
TAMS11: Probability and Statistics
∣∣∣ Provkod: TENB

∣∣∣ 19 August 2022, 14:00-18:00

Examiner: Xiangfeng Yang (Tel: 013 28 57 88). Things allowed (Hjälpmedel): a calculator.
Scores rating (Betygsgränser): 8-11 points giving rate 3; 11.5-14.5 points giving rate 4; 15-18 points giving rate 5.

1 (3 points)

Two independent vehicles (marked as A and B) have distinct engines. The lifetime of vehicle A engine is an exponential
random variable with mean 30 years, and the lifetime of vehicle B engine is also an exponential random variable with
mean 20 years. Two engines are independent also.
(1.1) (1p) What is the probability that vehicle B engine works longer than vehicle A engine?
(1.2) (2p) What is the probability that the total lifetime of these two engines is more than 80 years.

2 (3 points)

There are two independent boxes. The first box has 8 white balls and 6 black balls, and the second box has 4 white
balls and 2 black balls. One ball is randomly chosen from each box. What is the probability that the two chosen balls
have the same color?

3 (3 points)

Suppose that the waiting times of orders of a Chicken McFeast meal between 11am-13pm everyday in McDonald’s in
Ryd follow a normal distribution X ∼ N(3, 22) (unit: minutes). That is, if one orders a Chicken McFeast meal between
11am-13pm in McDonald’s in Ryd, then one is expected to wait for X minutes for the food delivery. Sam plans to order
a Chicken McFeast meal between 11am-13pm in McDonald’s in Ryd everyday in the next 7 days, and his orders can be
assumed to be independent.
(3.1) (1p) What is the probability that Sam waits for at most 4 minutes everyday in the next 7 days?
(3.2) (2p) What is the probability that the average waiting time of Sam in the next 7 days is at most 4 minutes?

4 (3 points)

A box contains 3 balls. Each ball is either white or black, but we do NOT know the number of white/black balls. Let θ
be the number of white balls in the box, then possible values of θ are 0, 1, 2 and 3. To get some information of θ from
statistical point of view, one is allowed to randomly choose 4 balls one by one with replacement (that is, one randomly
chooses a ball and observes the color, then puts the ball back into the box and randomly chooses a ball again). After
choosing 4 balls, the observations are {white,black,white,white}. Use Maximum-Likelihood method to estimate θ.
(Hint: the population can be taken as X with P (X = 1) = θ/3 and P (X = 0) = 1− θ/3 where 1 represents ‘white ball’.
To maximize the likelihood function, simply find the values of the likelihood function for all the possible values of θ)

5 (3 points)

Two doctors (marked as A and B) are doing research on the rate p of newborn babies with neonatal jaundice (a
condition which causes yellowing of the skin). For a sample with 10000 newborn babies, one observed 7200 of them with
neonatal jaundice. Thus the sample rate is p̂ = 7200/10000 = 0.72 = 72%.
(5.1) (1.5p) Based on the sample, doctor A claims that p > 71%. Use an appropriate one-sided 95% confidence interval
of p to check if the sample provides any evidence showing that doctor A is correct. (Hint: do NOT use two-sided
confidence interval)
(5.2) (1.5p) Based on the sample, doctor B claims that p < 72.5%. Use an appropriate one-sided 95% confidence interval
of p to check if the sample provides any evidence showing that doctor B is correct. (Hint: do NOT use two-sided
confidence interval)
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6 (3 points)

A linear regression is used to model the relation between body weight Y and height x1 and blood pressure x2 as follows
Y = β0 + β1x1 + β2x2 + ε with ε ∼ N(0, σ2). A sample with sample size n = 12 is taken, and the method of least
squares based on this sample gives the parameter estimates and their standard errors (denoted as sβ̂i

, sometimes also

denoted as se(β̂i)) as follows:

β̂0 = 2.62, sβ̂0
= 0.12; β̂1 = 3.22, sβ̂1

= 0.28; β̂2 = 0.12, sβ̂2
= 0.02.

