
TAMS11(TENB)/TAMS42(TEN1): Probability and Statistics
∣∣∣ 22 March 2024, 08:00-12:00

Examiner: Xiangfeng Yang (Tel: 013 28 57 88). Things allowed (Hjälpmedel): a calculator.
Scores rating (Betygsgränser): 8-11 points giving rate 3; 11.5-14.5 points giving rate 4; 15-18 points giving rate 5.

1 (3 points)

A fair die is tossed and the upper side is observed. The sample space here can be denoted as S = {1, 2, 3, 4, 5, 6}. Let us
consider the following three events:

A = {1, 3, 5}, B = {2, 4, 6}, C = {1, 6}.

(1.1) (1p) Are the two events A and B independent? Why?
(1.2) (1p) Are the two events A and C independent? Why?
(1.3) (1p) Find the conditional probability P (B |C).

2 (3 points)

On 22 March 2024, ICA Maxi Linköping sells (royal gala) apples. Assume that on this day the distribution X of weights
(in gram) of all such apples in ICA Maxi Linköping is normal X ∼ N(150, 16). That is, a randomly selected such apple
from ICA Maxi Linköping on 22 March 2024 has a weight according to the distribution X ∼ N(150, 16).
(2.1) (1p) If one buys one such apple, and let X1 denote the weight. Find the probability that the weight of this apple is
more than 162 grams.
(2.2) (2p) If one buys 9 such apples, and let X1, . . . , X9 denote the weights. Find the probability that the total weight
of these 9 apples is less than 1380 grams.

3 (3 points)

Let (X,Y ) be a two dimensional random variable with the following joint probability mass function (pmf) p(x, y):

X\Y -1 0 1
0 0.25 0 0.25
1 0 0.5 0

The table tells that X can take values 0 and 1, and Y can take values -1, 0 and 1.
(3.1) (1p) Find the probability P (X + Y ≤ 0.8).
(3.2) (1p) Find the marginal pmf pX(x) of X, and the marginal pmf pY (y) of Y. Are X and Y independent? Why?
(3.3) (1p) Find the mean µ = E(X) and the variance σ2 = V (X) of X.

4 (3 points)

(4.1) (1p) A population X is continuous with a probability density function (pdf) given as

f(x) =
1

θ
, for 0 < x < θ,

where θ > 0 is an unknown parameter. A sample {x1, x2, . . . , xn} is taken from this population. Use the method of

moments to find a point estimate θ̂MM of θ.
(4.2) (2p) Another population Y is continuous with a probability density function (pdf) given as

f(y) =

√
2

π
· y

2

λ3
· e−

y2

2λ2 , for y > 0,

where λ > 0 is an unknown parameter. A sample {y1, y2, . . . , yn} is taken from this population. Use the

maximum-likelihood method to find a point estimate λ̂ML of λ.
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5 (3 points)

One wants to compare the sizes of perch (‘Abborre’ in Swedish) in Roxen and Glan. Suppose that the distribution X of
sizes of perch in Roxen is normal X ∼ N(µ1, σ

2), and the distribution Y of sizes of perch in Glan is also normal
Y ∼ (µ2, σ

2). We further assume that X and Y are independent. A sample of perch from Roxen contains 8 perch with
sample mean 16.5 cm, and sample standard deviation 2.8 cm. Another sample of perch from Glan contains 10 perch
with sample mean 14.2 cm, and sample standard deviation 2.2 cm. Do the samples provide any evidence that the perch
in Roxen are bigger than the perch in Glan? Answer this question by constructing a 95% one-sided confidence interval
Iµ1−µ2

of µ1 − µ2 in the form Iµ1−µ2
= (a, +∞). (Hint: do NOT use any language of Hypotheses Testing).

