
TAMS11: Probability and Statistics
∣∣∣ Provkod: TENB

∣∣∣ 24 March 2023, 08:00-12:00

Examiner: Xiangfeng Yang (Tel: 013 28 57 88). Things allowed (Hjälpmedel): a calculator.
Scores rating (Betygsgränser): 8-11 points giving rate 3; 11.5-14.5 points giving rate 4; 15-18 points giving rate 5.

1 (3 points)

There are four persons marked as 1, 2, 3 and 4, and each of them fires one shot at a target. Let Ai denote the event that
the target is hit by person i for each i = 1, 2, 3, 4. Assume that A1, A2, A3 and A4 are independent and

P (A1) = 0.21, P (A2) = 0.35, P (A3) = 0.82, P (A4) = 0.66.

(1.1) (1p) Find the probability that the target is hit by all four persons.
(1.2) (1p) Find the probability that the target is hit by at least one person.
(1.3) (1p) Given that the target is hit by person 1, find the probability that the target is also hit by person 4.

Solution. (1.1) It is from the independence that

P (target is hit by all four persons) = P (A1 ∩A2 ∩A3 ∩A4)

= P (A1) · P (A2) · P (A3) · P (A4) = 0.21 · 0.35 · 0.82 · 0.66 = 0.0397782.

(1.2)

P (target is hit by at least one person) = 1− P (target is hit by no person)

= 1− P (A′
1 ∩A′

2 ∩A′
3 ∩A′

4) = 1− P (A′
1) · P (A′

2) · P (A′
3) · P (A′

4)

= 1− [1− P (A1)] · [1− P (A2)] · [1− P (A3)] · [1− P (A4)]

= 1− 0.79 · 0.65 · 0.18 · 0.34 = 1− 0.0314262 = 0.9685738.

(1.3) This is a conditional probability

P (A4|A1) =
P (A4 ∩A1)

P (A1)
=

P (A4) · P (A1)

P (A1)
= P (A4) = 0.66.

2 (3 points)

Let X and Y denote the increases of mortgage rates (unit: %) in April 2023 by Swedbank and Danskebank respectively.
Assume that (X,Y ) is a two dimensional continuous random variable with a joint probability density function f(x, y) :

f(x, y) =

{
6
5 ·
(
x+ y2

)
, if 0 ≤ x ≤ 1 and 0 ≤ y ≤ 1,

0, otherwise.

(2.1) (1p) Find the probability P
(
X ≤ 1

4 and Y ≤ 1
4

)
.

(2.2) (1p) Find the conditional probability P
(
Y ≤ 1

4 |X ≤ 1
4

)
.

(2.3) (1p) Find the mean E(Y ) of Y.

Solution. (2.1)

P

(
X ≤ 1

4
and Y ≤ 1

4

)
=

∫ 1
4

0

∫ 1
4

0

6

5

(
x+ y2

)
dxdy

=
6

5

∫ 1
4

0

∫ 1
4

0

xdxdy +
6

5

∫ 1
4

0

∫ 1
4

0

y2dxdy

=
6

5
· 1
4

∫ 1
4

0

xdx+
6

5
· 1
4

∫ 1
4

0

y2dy =
6

640
+

1

640
=

7

640
= 0.0109375.
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(2.2)

P

(
Y ≤ 1

4
|X ≤ 1

4

)
=

P
(
Y ≤ 1

4 and X ≤ 1
4

)
P
(
X ≤ 1

4

) =
7

640

P
(
X ≤ 1

4

) =
7

640
11
80

=
7

88
= 0.07955,

where the probability P
(
X ≤ 1

4

)
can be computed as

P

(
X ≤ 1

4

)
=

∫ 1

0

(∫ 1
4

0

6

5

(
x+ y2

)
dx

)
dy

=
6

5

∫ 1

0

(∫ 1
4

0

xdx

)
dy +

6

5

∫ 1
4

0

(∫ 1

0

y2dy

)
dx

=
6

5

∫ 1
4

0

xdx+
6

5
· 1
4

∫ 1

0

y2dy =
3

80
+

1

10
=

11

80
= 0.1375.

(2.3) The probability density function f(y) of Y is

f(y) =

∫ 1

0

f(x, y)dx =

∫ 1

0

6

5

(
x+ y2

)
dx =

6

5

∫ 1

0

xdx+
6

5

∫ 1

0

y2dx =
3

5
+

6

5
y2.

Therefore the mean is

E(Y ) =

∫ 1

0

y · f(y)dy =

∫ 1

0

y · (3
5
+

6

5
y2)dy =

3

5

∫ 1

0

ydy +
6

5

∫ 1

0

y3dy =
3

10
+

3

10
=

6

10
= 0.6.

3 (3 points)

In a huge box, there are huge number of Swedish krona coins with values 1 kr, 5 kr and 10 kr. The proportions of these
coins are 20%, 30% and 50%. If X denotes the distribution of proportions of these coins in the box, then X is a discrete
random variable as follows

X 1 5 10
p(x) 20% 30% 50%

100 coins are randomly taken from the box, find the probability that the total value of these 100 coins is less than 700 kr.

Solution. For X, the mean and variance can be computed as follows:

µ = E(X) = 1 · 20% + 5 · 30% + 10 · 50% = 6.7,

σ2 = V (X) = E(X2)− µ2 = 12 · 20% + 52 · 30% + 102 · 50%− 6.72 = 57.7− 44.89 = 12.81.