Furthermore, the sum of squares of errors (denoted as SSE) is 18.26.
(6.1) (1p) Is β1 > 3? Answer this by constructing a 95% confidence interval of β1 in the form (a,∞).
(6.2) (1p) One suspects that the blood pressure x2 in the model should be taken away, namely β2 = 0. Perform the
hypothesis test H0 : β2 = 0 against Ha : β2 6= 0 with a significance level 5%.
(6.3) (1p) Estimate the unknown parameter σ2.
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2

N
(0
,1)

α
/2

(1−
α
/2)t

α
/
2 (n

−
1)

T
(n

−
1)

α
/2

C
I-2

:
(1−

α
)

C
I

o
f

p
o
p

u
la

tio
n

v
a
ria

n
c
e
(s)

σ
2

•
If

a
p

o
p

u
la

tio
n
X
∼
N

(µ
,σ

2
)

a
n

d
σ

2
is

u
n

k
n

o
w

n
,

th
en

(n−
1
)S

2

σ
2

∼
χ

2
(n
−

1
),

a
n

d

I
σ
2

=

(
(n
−

1
)s

2

χ
2α
/
2
(n
−

1
)
,

(n
−

1
)s

2

χ
21−
α
/
2
(n
−

1
) )

.

•
If

tw
o

in
d

ep
en

d
en

t
p

o
p

u
la

tio
n

s
X
∼
N

(µ
X
,σ

2
)

a
n

d
Y
∼
N

(µ
Y
,σ

2
),

a
n

d
σ

2
is

u
n

k
n

o
w

n
,

th
en

(n
1
+
n
2 −

2
)S

2

σ
2

∼
χ

2
(n

1
+
n

2 −
2
),

a
n

d

I
σ
2

=

(
(n

1
+
n

2 −
2
)s

2

χ
2α
/
2
(n

1
+
n

2 −
2
)
,

(n
1

+
n

2 −
2
)s

2

χ
21−
α
/
2
(n

1
+
n

2 −
2
) )

,

w
h

ere
S

2
=

(n
1 −

1
)S

2X
+

(n
2 −

1
)S

2Y
n
1
+
n
2 −

2
.

(1−
α
)

χ
2α
/
2 (n

−
1)

χ
21−
α
/
2 (n

−
1
)

χ
2(n

−
1
)

α
/2

α
/2

C
I-3

:
(1−

α
)

C
I

o
f

p
o
p

u
la

tio
n

p
ro

p
o
rtio

n
(s)

•
If

a
(la

rg
e)

p
o
p

u
la

tio
n

h
a
s

a
n

u
n

k
n

o
w

p
ro

p
o
rtio

n
p
,

th
en

P̂
−
p

√
p
(1−

p
)/
n
∼
N

(0
,1

)
if
n
p̂
≥

1
0

a
n

d

n
(1−

p̂
)≥

1
0

w
ith

p̂
=
x
/
n
,

a
n

d
I
p

=
p̂∓

z
α
/
2 · √

p̂
(1−

p̂
)

n
.

•
If

tw
o

in
d

ep
en

d
en

t
(la

rg
e)

p
o
p

u
la

tio
n

s
h

a
v
e

u
n

k
n

o
w

p
ro

p
o
rtio

n
s
p

1
a
n

d
p

2
,

th
en

(P̂
1 −

P̂
2
)−

(p
1 −

p
2
)

√
p
1
(1−

p
1
)

n
1

+
p
2
(1−

p
2
)

n
2

∼
N

(0
,1

)

if
n
i p̂
i ≥

1
0

a
n

d
n
i (1−

p̂
i )≥

1
0

fo
r
i

=
1
,2
,

a
n

d
I
p
1 −
p
2

=
(p̂

1 −
p̂

2
)∓

z
α
/
2 · √

p̂
1
(1−

p̂
1
)

n
1

+
p̂
2
(1−

p̂
2
)

n
2

.

7
.

