TORELLI’'S PROBLEM FOR TWO-PUNCTURED TORI

ENRIQUE ARTAL BARTOLO

Let T be a complex torus of the form C/A; for simplicity we assume that A is
the lattice generated by 1,7 € C, I7 > 0. We want to study this torus with two
punctures; we may assume that one of them corresponds to P := A = [0] € T while
the other one is Q) := [p] € T, for some p € C\ A. We will denote X := T\ {P,Q}.

In order to study it we want to consider the generalized Weierstrafs functions
which are meromorphic functions C --+ C depending on the lattice A and some
peC:

1 1 1
orol)i= D ((z—A><z—A+p>‘A<A—p>>+ D [ )

AeA\{0,p} AeAN{0,p}

These series converge absolutely and uniformly on compacts and hence they define
meromorphic functions. Note that for p = 0 we recover the classical Weierstrafs

function. Their derivatives are

Php(2) = EZ ((z_,\1+ p)? (z—1/\)2> 7

P AEA

which are clearly A-invariants. Hence,

VA € A, 3fn(p) € C such that pa,(z + ) = pa,(2) + fin(p)-
Properties 0.1. Let us state some immediate properties (and well-known at least
for the classical pj := pap)-

(1) pao is even and hence A-periodic, i.e., fi(0) =0, YA € A.

(2) /])\1+/\2 = ﬂh + /1/\2‘
(3) @a, is holomorphic VA € A\ {0}.

Let us compute the derivative of u, with respect to p:

/ _ 1 — ! =
MAo(p) - Z ((Z—A)(Z—)\‘l‘P)Q (z—{—)\o —)\)(Z+)\O—>\+P>2) = 0.

AEA
Hence, we obtain that p, , is always A-periodic; in particular:
2
pax(z) = BSVE

Partially supported by MTM2010-21740-C02-02 and Grupo Consolidado Geometria E15.
1



2 E. ARTAL
Remark 0.1. Let us recall that a primitive of p, is the opposite of the Weierstrafs
1 z 1 1

AeA\{0}
Since its derivative is also periodic, we have that

pA) =G+ A) = G(z), AeA,
does not depend on z and it is additive: p(A; + X2) = (A1) + p(A2). It is easily

seen that .
1)=3-— _
AEA\{0,1}

zeta function

Let us study now Alb(X) = (H(T; Q4 log(P+Q)))*/Hi(X; Z). We consider the
following two basis generators for H(T; Q' log(P + Q)). One is the holomorphic
1-form on T defined by the A-invariant holomorphic 1-form w := dz. The second
one (to be changed later) is the log-meromorphic 1-form on T defined by the

A-invariant meromorphic 1-form
—P
Ny := %p,\’p(z)dz.
For Hy(X;Z), we consider a basis of three cycles. Fix a generic o € C; we ask to
be outside the real lines generated R, 7R, p + R and p + 7R and their translated
by A. Then, we consider « to be defined by the segment [0, 0 + 1], 8 to be defined

by the segment [0, 0 + 7| and ~ as a small meridian around —p.

Remark 0.2. Note that the homology classes of o and [ are not changed by small
perturbations of o, but they depend on o (by adding suitable multiples of ~).

The following integrals are easily computed

/wzl, /w:T, /w:O, /770:1.
a B v V

Let A(p) := [ no and n = 19 — Aw. Note that

/77:1, /17:1, and/n:B,
Y @ B

to be determined. We start by computing A(p) (we assume p ¢ A). Note that

i 1 1 1 o 1/ 1 1
f@A,p(z) = — Z ( — - + — ) + — -—— 1.
T 2T NV R Atp z=X AA—)p) 2im\z+p =z

Hence
o+1

1 = A+p|7H! ) 1 Z4p
Alp) =g 2. (10g—z_A ) e e

AEA\{0}
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For later use we need to compute

lim Alp) = lim A'(p) = A'(0)

p—0 P p—0

which equals

1 -1 1 1
2im 2. ((U—A)(UH—A)*F)_(;((;H) ’

AeA\{0}
i.e.,
1 1 p(1)
S 1 — B
2 | P00 =1 D N 1) 2ir

AeA\{0,1}
There is some ambiguity on the choice of the determination of the logarithm but
we may consider that A(p) is well-defined modZ. The function defining 7 is:

1 < 1 1 | c7+1—/\+p+1 a—)\—i—p)
- — — 1log og .
227r/\€A 2=A+p z—=2A +1-2A o—A
Hence
1 o+T—A+p c+1—X+p o—A+p
B=— log——— —7log——— —1)log——— | .
um (O o+T1T—A 708 o+1—-2X = 1Dlosg o— A

As before, this number is also well-defined modA. This value depends on p; it

defines a (multi-valued) function whose derivative is

1

1 1 1
B'(p) = — — S P
() Qiﬁ/\EZA(O'—FT—)\—Fp TU+1—)\+,0+(T )a—)\+p)

and should not depend on o, so it does not depend on p, and hence it is constant.
Hence B(p) = bp for some constant p (note that since lim, ,on = 0, then B(0) =
0).

If p — 0, in some natural sense g, , — pa, and A(p) — 0, hence

wo_, e n_m = Al palz) +ull)
p 2im p p 2im
Hence
T B _Slo+7)=Clo)—Tu(l) _p(r)—7p(1) _
=0, 0 " 2 B(m(Z) Ful)w= 2ir BT

by Legendre’s identity.

Theorem 0.3. Alb(X) = C?/T where T is the lattice generated by the columns of

the matrix
1 0 7
01 p
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/ Wy )
o

J
where wy =w, we =10, a1 = a, ag =y and ag = f.

It is the period matrix
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