
TAMS11(TENB)/TAMS42(TEN1): Probability and Statistics
∣∣∣ 09 January 2024, 08:00-12:00

Examiner: Xiangfeng Yang (Tel: 013 28 57 88). Things allowed (Hjälpmedel): a calculator.
Scores rating (Betygsgränser): 8-11 points giving rate 3; 11.5-14.5 points giving rate 4; 15-18 points giving rate 5.

1 (3 points)

In a certain residential suburb, 60% of all households get Internet service from the local cable company, 80% get TV
service from that company, and 50% get both services from that company. Now a household is randomly selected.
(1.1) (1p) What is the probability that the household gets at least one of these two services from that company?
(1.2) (1p) What is the probability that the household gets exactly one of these two services from that company?
(1.3) (1p) Given that the household gets Internet service from that company, what is the probability that the household
also gets TV service from that company?

2 (3 points)

SJ Express train (Snabbt̊ag) #520 is scheduled to run 200 minutes for one trip from Linköping central station to
Stockholm central station. However, because of many factors, the actual running times of one trip might be different
from 200 minutes. Let X be the distribution of actual running times of one trip and assume that X ∼ N(200, 42).
(2.1) (1p) Find the probability that one trip takes less than 190 minutes, that is, P (X < 190).
(2.2) (1p) Find the probability that one trip takes more than 208 minutes, that is, P (X > 208).
(2.3) (1p) Find the probability P (195 < X < 205).

3 (3 points)

A coin has two sides: head (denoted as 1) and tail (denoted as 0). Let X be the upper side in one flip of the coin, and
assume that the coin is not fair with the following probabilities:

P (X = 1) = 0.6, P (X = 0) = 0.4.

(3.1) (1p) Find the mean µ = E(X) and the variance σ2 = V (X) of X.
(3.2) (2p) The coin is flipped 100 times, find the probability that one gets at most 65 heads.

4 (3 points)

Let a population X be continuous with a pdf

f(x) = θ · xθ−1, for 0 < x < 1,

where θ > 0 is an unknown parameter. A sample {0.24, 0.66, 0.53, 0.14, 0.82} is taken from this population.

(4.1) (1p) Use the method of moments to find a point estimate θ̂MM of θ.

(4.2) (2p) Use the maximum-likelihood method to find a point estimate θ̂ML of θ.

5 (3 points)

Assume that a population is X ∼ N(µ, σ2). A sample from this population has: n = 16, x̄ = 3.1 and s = 1.2.
(5.1) (2p) Assume that σ2 = 1. Does the sample provide any evidence that µ > 2.8 ? Answer this by constructing an
appropriate one-sided 95% confidence interval of µ.
(5.2) (1p) Assume that σ2 is unknown. With a significance level 5%, test the hypotheses

H0 : σ2 = 1 against Ha : σ2 > 1.
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6 (3 points)

To understand factors affecting snowfall size in Linköping in each December, researchers study snowfall size Y in terms
of temperature x1 and moisture content x2, by linear regression:

Y = β0 + β1x1 + β2x2 + ε, where ε ∼ N(0, σ2).

To study such linear regression, researchers use a sample with sample size n = 16 and the method of least squares to
obtain: the estimated values β̂i of βi, together with their standard errors denoted as se(β̂i) or sβ̂i

:

β̂0 = 1.58, se(β̂0) = 0.14; β̂1 = 8.12, se(β̂1) = 0.28; β̂2 = 0.08, se(β̂2) = 0.02.

Researchers want to examine whether or not snowfall size Y really depends on moisture content x2. To this end, one
wants to check whether or not β2 ̸= 0, based on the sample.
(6.1) (2p) Is β2 ̸= 0? Answer this by constructing a 95% confidence interval of β2.
(6.2) (1p) With a significance level 5%, perform the hypothesis test

H0 : β2 = 0 against Ha : β2 ̸= 0
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(n

−
1
)
,

(n
−

1
)s

2

χ
21−

α
/
2
(n

−
1
) )

.

•
If

tw
o

in
d
ep

en
d
en

t
p
o
p
u
la
tio

n
s
X

∼
N
(µ

X
,σ

2
)
a
n
d

Y
∼

N
(µ

Y
,σ

2
),

a
n
d

σ
2

is
u
n
k
n
o
w
n
,
th

en
(n

1
+
n
2 −

2
)S

2

σ
2

∼
χ
2
(n

1
+

n
2 −

2
),

a
n
d

I
σ
2
=

(
(n

1
+

n
2 −

2
)s

2

χ
2α
/
2
(n

1
+

n
2 −

2
)
,

(n
1
+

n
2 −

2
)s

2

χ
21−

α
/
2
(n

1
+

n
2 −

2
) )

,

w
h
ere

S
2
=

(n
1 −

1
)S

2X
+
(n

2 −
1
)S

2Y
n
1
+
n
2 −

2
.