H
y
p

o
th

e
sis

T
e
st

(H
T

)H
0

is
tru

e
H

0
is

fa
lse

a
n

d
θ

=
θ
1

reject
H

0
(ty

p
e

I
erro

r
o
r

sig
n

ifi
ca

n
ce

lev
el)

α
(p

o
w

er)
h

(θ
1
)

d
o
n

’t
reject

H
0

1−
α

(ty
p

e
II

erro
r)
β

(θ
1
)

=
1−

h
(θ

1
)

reject
H

0
⇔

T
S
∈
C
⇔

p
-v

a
lu

e<
α

χ
2

te
sts

fo
r

p
o
p

u
la

tio
n

s
(n

o
n

-p
a
ra

m
e
tric

te
sts)

S
u

p
p

o
se

th
a
t

fo
r

a
ra

n
d

o
m

sa
m

p
le

o
f

a
p

o
p

u
la

tio
n
X
,

th
e
n

elem
en

ts
o
f

it
a
re

cla
ssifi

ed
in

to
k

d
isjo

in
t

g
ro

u
p

s
A
i ,1
≤
i≤

k
.

F
o
r

ea
ch

g
ro

u
p
A
i ,1
≤
i≤

k
,

su
p

p
o
se

th
a
t

th
ere

a
re
N
i ,1
≤
i≤

k
elem

en
ts

in
sid

e.
L

et
p
i

=
P

(A
i )

a
ssu

m
in

g
a

g
iv

en
d

istrib
u

tio
n

o
f
X
.

N
o
te

th
a
t
p

1
+
p

2
+
...

+
p
k

=
1

a
n

d
N

1
+
N

2
+
...

+
N
k

=
n
.

O
n

e
w

a
n
ts

to
test

th
e

h
y
p

o
th

eses

H
0

:
P

(A
i )

=
p
i ,

1
≤
i≤

k
,

H
a

:
P

(A
i )6=

p
i

fo
r

so
m

e
1
≤
i≤

k
.
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If
n

is
la

rg
e

in
th

e
sen

se
th

a
t
n
p
i ≥

5
fo

r
a
ll

1
≤
i≤

k
,

th
en

th
e

test
sta

tistic
is

k
∑i=

1

(N
i −

n
p
i )

2

n
p
i

≈
χ

2
(k
−

1
).

T
h

erefo
re

th
e

o
b

serv
a
tio

n
o
f

th
e

test
sta

tistic
is

T
S

=
k
∑i=

1

(n
i −

n
p
i )

2

n
p
i

,
w

h
ere

n
i

is
th

e
o
b

serv
a
tio

n
o
f
N
i ,1
≤
i≤

k
.

F
o
r

th
e

critica
l

reg
io

n
C
,

o
n

e
ca

n
ta

k
e

(n
o
te

th
a
t

if
H

0
is

tru
e,

th
en

T
S

sh
o
u

ld
b

e
clo

se
to

zero
)

C
=

(χ
2α

(k
−

1
),
∞

).

T
h

e
co

n
clu

sio
n

w
o
u

ld
b

e
T
S
∈
C
⇐
⇒
H

0
is

rejected
.

8
.

L
in

e
a
r

a
n
d

lo
g
istic

re
g
re

ssio
n

(M
u
ltip

le
)
lin

e
a
r
r
e
g
r
e
ssio

n
:
Y

=
β

0
+
β

1
x

1
+
...

+
β
k
x
k

+
ε,

ε
∼
N

(0
,σ

2
).

•
Y

:
resp

o
n

se
v
a
ria

b
le

(w
h

ich
is

n
o
rm

a
l

r.v
.),

{
x

1
,...,x

k }
:

p
red

icto
rs

(w
h

ich
a
re

sca
la

rs).
•

sa
m

p
le:{

(x
1
1
,...,x

1
k
;y

1
),(x

2
1
,...,x

2
k
;y

2
)
...,(x

n
1
,...,x

n
k
;y
n

)}
.

•
h

o
w

to
estim

a
te
β
j
≈
β̂
j

:
lea

st
sq

u
a
re

m
eth

o
d

,
th

a
t

is,
to

m
in

im
ize
∑
ni=

1
(ŷ
i −

y
i )

2
,

w
h

ere
th

e
estim

a
ted

(m
u

ltip
le)

lin
ea

r
reg

ressio
n

lin
e
ŷ

is

ŷ
=
β̂

0
+
β̂

1
x

1
+
...

