equation for z,,.

Solution:

1. Eigenvalues of are A1 = 3 and Ay = —2, with corresponding eigenvectors

2 1
4 —1
G) and <_14) Solutions are <Z:> = 13" G) + e (—2)" (_14)

Finding the order-2 difference equation for z,,:

Tn41 = 2Zn + Yn» Yntl = 4%n — Yn = Tngo = 2Tng1 + Yna1 = 2Tnp1 + (400 — Yn) =
= 241 + 4Tp — (Tny1 — 22n) = Tpy1 + 62, =

Tpto — Tpp1 — 6@, = 0, which has solution z, = ¢;3™ + co(-2)™ .

Then yn, = Tpi1 — 22n = 3¢13™ — 202(—2)" — 2(c13™ + co(—2)") == ¢13™ — 4cg(—2)"
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Modeline with S\jgﬁcmﬂ ol dilfevence Eﬁm'"é“’“?
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