MAI0003 — DIFFERENTIAL GEOMETRY (SPRING, 2018)

HOMEWORK 8

Homework 8.1 Let M = S?, together with the atlas A = {(Us, Ts), (Up, Zn)}
(c¢f. Homework 1.1). Furthermore, let g be the tensor field defined by

TFa%, 1037

——r—— (dony @ doy +dyy @ dyn)  if p € Un
g =
" | 4(des @ das + dys @ dys)  if p=(0,0,-1).

(a) Compute the local expression for g in the chart (Us, Zg).

(b) Show that (S?,g) is a Riemannian manifold.
Homework 8.2 Let (S?,g) be as in Homework 8.1.

(a) Compute the volume of (S?,g).

(b) Recall how the velocity vector of a curve ¢ : [a,b] — M is defined. Namely,
if p € M and (U, %) is a chart such that p € U and c¢(ty) = p, then the
velocity vector of ¢ at p is defined as the tangent vector

é(to) - [(pv (Ula s avn)v (Uv f))]v

where v* = %hoxi(c(t)). On a Riemannian manifold (M, g), the length of
a curve is defined as

b
L(c):/ Vg(e(t), e(t))dt.

Compute the length of the curve c: [0,27] — S?, given by

c(t) = (cost,0,sint).
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