Linkopings universitet Kurskod: TATM38
Matematiska institutionen Provkod: TEN1

Written examination, TATM38 Mathematical Models in Biology
2022-01-08, 8.00-13.00

Each problem is worth 4 points. To obtain a grade 3, 4 or 5, you need 10, 14 or 18 points,
respectively. You must not use any aids (no textbooks, notes, calculators or other electronic
tools).

1. The population N, > 0 at time n in a time discrete population model satisfies -

Npt1 = TN, n=0,12,...

Find the non-negative steady states (= equilibrium points) of the model and determine
their stability. What happens to the population as n — co 7

Sketch a cobweb diagram (for N > 0) for some Ng > 0.

2. An ecosystem model for phytoplankton P(t), zooplankton Z(t), and nitrogen leads to
the two-dimensional dynamical system for P(t) and Z(t):

dP

— =PB-P-2Z
= =P(3~P-22)
az

(P =

7 =2(P-1)

Find all steady states of the system and determine their stability. Draw, for P > 0 and
Z > 0, a phase plane picture with nullclines and directions of the vector field. What
happens to the populations as ¢ — oo if P(0) > 0 and Z(0) > 07

3. Let u,, v,, and w, denote the frequencies of genotypes AA, AB, and BB, respectively,
in a population at generation n = 0,1,2,... We have that u, + v, +w, = 1 for all n. A
model with positive assortative mating gives a linear system for u, and vy:

— 1
Up1 = Up + 2Un
1
Unt1 = 5Un

Determine the general solution to this system and show that v, — 0 as n — 0.
Find u,, v, and wy, if we have the initial conditions uy = 0.5, vo = 0.2 and wp = 0.3. What
are the asymptotic values of u, and w, as n — oo in this case?

PLEASE TURN




4. Two competing bacteria populations z(¢) and y(¢) are grown in a chemostat and modeled

Y 6 )
dt 2—x—y

%:y(g—Zwi—y)

where we assume that z(t) + y(t) < 1. Find all steady states of the system and determine
their stability. Draw, for £ > 0, y > 0 and z 4+ y < 1, a phase plane picture with nullclines
and directions of the vector field. Interpret what the results mean for the two bacteria
populations.

5. For 0 < z < 1 and ¢ > 0, solve the initial-boundary value problem (IBVP) for u(t,z)

U = Ugg
u(t,0) =1
u(t,1) =0

w(0,z) = 1 — z + sin(nz) + 2sin(3nz)

Hint: put u(t,z) = v(¢, z)+Az+B to get an IBVP with homogeneous boundary conditions
for v(t, z).

6. Consider a reactor-diffusion system in two space dimensions for the functions u(t, z,y)
and v(t, z,v)
{ut = Ri(u,v) + D1 (Usz + Uyy)

vy = Ry(u, v) + Do (Vgg + Vyy)

In a spatially uniform steady state (@,) (this means R (%, 7) = Ry(4,9) = 0), for which
of the following three Jacobi matrices J(&,?) can we have Turing diffusive instabilities?

1 3 13 -1 3
=G0 5) () -5
Justify your answer clearly.
For the matrix that allows diffusive instability, assume now that 0 < z < 3w, 0 <y < 6,

D, = 1 and D, = 8. Find the values of (m, n) for which unstable (pattern forming) modes
e’ cos B2 cos B (o > 0) appear, and sketch the resulting two-dimensional patterns.
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