
Assignment
Due: Friday, 15 April, 2016
Uncertainty quantification for partial differential equations

Due Date: This assignment is due on Friday, 15 April, 2016, by 5pm to jan.nordstrom@liu.se and
per.pettersson@uib.no. You are strongly encouraged to use LATEX.

Problem 1: Monte Carlo methods
a) Monte Carlo estimators
The bias of an estimator Ŝ of a QOI denoted S is defined as E(Ŝ)− S = 0. Are the following estimators of
V ar(X) unbiased (i.e. the bias is 0)? If not, what is the bias?

i) 1
N

∑N
n=1(Xn − X̄)2

ii) 1
N−1

∑N
n=1(Xn − X̄)2

where X̄ = 1
N

∑N
n=1Xn.

b) Accelerated sampling: MLMC
Prove that the error in the multilevel Monte Carlo mean estimator is given by

‖E(uL)− EMLMC(uL)‖2L2(Ω,L2(D)) =

L∑
l=1

σ2
l

Nl

where σ2
l = ‖E(ul − ul−1)− (ul − ul−1)‖2L2(Ω,L2(D)) and Nl is the number of samples per level. Explain why

it is expected to be more efficient than standard Monte Carlo sampling.

Problem 2: Modeling input parameters with KL expansions
Assume that you want to solve a problem where your input parameter(s) can be represented by a random
field Y through the Karhunen-Loeve expansion,

Y (x) = Ȳ (x) +

∞∑
n=1

√
λnφn(x)ξn.

The KL expansion must be truncated due a finite number of terms (N), but you want to capture at least
95% of the input variance.

a) Derive an expression for the fraction of total variance captured by the N -term truncated KL expansion
as a function of λn, φn, N .

b) Choose a covariance function and either compute the eigenpairs {φn, λn} or find analytical expressions
in the literature. (Hint: Gaussian and exponential covariance kernels have analytically derived eigenpairs
to be found in journal papers and textbooks on subsurface flow and UQ.) Choose a spatial domain size
(single dimension) and plot the sum of the eigenvalues λ as a function of the number of KL terms retained.
For a domain of length D (you choose D), do this for correlation parameters being equal to D and D/2,
respectively.

c) Consider the covariance kernel C(x, x′) = δ(x− x′) (white noise) where δ denotes the Dirac distribution.
Derive the corresponding eigenvectors and eigenfunctions. What do you find? What can you say about the
KL expansion of this fully uncorrelated process?

Problem 3: gPC representation
a) Generalized polynomial chaos formulations of UQ problems typically start from infinite series expansions,
ending up with a formulation involving a finite number of gPC terms. This truncation introduces a stochastic
truncation error that propagates in subsequent operations on the gPC series. Verify that the finite order
expansion of the product of f and g is different from the product of the expansions of f and g.

b) We will consider the problem of computing the gPC coefficients of a given function when analytical
expressions are not available. Consider ξ bounded uniformly in [−1, 1]. Compute the coefficients of the gPC
expansions of ξ3 and sin(ξ) for order M = 1, M = 3, and M = 5 using the least-squares approach with
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different choices of N , i.e., N = 10, N = 100, N = 1000. Select the realizations ξj as a set of points
distributed randomly in the interval [−1, 1].

c) Instead of Monte Carlo integration for computation of the gPC coefficients, one may choose the points
in random space according to a numerical integration rule. For the previous problem use pseudospectral
projection with different choices ofN , i.e., N = M , N = 1.2M , N = 2M . Select Gauss-Legendre quadrature.

Problem 4: Propagation of uncertainty using gPC
Consider the wave equation in one spatial dimension,

∂2u

∂t2
− c(ξ)∂

2u

∂x2
= 0

a) Choose an initial condition and determine the analytical solution as a function of x, t, ξ. What are your
boundary conditions?
[Hint: introduce a second solution variable and write it as a system of two linear advection equations. You
have seen the solutions for advection equations during class.]

b) Let ξ ∼ U(−1, 1) and introduce suitable generalized polynomial chaos. Express gPC coefficient uk using
your exact solution and state the resulting expression. Choose a time t and plot the first few gPC coefficients
as a function of x. You might need to use numerical integration.

c) Perform a stochastic Galerkin projection of the PDE, initial and boundary conditions.

d) Solve the resulting stochastic Galerkin system numerically for at least two different orders of gPC expan-
sion. Compare with the analytical solution and plot the result.

Problem 5: Well-posedness and stability of gPC related problems
Consider the advection-diffusion problem (modelling the Navier-Stokes equations) posed on the spatial do-
main 0 ≤ x ≤ 1

ut + aux + bu = εuxx + F

cu+ dux = g0, x = 0 (1)

u = g1, x = 1

augmented with an initial condition f . In (1), we have random coefficients a = a(ξ) 6= 0, b = b(ξ) 6= 0,
c = c(ξ) 6= 0, d = d(ξ) 6= 0, ε = ε(ξ) > 0 where ξ is a random variable.

a) Use the energy method and choose signs of a,b,c,d such that (1) is strongly well posed. You can use
F = g1 = 0 in this task. Hint: The signs of the coefficients are related, they will depend on each other.

b) Discretize (1) using SBP-SAT in space and show strong stability using the discrete energy method. You
can use F = g1 = 0 in this task. Hint: mimic the continuos estimate derived in a).

c) Write a code that solves (1) using the 2nd order SBP-SAT in space and RK4 in time. Use the method
of manufactured solution (with w = (1 − ea(x−1)/ε)/(1 − e−a/ε) + e−3tsin(8π(x − at))) to get the data for
F, g,g1 and f . Use a = 1, b = 0 and ε = 1, 0.1, 0.01. Choose your c and d appropriately. Vary your mesh size
and show second order convergence. Plot the solution as a function of x for t = 0, 1, 2, 3, 5, 10.

Next, expand the solution using gPC such that u ≈
∑i=M
i=0 ui(x, t)ψ(ξ) and such that (1) goes over to

Ut +AUx +BU = EUxx

CU +DUx = G, x = 0 (2)

U = 0, x = 1

where U = (u0, u1...uM )T and we have used F = g1 = 0.

d) Show that the sign you have chosen on the coefficients in a) to make (1) strongly well posed is preserved
in the definiteness of the matrices by the gPC expansion. Hint: do not expand the coefficients is a gPC
expansion.
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e) Use the energy method and show that also (2) lead to a strongly well posed problem. Hint: follow/mimic
the scalar procedure in a).
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