MAI0003 — DIFFERENTIAL GEOMETRY (SPRING, 2018)

HOMEWORK 4

Homework 4.1 Let Dy and Dy be derivations of C>°(M).
(a) Show that

[Dl,DQ] = D1 o D2 - Dg o D1
is a deriation of C*°(M).

(b) Let (U, %) be a chart on the manifold M. Show that if X = X' 621' and
Yy=Y! 21‘ in (U, ), then

0
0 . 0 .;\ 0
XY= (Xr—Y - Y —X") —.
X, Y] ( Ok Ok ) ort
(c) Show that X(M) is a Lie algebra with respect to the Lie bracket [-,-]. That
is, show that
1. [Xv Y] = 7[Y7X]7

2. [X,aY +bZ] = a[X, Y] + b X, Z]
3. X, [V, Z)|+ |V, [Z,X]| + [Z,[X,Y]] =0,
for XY, Z € X(M) and a,b € R.

Homework 4.2 Let (U,Z) and (V,7) be charts on the manifold M such that
UNV #0. A vector field X may be written as

9 and X=X 9

X =X'— .
oz’ oy’

m U and V', respectively, and it holds that Xi= gTy,iXk.
(a) Let w be a 1-form which, in local coordinates, can be written as
w = w;da’ and w= &Jidyi,

in U and V', respectively. By using the transformation rule for vector fields
above (and the fact that 1-forms are linear functionals of vector fields),
show that

(b) Let T € TH(TM) with local expressions
0 SO
T:Tj%@)dz] and T:T]a_:gz@dy]
in U and V', respectively. Show that
- Oyt ot _,
T] - awk a—yjz_‘l )

by using the transformation rules for vector fields and 1-forms.

(c) Show that the contractions of the two local expressions for T are equal;
i.e., show that T} (p) =T} (p) for allpe UNV.
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