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Matematiska institutionen Provkod: TEN1

Written examination, TATM38 Mathematical Models in Biology
2021-01-08, 8.00-13.00

Each problem is worth 4 points. To obtain a grade 3, 4 or 5, you need 10, 14 or 18 points,
respectively. You must not use any aids (no textbooks, notes, calculators or other electronic
tools).

1. A population N(t) is described by the modified logistic equation
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Here r > 0, a > 0, and B > 0 are constants.
Find all steady states (= equilibrium points) and determine their stability. Sketch the
phase line for N > 0. What happens to the population as t — oo ? A

2. Let z, and ¥y, be two populations of organisms at discrete time n = 0, 1,2, .... From one
time step to the next, the first population becomes twice the previous level of the second,
and the second becomes the sum of the two previous populations. Therefore they satisfy
the equations

Tyl = 2yn
Yn+1 = Tp + Yn

Find the general solution to this system.

It has been observed that at time n = 5, the populations are x5 = 62 and ys = 65. Find
the solution that satisfies this condition. What where the initial values (2o, 1o) for this
solution? Also give (z1,y1), (Z2,¥2), (@3, ys), and (z4,ys) for this solution.

3. Consider the chemostat equations
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where a > 0 is a constant. Verify that (N;, Ci) = (0,a) and (N, Cy) = (200 — 2,1) are
steady states. Show that (Ny, Cy) is stable whenever Np > 0. Show that (N, C) is unstable

when N, > 0 and stable when N, < 0.

PLEASE TURN




4. Let z(t) and y(t) be prey and predator populations, respectively, decribed by a Lotka-
Volterra predator-prey model with logistic prey growth:
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where K > 0 is a constant. Show that there is a steady state (Z,§) with Z > 0 and § > 0
ifK > 3.

Let K = 1. Find all steady states (= equilibrium points) and determine their stability.
Draw a phase plane picture (with nullclines and directions of the vector field). Do the
solution solutions move in a spiral towards the stable steady state?

5. For 0 < z < 2 and ¢ > 0, solve the initial-boundary value problem (IBVP) for u(t, z)

3Us = Ugy — 2U
uy(t,0) =0

ug(t, 2m) =0
u(0,2) =3 +4cosz

Hint: put u(t, z) = v(t, z)e™.

6. A model with spatial diffusion of a phytoplankton-herbivore system in two space dimen-
sions is given by

ug = U+ u? — uv + D1 (Ugg + Uyy)

vy = 2uv — V% + Da(Ugy + Uyy)

Here u(t, z,y) and v(t, z,y) are the phytoplankton and herbivore concentrations.

Find the spatially uniform steady state (@, %) which has @ > 0 and ¥ > 0, and show that
it is stable if there is no diffusion (D; = Dy = 0).

Show that the condition for Turing diffusive instability is Dy — 2D; > 2+/2D1 D5 .
If0<z<Land0<y< L/2with L=+/15m, D; = 1 and D, = 6, find the only value of
(m,n) for which an unstable (pattern forming) mode e cos ™% cos 7% (o > 0) appears,
and sketch the resulting pattern.
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