(1−
α
)

χ
2α
/
2 (n

−
1)

χ
21−

α
/
2 (n

−
1
)

χ
2(n

−
1
)

α
/2

α
/2

C
I-3

:
(1−

α
)
C
I
o
f
p
o
p
u
la
tio

n
p
ro

p
o
rtio

n
(s)

•
If

a
(la

rg
e)

p
o
p
u
la
tio

n
h
a
s
a
n

u
n
k
n
o
w

p
ro
p
o
rtio

n
p
,
th

en
P̂
−
p

√
p
(1−

p
)/

n
∼

N
(0
,1

)
if

n
p̂

≥
1
0

a
n
d

n
(1−

p̂
)≥

1
0
w
ith

p̂
=

x
/
n
,
a
n
d
I
p
=

p̂∓
z
α
/
2 · √

p̂
(1−

p̂
)

n
.

•
If

tw
o
in
d
ep

en
d
en

t
(la

rg
e)

p
o
p
u
la
tio

n
s
h
a
v
e
u
n
k
n
o
w

p
ro
p
o
rtio

n
s
p
1
a
n
d
p
2
,
th

en

(P̂
1 −

P̂
2
)−

(p
1 −

p
2
)

√
p
1
(1−

p
1
)

n
1

+
p
2
(1−

p
2
)

n
2

∼
N
(0
,1

)

if
n
i p̂

i ≥
1
0
a
n
d
n
i (1−

p̂
i )≥

1
0
fo
r
i
=

1
,2

,
a
n
d
I
p
1 −

p
2
=

(p̂
1 −

p̂
2
)∓

z
α
/
2 · √

p̂
1
(1−

p̂
1
)

n
1

+
p̂
2
(1−

p̂
2
)

n
2

.

7
.
H
y
p
o
th

e
sis

T
e
st

(H
T
)H
0
is

tru
e

H
0
is

fa
lse

a
n
d
θ
=

θ
1

reject
H

0
(ty

p
e
I
erro

r
o
r
sig

n
ifi
ca

n
ce

lev
el)

α
(p

o
w
er)

h
(θ

1
)

d
o
n
’t

reject
H

0
1−

α
(ty

p
e
II

erro
r)

β
(θ

1
)
=

1−
h
(θ

1
)

reject
H

0
⇔

T
S
∈

C
⇔

p
-v
a
lu
e<

α

χ
2
te
sts

fo
r
p
o
p
u
la
tio

n
s
(n

o
n
-p

a
ra

m
e
tric

te
sts)

S
u
p
p
o
se

th
a
t
fo
r
a
ra
n
d
o
m

sa
m
p
le

o
f
a
p
o
p
u
la
tio

n
X
,
th

e
n
elem

en
ts

o
f
it

a
re

cla
ssifi

ed
in
to

k
d
isjo

in
t

g
ro
u
p
s
A

i ,1
≤

i≤
k
.
F
o
r
ea

ch
g
ro
u
p

A
i ,1

≤
i≤

k
,
su

p
p
o
se

th
a
t
th

ere
a
re

N
i ,1

≤
i≤

k
elem

en
ts

in
sid

e.
L
et

p
i
=

P
(A

i )
a
ssu

m
in
g
a
g
iv
en

d
istrib

u
tio

n
o
f
X
.
N
o
te

th
a
t
p
1
+

p
2
+

...
+

p
k

=
1
a
n
d

N
1
+

N
2
+

...
+

N
k
=

n
.
O
n
e
w
a
n
ts

to
test

th
e
h
y
p
o
th

eses

H
0
:
P
(A

i )
=

p
i ,

1
≤

i≤
k
,

H
a
:
P
(A

i )̸=
p
i
fo
r
so
m
e
1
≤

i≤
k
.
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e
sen

se
th
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t
n
p
i ≥

5
fo
r
a
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1
≤

i≤
k
,
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en
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e
test
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k
∑i=

1

(N
i −

n
p
i )

2

n
p
i

≈
χ
2
(k

−
1
).

T
h
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re
th

e
o
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tio

n
o
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th

e
test
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T
S
=

k
∑i=

1
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i −

n
p
i )

2

n
p
i

,
w
h
ere

n
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is

th
e
o
b
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a
tio

n
o
f
N

i ,1
≤

i≤
k
.

