MAI0003 — DIFFERENTIAL GEOMETRY (SPRING, 2018)

HOMEWORK 5

Homework 5.1 Let w € QY(M) be a 1-form. The exterior derivative of w is
defined to be

dw(X,)Y) = XwY) - Yw(X) —w([X,Y])

for X, Y € X(M). Show that, given a chart (U, %), it follows that

dw = (iwk) dz® A dx¥
oxt

if the coordinate expression for w is w = w;dz".

Homework 5.2 Let M = R?\{(0,0)}, for which an atlas can be provided by the
single chart (M,id) (where id : R? — R? denotes the identity map). Moreover,
let w be the 1-form defined by

dr + ———dy.

w = wydr + wydy = — T 21

2

(a) Show that w is a closed form; i.e that dw = 0.

Fom [ (o0 s0) % oy l0)y(0) L

where C' is a circle, parametrized by x(t) = cost and y(t) = sint.

(b) Compute

(c) For C, z(t), y(t) as in (b), show that

§a= / " (£60000) &+ 1y w0.00) % )it =0,

for all f € C°(M
(d) Use the results in (a)f(c) to show that H'(M) # 0.
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