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Let T be a complex torus of the form C/Λ; for simplicity we assume that Λ is
the lattice generated by 1, τ ∈ C, =τ > 0. We want to study this torus with two
punctures; we may assume that one of them corresponds to P := Λ = [0] ∈ T while
the other one is Q := [ρ] ∈ T , for some ρ ∈ C\Λ. We will denote X := T \{P,Q}.

In order to study it we want to consider the generalized Weierstraß functions
which are meromorphic functions C 99K C depending on the lattice Λ and some
ρ ∈ C:

℘Λ,ρ(z) :=
∑

λ∈Λ\{0,ρ}

(
1

(z − λ)(z − λ+ ρ)
− 1

λ(λ− ρ)

)
+

∑
λ∈Λ∩{0,ρ}

1

(z − λ)(z − λ+ ρ)
.

These series converge absolutely and uniformly on compacts and hence they define
meromorphic functions. Note that for ρ = 0 we recover the classical Weierstraß
function. Their derivatives are

℘′Λ,ρ(z) =
1

ρ

∑
λ∈Λ

(
1

(z − λ+ ρ)2
− 1

(z − λ)2

)
,

which are clearly Λ-invariants. Hence,

∀λ ∈ Λ,∃µ̃λ(ρ) ∈ C such that ℘Λ,ρ(z + λ) = ℘Λ,ρ(z) + µ̃λ(ρ).

Properties 0.1. Let us state some immediate properties (and well-known at least
for the classical ℘Λ := ℘Λ,0).

(1) ℘Λ,0 is even and hence Λ-periodic, i.e., µ̃λ(0) = 0, ∀λ ∈ Λ.
(2) µ̃λ1+λ2 = µ̃λ1 + µ̃λ2 .
(3) ℘Λ,λ is holomorphic ∀λ ∈ Λ \ {0}.

Let us compute the derivative of µλ with respect to ρ:

µ′λ0(ρ) =
∑
λ∈Λ

(
1

(z − λ)(z − λ+ ρ)2
− 1

(z + λ0 − λ)(z + λ0 − λ+ ρ)2

)
= 0.

Hence, we obtain that ℘Λ,ρ is always Λ-periodic; in particular:

℘Λ,λ(z) = − 2

λ2
.
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Remark 0.1. Let us recall that a primitive of ℘Λ is the opposite of the Weierstraß
zeta function

ζΛ(z) :=
∑

λ∈Λ\{0}

(
1

z − λ
+

z

λ2
+

1

λ

)
+

1

z
.

Since its derivative is also periodic, we have that

µ(λ) := ζΛ(z + λ)− ζΛ(z), λ ∈ Λ,

does not depend on z and it is additive: µ(λ1 + λ2) = µ(λ1) + µ(λ2). It is easily
seen that

µ(1) = 3−
∑

λ∈Λ\{0,1}

1

λ2(λ− 1)

Let us study now Alb(X) = (H0(T ; Ω1
T log(P+Q)))∗/H1(X;Z). We consider the

following two basis generators for H0(T ; Ω1 log(P + Q)). One is the holomorphic
1-form on T defined by the Λ-invariant holomorphic 1-form ω := dz. The second
one (to be changed later) is the log-meromorphic 1-form on T defined by the
Λ-invariant meromorphic 1-form

η0 :=
−ρ
2iπ

℘Λ,ρ(z)dz.

For H1(X;Z), we consider a basis of three cycles. Fix a generic σ ∈ C; we ask to
be outside the real lines generated R, τR, ρ+ R and ρ+ τR and their translated
by Λ. Then, we consider α to be defined by the segment [σ, σ+ 1], β to be defined
by the segment [σ, σ + τ ] and γ as a small meridian around −ρ.

Remark 0.2. Note that the homology classes of α and β are not changed by small
perturbations of σ, but they depend on σ (by adding suitable multiples of γ).

The following integrals are easily computed∫
α

ω = 1,

∫
β

ω = τ,

∫
γ

ω = 0,

∫
γ

η0 = 1.

Let A(ρ) :=
∫
α
η0 and η = η0 − Aω. Note that∫

γ

η = 1,

∫
α

η = 1, and
∫
β

η = B,

to be determined. We start by computing A(ρ) (we assume ρ /∈ Λ). Note that

−ρ
2iπ

℘Λ,ρ(z) =
1

2iπ

∑
λ∈Λ\{0}

(
1

z − λ+ ρ
− 1

z − λ
+

ρ

λ(λ− ρ)

)
+

1

2iπ

(
1

z + ρ
− 1

z

)
.

Hence

A(ρ) =
1

2iπ

∑
λ∈Λ\{0}

(
log

z − λ+ ρ

z − λ

∣∣∣∣σ+1

σ

+
ρ

λ(λ− ρ)

)
+

1

2iπ
log

z + ρ

z

∣∣∣∣σ+1

σ

.
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For later use we need to compute

lim
ρ→0

A(ρ)

ρ
= lim

ρ→0
A′(ρ) = A′(0)

which equals

1

2iπ

 ∑
λ∈Λ\{0}

(
−1

(σ − λ)(σ + 1− λ)
+

1

λ2

)
− 1

σ(σ + 1)

 ,

i.e.,

− 1

2iπ

℘Λ,1(σ)− 1 +
∑

λ∈Λ\{0,1}

1

λ2(λ− 1)

 =
µ(1)

2iπ
.

There is some ambiguity on the choice of the determination of the logarithm but
we may consider that A(ρ) is well-defined modZ. The function defining η is:

1

2iπ

∑
λ∈Λ

(
1

z − λ+ ρ
− 1

z − λ
− log

σ + 1− λ+ ρ

σ + 1− λ
+ log

σ − λ+ ρ

σ − λ

)
.

Hence

B =
1

2iπ

∑
λ∈Λ

(
log

σ + τ − λ+ ρ

σ + τ − λ
− τ log

σ + 1− λ+ ρ

σ + 1− λ
+ (τ − 1) log

σ − λ+ ρ

σ − λ

)
.

As before, this number is also well-defined modΛ. This value depends on ρ; it
defines a (multi-valued) function whose derivative is

B′(ρ) =
1

2iπ

∑
λ∈Λ

(
1

σ + τ − λ+ ρ
− τ 1

σ + 1− λ+ ρ
+ (τ − 1)

1

σ − λ+ ρ

)
and should not depend on σ, so it does not depend on ρ, and hence it is constant.
Hence B(ρ) = bρ for some constant ρ (note that since limρ→0 η = 0, then B(0) =

0).
If ρ→ 0, in some natural sense ℘Λ,ρ → ℘Λ, and A(ρ)→ 0, hence

η0

ρ
→ −℘Λ(z)ω

2iπ
,

η

ρ
=
η0 − A(ρ)ω

ρ
→ −℘Λ(z) + µ(1)

2iπ
ω

Hence

b= lim
ρ→0

∫
β

η

ρ
=
−1

2iπ

∫
β

(℘Λ(z) + µ(1))ω=
ζΛ(σ + τ)−ζΛ(σ)−τµ(1)

2iπ
=
µ(τ)−τµ(1)

2iπ
=1,

by Legendre’s identity.

Theorem 0.3. Alb(X) ∼= C2/Γ where Γ is the lattice generated by the columns of
the matrix (

1 0 τ

0 1 ρ

)
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It is the period matrix (∫
αj

ωi

)
,

where ω1 = ω, ω2 = η, α1 = α, α2 = γ and α3 = β.
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