6 (3 points)

A factory produces plenty of items. The CEO of this factory claims that the defective rate p of the items is less than
1%. Now a group of statisticians is employed to check whether or not the claim of the CEO is correct, based on
hypotheses testing (HT). To this end, a sample of 2000 items is selected and there are 15 defective items among them.
(Hint: ∗ Please keep as many decimals as possible during your calculation.

∗ Pay attention to percentages, for example 1%=0.01, 0.75%=0.0075, 0.25%=0.0025, etc).
(6.1) (1p) Write down appropriate hypotheses H0 and Ha.
(6.2) (1p) With a significance level 5%, is H0 rejected? Why?
(6.3) (1p) Find the power h(0.8%) of the test in (6.2).
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•
If

a
p
o
p
u
la
tio

n
X

∼
N
(µ

,σ
2
)
a
n
d
σ
2
is

u
n
k
n
o
w
n
,
th

en
(n−

1
)S

2

σ
2

∼
χ
2
(n

−
1
),

a
n
d

I
σ
2
=

(
(n

−
1
)s

2

χ
2α
/
2
(n

−
1
)
,

(n
−

1
)s

2

χ
21−

α
/
2
(n

−
1
) )

.

•
If

tw
o

in
d
ep

en
d
en

t
p
o
p
u
la
tio

n
s
X

∼
N
(µ

X
,σ

2
)
a
n
d

Y
∼

N
(µ

Y
,σ

2
),

a
n
d

σ
2
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u
n
k
n
o
w
n
,
th

en
(n

1
+
n
2 −

2
)S

2

σ
2

∼
χ
2
(n

1
+

n
2 −

2
),

a
n
d

I
σ
2
=

(
(n

1
+

n
2 −

2
)s

2

χ
2α
/
2
(n

1
+

n
2 −

2
)
,
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1
+

n
2 −

2
)s

2

χ
21−

α
/
2
(n

1
+

n
2 −

2
) )

,

w
h
ere

S
2
=

(n
1 −

1
)S

2X
+
(n

2 −
1
)S

2Y
n
1
+
n
2 −

2
.

(1−
α
)

χ
2α
/
2 (n

−
1)

χ
21−

α
/
2 (n

−
1
)

χ
2(n

−
1
)

α
/2

α
/2

C
I-3

:
(1−

α
)
C
I
o
f
p
o
p
u
la
tio

n
p
ro

p
o
rtio

n
(s)

•
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a
(la

rg
e)

p
o
p
u
la
tio

n
h
a
s
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n

u
n
k
n
o
w

p
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p
o
rtio

n
p
,
th

en
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−
p

√
p
(1−

p
)/

n
∼

N
(0
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)
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n
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≥
1
0

a
n
d

n
(1−

p̂
)≥

1
0
w
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=

x
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n
d
I
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p̂∓
z
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p
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√
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n
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=
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I
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=
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p̂
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p̂
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n
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+
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p̂
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n
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7
.
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H
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=
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p
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=
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⇔
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p
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p
o
se

th
a
t
fo
r
a
ra
n
d
o
m

sa
m
p
le

o
f
a
p
o
p
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≤

i≤
k
.
F
o
r
ea

ch
g
ro
u
p

A
i ,1

≤
i≤
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=
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u
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+
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+
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=
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=
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≤
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≤
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≤
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H

0
is

tru
e,

th
en

T
S

sh
o
u
ld

b
e
clo

se
to

zero
)

C
=

(χ
2α
(k

−
1
),

∞
).

T
h
e
co

n
clu

sio
n
w
o
u
ld

b
e
T
S
∈

C
⇐
⇒

H
0
is

rejected
.

8
.
L
in
e
a
r
a
n
d

lo
g
istic

re
g
re
ssio

n

(M
u
ltip

le
)
lin

e
a
r
r
e
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+
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+
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+
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=
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=
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=
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=
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=
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b
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−
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e
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=
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=
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=
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=
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+
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.
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b
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=
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=
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=
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=
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.
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≥
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=
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b
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=
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p̂
(x

1
,...,x

k
)
<
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=
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≥
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