F
o
r
th

e
critica
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n
C
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o
n
e
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n
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k
e
(n

o
te

th
a
t
if
H

0
is

tru
e,

th
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S
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o
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b
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se
to
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)

C
=
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−
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∞
).
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h
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n
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n
w
o
u
ld
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e
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S
∈

C
⇐
⇒

H
0
is

rejected
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.
L
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e
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r
a
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ssio

n

(M
u
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le
)
lin

e
a
r
r
e
g
r
e
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n
:
Y

=
β
0
+

β
1
x
1
+
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+

β
k
x
k
+

ε,
ε
∼
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).

•
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:
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o
n
se

v
a
ria

b
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,...,x
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:
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re
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•
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m
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1
1
,...,x

1
k
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),(x
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1
,...,x

2
k
;y

2
)
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n
1
,...,x

n
k
;y

n
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.

•
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o
w

to
estim

a
te

β
j
≈

β̂
j
:
lea

st
sq
u
a
re

m
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o
d
,
th
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is,

to
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in
im
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(ŷ
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2
,
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h
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(m
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le)
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r
reg
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n
lin

e
ŷ
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ŷ
=
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0
+

β̂
1
x
1
+
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+

β̂
k
x
k
.

•
β̂
j −

β
j

s
e
(β̂

j
)
∼

T
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−

1
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s
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er
o
r
n
o
t
th

e
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l
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j
=
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?

•
σ
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≈

S
S
E
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1
,
th

is
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iv
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n
estim
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tio

n
o
f
th

e
size

o
f
th

e
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r.

•
R
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=

S
S
R

S
S
T
,
th

is
g
iv
es
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o
w

w
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e
m
o
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el
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(if

R
2
≈

1
,
th

en
th

e
m
o
d
el

fi
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th
e
sa
m
p
le
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ery

w
ell).

•
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o
w

to
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β
1
=

...
=

β
k
=

0
?
U
se

th
e
ra
n
d
o
m

v
a
ria

b
le

S
S
R
/
k

S
S
E
/
(n−

k−
1
)
∼

F
(k
,n

−
k
−

1
).

L
o
g
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r
e
g
r
e
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n
:
L
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Y
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n
o
n
ly

ta
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e
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o
r
1
w
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P
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=
1
)
=

p
a
n
d
P
(Y

=
0
)
=

1−
p
,

E
(Y

)
=

p
(x

1
,...,x

k
)
=

e
β
0
+
β
1
x
1
+
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β
k
x
k

1
+

e
β
0
+
β
1
x
1
+
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β
k
x
k
.

•
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o
n
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v
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b
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(w
h
ich
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o
u
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r.v
.
P
(Y

=
1
)
=

p
a
n
d
P
(Y

=
0
)
=

1−
p
,
so

E
(Y

)
=

p
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{
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1
,...,x

k }
:
p
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icto
rs
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h
ich

a
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sca
la
rs).

•
sa
m
p
le:{

(x
1
1
,...,x

1
k
;y

1
),(x

2
1
,...,x

2
k
;y

2
)
...,(x

n
1
,...,x

n
k
;y

n
)}
.

•
h
o
w

to
estim

a
te

β
j

≈
β̂
j

:
m
a
x
im

a
l
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elih
o
o
d

m
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o
d
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a
x
im

ize
∏

ni=
1
p
(x

i1
,...,x

ik
)
y
i(1

−
p
(x

i1
,...,x

ik
))

1−
y
i).

•
β̂
j −

β
j

s
e
(β̂

j
)
≈

N
(0
,1

)
fo
r
la
rg
e
n
≥

3
0
,
th

is
h
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s
d
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in
e
w
h
eth
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o
r
n
o
t
th

e
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l
β
j
=

0
?

•
C
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ssifi

ca
tio

n
o
f
a
n
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o
b
ject

Y
(x

1
,...,x

k
)
a
s
1
o
r
0
a
cco

rd
in
g

Y
(x

1
,...,x

k
)
=

{
1
,

if
p̂
(x

1
,...,x

k
)≥

0
.5
,

0
,

if
p̂
(x

1
,...,x

k
)
<

0
.5
,

w
h
ere

th
e
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a
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lo
g
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fu
n
ctio

n
p̂
(x

1
,...,x

k
)
is

p̂
(x

1
,...,x

k
)
=

e
β̂
0
+
β̂
1
x
1
+
...+

β̂
k
x
k

1
+

e
β̂
0
+
β̂
1
x
1
+
...+

β̂
k
x
k

.
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b
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b
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=
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≥
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=
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≥
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