+
β̂
k
x
k
.

•
β̂
j −
β
j

s
e
(β̂
j
)
∼
T

(n
−
k
−

1
),

th
is

h
elp

s
d

eterm
in

e
w

h
eth

er
o
r

n
o
t

th
e

rea
l
β
j

=
0

?

•
σ

2
≈

S
S
E

n−
k−

1
,

th
is

g
iv

es
a
n

estim
a
tio

n
o
f

th
e

size
o
f

th
e

erro
r.

•
R

2
=

S
S
R

S
S
T
,

th
is

g
iv

es
h

o
w

w
ell

th
e

m
o
d

el
is

(if
R

2
≈

1
,

th
en

th
e

m
o
d

el
fi

ts
th

e
sa

m
p

le
v
ery

w
ell).

•
H

o
w

to
test

β
1

=
...

=
β
k

=
0

?
U

se
th

e
ra

n
d

o
m

v
a
ria

b
le

S
S
R
/
k

S
S
E
/
(n−

k−
1
)
∼
F

(k
,n
−
k
−

1
).

L
o
g
istic

r
e
g
r
e
ssio

n
:

L
et
Y

ca
n

o
n

ly
ta

k
e

0
o
r

1
w

ith
P

(Y
=

1
)

=
p

a
n

d
P

(Y
=

0
)

=
1−

p
,

E
(Y

)
=
p
(x

1
,...,x

k
)

=
e
β
0
+
β
1
x
1
+
...+

β
k
x
k

1
+
e
β
0
+
β
1
x
1
+
...+

β
k
x
k
.

•
Y

:
resp

o
n

se
v
a
ria

b
le

(w
h

ich
is

B
ern

o
u

lli
r.v

.
P

(Y
=

1
)

=
p

a
n

d
P

(Y
=

0
)

=
1−

p
,

so
E

(Y
)

=
p
),

{
x

1
,...,x

k }
:

p
red

icto
rs

(w
h

ich
a
re

sca
la

rs).
•

sa
m

p
le:{

(x
1
1
,...,x

1
k
;y

1
),(x

2
1
,...,x

2
k
;y

2
)
...,(x

n
1
,...,x

n
k
;y
n

)}
.

•
h

o
w

to
estim

a
te

β
j
≈

β̂
j

:
m

a
x
im

a
l

lik
elih

o
o
d

m
eth

o
d

(m
a
x
im

ize
∏
ni=

1
p
(x
i1
,...,x

ik
)
y
i(1
−

p
(x
i1
,...,x

ik
))

1−
y
i).

•
β̂
j −
β
j

s
e
(β̂
j
)
≈
N

(0
,1

)
fo

r
la

rg
e
n
≥

3
0
,

th
is

h
elp

s
d

eterm
in

e
w

h
eth

er
o
r

n
o
t

th
e

rea
l
β
j

=
0

?

•
C

la
ssifi

ca
tio

n
o
f

a
n

ew
o
b

ject
Y

(x
1
,...,x

k
)

a
s

1
o
r

0
a
cco

rd
in

g

Y
(x

1
,...,x

k
)

=

{
1
,

if
p̂
(x

1
,...,x

k
)≥

0
.5
,

0
,

if
p̂
(x

1
,...,x

k
)
<

0
.5
,

w
h

ere
th

e
estim

a
ted

lo
g
it

fu
n

ctio
n
p̂
(x

1
,...,x

k
)

is

p̂
(x

1
,...,x

k
)

=
e
β̂
0
+
β̂
1
x
1
+
...+

β̂
k
x
k

1
+
e
β̂
0
+
β̂
1
x
1
+
...+

β̂
k
x
k

.
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.

T
a
b
le

s

(9
.1

)
T

a
b

le
fo

r
N

(0
,1

)
sta

n
d

a
rd

n
o
rm

a
l
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n

d
o
m

v
a
ria

b
le

Φ
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)
=
P

(N
(0
,1

)≤
x

),
x
≥

0
.

T
h

ere
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a
n

im
p

o
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n
t
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tio

n
Φ

(−
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)
=

1−
Φ
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),

x
≥
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.
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