MAI0003 — DIFFERENTIAL GEOMETRY (SPRING, 2018)

HOMEWORK 1

Homework 1.1 Let S? = {(x,y,x) € R3 : 22 + 9% + 22 = 1}, and let

Us = {(z,y,2) € S*: 2 # 1}
Uy ={(z,y,2) € S22+ -1},

together with £ : Ug — R?, &x : Uy — R? defined by

- i Y
zs(xvyaz) = (ZL'S(SC,y,Z),yS(SC,y,Z)) = (TZ, 1_ Z)

- ol Y
Z'N(Z',y,z): (:CN(:C,y,Z),yN(:C,y,Z)) = <1+Z7 1+Z> .

(a) Show that Zg is the stereographic projection from the north pole (0,0,1)
onto the (x,y)-plane.

(b) Prove that A = {(Us,Zs), (Un,Zn)} is a C*®-atlas for S

Homework 1.2 For § € R, define 19 : R? — R3 as
ro(z,y,z) = (xcosh — ysinb, xsinf + ycosb, z).
(a) Show that rg restricts to a bijective map ro : S* — S2.
(b) Compute

stTgOfEl :i'Norgof;,l
fsorgoj;l :Z'Norgofgl,
and show that they are smooth maps on their respective domains. Given

the fact that g : S — S? is continuous, this proves, by Proposition 1.55,
that Ty is a C'°° map.
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