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Some linear algebra

An xnmatrix. AT = A7, 0 £ 0, A scalar = ¥ eigenvector of A with eigenvalue A

Step 1. Find all A by solving det(A — AI) = 0, I = identity matrix. det{A — A\I) is a polynomial of
degree n in A.
Step 2. For each ), find the corresponding @ by solving the linear system (A — AI)o =0

TrA = trace of A = sum of diagonal elements = a11 + asg + -+ + Gpn
n=9 A= (an a12>
az1 Qg2
a1 — A a2
A) =det(A - M) =
p(A) et( ) as1 asy — A

A2 — (a11 + a22) A+ a11a22 — 12091 = A* = (TrA)A + det A
=TrA =det A

= (a11 — A){ag — A) — a12091 =

Also, factorizating, p(A) = (A — A1) (A — A2) = A% — (A1 + A2)A + A2

TrA = A1+ A
det A = Ao
(also if some A;:s are complex)

TrA  /(TrA)? —4det A
det(A—/\I)=0=>/\1,2:——i ( )2 ©

2
(TrA)% — 4det A = disc(A) = discriminant of A. Sign of disc(A) determines if A; o real or complex

TrA =M+...+ A

always. The same is true for n x n matrices : { detA=Ap- ... A,

Observations

M>0,A>0=>TrA>0,detA>0

AM <0, A <0=>TrA<0,detA>0

A1 >0, A <0=detA<O

A1,2 = a £14b (complex) = TrA = 2a, det A=a?+b* >0

Important for systems of ODE’s (of course, some A; may be 0)

TEST QUESTIONS (for a real 2 x 2 matrix A)

1. If TrA = 5 and det A = 4, find \; and Ag. Is it OK with the observations?

2. If det A = —3, why are A\; and Ag real. What are their signs?

3. If det A = —3, can one decide the sign of TrA?

4, If TrA = —5 and det A = 3, without calculating A\; and Ag, what are the signs of their real parts?
5. If det A =0 and TrA = 3, find A\; and A

6. If TrA =0 and det A = —4, find A; and Ag

7. If TrA = 0 and det A = 4, find Ay and Ag

8*. Find an A # 0 with TrA =det A = 0.

ANSWERS NEXT PAGE




ANSWERS

1.

Ll

% No o

A1 =4, Ap = 1 (consistent with TrA > 0 and det A > 0)

det A = A1 \3 < 0 can only hold if Ay > 0 and Ay < 0 real

No, TrA = Aq + A2 can be both positive and negative if Ay < 0

TrA < 0 and det A > 0 gives either Ay o < 0 real or A\; o = a & 1b with ¢ < 0, in both cases
Re()\hg) <0

A1 =3, A =0

Al =2, Ag = —2

Ao = %21

0 1
For example, (0 0)
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Linear systems of 2 (order-1) ODE’s (constant coefficients)

a'(t) = ax(t) + by(t)

Find the functions z(t) and y(¢) such that { V() = ea(t) + dy(t)

!
With matrices (w,> = (a b> <T>
Y c d)\y
N e’

=A

{a,b,c,d constants)

Eigenvalues and eigenvectors of A:  A¥; = A1, Ay = Ao (assume two independent eigenvectors
exist even if Ay = Ag)

Diagonalization of A: A =TDT~! with D = )‘01 )?
2

(£)-4)-ror () -5) - () rer()-)
£)-+6)-62)-()-() - ()2 -

Therefore, all solutions to the system are (z(t)) = clekltf)l + coe??tig

y(t)
In the case of complex eigenvalues and eigenvectors, A1 2 = a £1if3, 1,2 = 4 + W

(m(t)> = ;0T + i1D) + cpe (@ — i) =

and ¥, U2 columns of T'.

y(®)
= e[c;(cos Bt + i sin Bt) (T + W) + co(cos Bt — isin ft)(T — 10)] =
I(l 1(2
A e N,
= €% [(c; + c3)(Tcos Bt — Wsin Bt) +i(cy — co)(@sin Bt + @ cos ft)], real expression if Ky, K real
expon. oscillating

If \; = A9 and there is only one eigenvector 91, the solution is (zg;) = e"‘t[(kclt + ¢2)01 + 1],
where 7 is an arbitrary vector not parallel to 1, and k is determined from (A4 — Ay J Y02 = kD3

((A — MI)vq will always be parallel to 71). Verification of this solution :

%[eht((kclt%-Cz)'l—)l +Cl’l—)2)} = Al[eAlt((kclt—{—cQ)'ﬁl —{—Cl’l—)g)] +6’\1tk01'l_11 = e’\lt[(kclt+02)>\1'z71 +Cl(k171 +
)\1'172)] = eAlt[(kclt + CQ)A/El + ClA’l_)g] = A[e*lt((kclt + C2)’l_)1 + Cl’l—lz)].

eM 5 0 as t — oo if Rel < 0 = real part of eigenvalues determine long-time behaviour of solutions.
Recall that Rel; o < 0« TrA <0, det A > 0.

Systems of 2 ODE’s and single order-2 ODE’s:

Note that z/(t) = az(t) + by(t) = z(t) = az'(t) + by’ (t) = az'(t) + b(cx(t) + dy(t)) = az'(t) +
bea(t) + d(z' (t) — az(t)) = (a +d)a'(t) + (be — ad)z(t) & z”(t) — (a+d)z'(t) + (ad — be)z(t) = 0. The
system therefore gives this order-2 ODE with constant coefficients for z(t). After solving this for z(t),
y(t) is determined (if b # 0) from by(t) = «'(t) — az(t). Conversely, defining y(t) = z'(t), the order-2

!
ODE z(t) + az’(t) + bz(t) = 0 can be written as a system (Z,) = _Ob -1a> (‘z)

=A




3.5

Example 1

/
Solve (;,) = <i __11> (;) Solve also the system by rewriting it as an order-2 ODE for z(?).

Solution:

Eigenvalues of <Z _11> are Ay = 3 and Ay = —2, and corresponding eigenvectors G) and ( 1 )

-
= solutions are [~ | = C,e3 ! + Che™2t 1
Y 1 —4

Finding the order-2 ODE for z(t):

=24y, yY=4r—y = o' =22"+y =22+ (dv—y) =22 +4z— (' —2z) =2’ + 62 =
2" — 2’ — 6z =0 which has solution z(t) = Cye3 + Ce™?® . Then
y(t) = 2’ — 2¢ = 3C1€% — 2Cre™ % — 2(C1e% + Cre™?) = C1e® — 4Ce~%

Example 2

z' 3 2\ /z
2. Solve <y,) = <~1 1) <y>
Solution:

3
-1 1 -1
(complex eigenvalues and eigenvectors).

Solutions are (Z) = O, el2tT0t (1_4_12> + Cpe2—0t (1_—1z> =
= e?[C;((cos t + isint)( 1 +1 L + Co((cost —isint L —1 Dy =
-1 0 —1 0

o cost —sint) . cost +sint\, o ((K1+ Ka)cost+ (Kz — Ky)sint
=€ Kg_l_j__/cb)( —cost >+M< —sint J=e —Kjcost — Kgsint

=K =I{2

Figenvalues of 2) are A1 2 = 2 £ 14 with corresponding eigenvectors <1 + rL)




