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Linear ODE’s of order 1 and 2
f(t), g(t), h(t) given (one-variable) functions. Find the function z(t) such that

order 1: '(t) + f(t)z(t) = g(2) (1)
order 2: z"(t) + f({O)2' () + g(t)z(t) = h(t) (2)

Both have .solution structure z(t) = z(t) + z,(t), where x(t) are all homogeneous solutions (the
solutions if g(t) = 0.in (1) and A(t) = 0 in (2)), z,(t) is one particular solution [true for all linear
problems, also systems of linear equations, linear difference equations etc.]

(1) can be solved by multiplying by the integrating factor e7(*), where F’ = f :
eFOa’ (1) + f(£)eF Pa(t) = gt)eF® =  FOa(t)= [g(t)eFPdt+C =

=& (eF®a(1))

= g(t)=eFO /g(t)eF(t)dt—f- CeF)
~ zh (1)
zp(t) (=0 if g(t)=0)
(2) is more difficult for general f, g and h. If f(t) =@ and g(t) = b constants, then z"(t) + az’(¢) +
bz (t) = h(t) has homogeneous solutions @ (t) = cre™® + cpe™t if ry # ro (zh(t) = (1t + cp)e™t if
r1 = T9), where ri» are solutions to P2 4ar+b=0.If 71,2 = oc £ 13 are complex, this can be written
zh(t) =.€*(c3 cos Pt + casin Bt). zp(t) is found by some Ansatz (qualified guess).

Separable ODE’s of .order-1 - (can be linear or non-linear)
f(z), g(t)-given (one-variable) functions.:Find the function z(¢) such that

F@)z'() = g(¢)
Primitive function on ¢t = F(z(t)) =G@E)+C
This gives a relation between @ and ¢ from -which z(t) sometimes can be extracted explicitly.
The solution:structure is-(ingeneral)'mot homog. -+-particular (if non-linear).

d
Ex...1D. sutonomous «dynamical system: Ef- = fi{z) (no explicit ¢ in the equation) is a separable
dz

h( ) dt (f( ) (1:2) 5 'fg(t) — 1)

equafmon

TEST QUESTIONS

1. Solvez/(t) + 3z(t) = 6

. Solve z'(t) +3z(t) = ¢

. Solve w"(t) 6z’ (t) 4 5w (t)-
. Solve z'(t) = 62’ (t) + 9z (t)
. Solve z''(t) ++ 22’ (t) + 5x(¥)
. Solve z(t)?z'(t) = 2t°

. Solve 2/(t) = z(¢)(1 —=(t)) - Hint:- E(Tl:a_) =141 (note: one often writes just 2’ = z(1—x))
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ANSWERS
1. z(t) = 2+ Ce™3 (integrating factor e®')
2. z(t) = 1+ Ce~*"/2 (integrating factor ef'/2)
3. z(t) = Cre™t + Cae™™t
4. z(t) = (C1t + Cp)e™ %
5. x(t) = Crel- 120t 1 0y e(=1-20t — ¢=(C;5 cos 2t -+ Cy sin 2t)
6. z(t) = (8 + 3C)/3 = (1% + K)'/3 (separable)
7. (+:5) =1 = hjg|-hnfl-z|=t+C= % |=t+C = |5 = ettC
2 =telel=Ket = zet=(1-2)K = s(K+e ) =K = z(t) = go=
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