Let X1, X2, . . . , X100 denote the values of these 100 coins, then X1, X2, . . . , X100 are independent and each Xi has the
same distribution as X. Therefore, it is from CLT that

P (total value of these 100 coins is less than 700 kr) = P (X1 +X2 + . . .+X100 < 700)

= P (X̄ < 7) = P (
X̄ − µ

σ/
√
n

<
7− µ

σ/
√
n
)

= P (N(0, 1) <
7− 6.7√

12.81/
√
100

) = P (N(0, 1) < 0.84) = Φ(0.84) = 0.7995.
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4 (3 points)

A population X is a continuous random variable with the following probability density function

f(x) =

{
(θ + 1) · xθ, if 0 < x < 1,

0, otherwise,

where θ > −1 is an unknown parameter. A sample {x1, x2, . . . , xn} is taken from this population.

(4.1) (1p) Use the method of moments to find a point estimate θ̂MM of θ.

(4.2) (2p) Use the maximum-likelihood method to find a point estimate θ̂ML of θ.

Solution. (4.1) The mean E(X) of the population can be computed as

E(X) =

∫ ∞

−∞
xf(x)dx =

∫ 1

0

(θ + 1)xθ+1dx =
θ + 1

θ + 2
.

It is then from the equation E(X) = x̄ that

θ + 1

θ + 2
= x̄ ⇒ θ̂MM =

2x̄− 1

1− x̄
.

(4.2) The likelihood function is

L(θ) = f(x1) · f(x2) · . . . · f(xn) = [(θ + 1) · xθ
1] · [(θ + 1) · xθ

2] · . . . · [(θ + 1) · xθ
n] = (θ + 1)n · (x1x2 . . . xn)

θ

⇒ lnL(θ) = n ln(θ + 1) + θ ln(x1x2 . . . xn).

It is from
0 = ln′ L(θ) =

n

θ + 1
+ ln(x1x2 . . . xn)

that
θ̂ML = − n

ln(x1x2 . . . xn)
− 1.

5 (3 points)

It is suspected that European perch (Abborrar p̊a svenska) in the west part of the Roxen lake are longer than the ones
in the east part of the Roxen lake. To study this, let X ∼ N(µ1, 4

2) denote the distribution of lengths of European
perch in the west part of the Roxen lake, Y ∼ N(µ2, 6

2) denote the distribution of lengths of European perch in the east
part of the Roxen lake, and X and Y are independent. A sample from the west part gives: n1 = 12, x̄ = 38 (cm) and
s1 = 4.2, and a sample from the east part gives: n2 = 10, ȳ = 32 (cm) and s2 = 5.6. Do these samples provide any
evidence that µ1 > µ2? Answer this question by constructing an one-sided 95% confidence interval of µ1 − µ2 in the
form Iµ1−µ2

= (a, +∞).

Solution. It is from the conditions that the confidence interval is

Iµ1−µ2
= ((x̄− ȳ)− zα ·

√
σ2
1

n1
+

σ2
2

n2
, +∞)

= ((38− 32)− 1.64 ·
√

42

12
+

62

10
, +∞)

= (6− 1.64 · 2.22, +∞) = (2.36, +∞).

As 2.36 > 0, yes, the samples provide evidence showing that µ1 − µ2 > 0 (namely, µ1 > µ2).

Page 3/4



6 (3 points)

A sample with sample size n is to be taken from a population X ∼ N(µ, 42), and one wants to test the hypotheses
H0 : µ = 2 against Ha : µ < 2. For this test, in order to make Type-I error (significance level) to be 0.025, and power
h(1) to be 0.9965 for µ = 1, how large should n be?

Solution. The TS and C are (keep in mind that α = 0.025):

TS =
X̄ − µ0

σ/
√
n

, C = (−∞,−zα) = (−∞,−1.96).

The power h(1) is computed as follows

0.9965 = h(1) = P (H0 is rejected, when H0 is false and µ = 1)

= P (TS ∈ C, when H0 is false and µ = 1)

= P (
X̄ − µ0

σ/
√
n

≤ −1.96, when H0 is false and µ = 1)

= P (
X̄ − µ

σ/
√
n

+
µ− µ0

σ/
√
n

≤ −1.96, when H0 is false and µ = 1)

= P (N(0, 1) +
1− 2

4/
√
n
≤ −1.96) = P (N(0, 1) ≤ −1.96 +

√
n/4).

It is directly from the standard normal table that P (N(0, 1) ≤ 2.70) = 0.9965, therefore

−1.96 +
√
n/4 = 2.70 ⇒ n = ((2.70 + 1.96) · 4)2 = 18.642 = 347.45 (≈ 347 or 348).
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T
A

M
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1
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:

fo
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n

d
ta
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le

s
—

b
y

X
ia

n
g
fen

g
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a
n

g

1
.

B
a
sic

p
ro

b
a
b
ility

(1
.1

)
C

o
n

d
itio

n
a
l

p
ro

b
a
b

ility
P

(A
|B

)
=

P
(A
∩
B

)
P

(B
)
.

(1
.2

)
T

o
ta

l
p

ro
b

a
b
ility

P
(B

)
=
∑
ki=

1
P

(B
|A
i )P

(A
i )

w
h

ere
{
A
i }

a
re

d
isjo

in
t

a
n

d
∪
ki=

1
A
i

=
S
.

(1
.3

)
B

a
y
es’

T
h

eo
rem

P
(A
j |B

)
=

P
(B
|A
j
)P

(A
j
)

∑
ki
=

1
P

(B
|A
i
)P

(A
i
)

w
h

ere
{
A
i }

a
re

in
(1

.2
).

2
.

R
a
n
d
o
m

v
a
ria

b
le

s
(r.v

.s)

(2
.1

)
D

iscrete
r.v

.
X

h
a
s

a
p

m
f
p
(x

)
=
P

(X
=
x

)
sa

tisfy
in

g
p
(x

)≥
0

a
n

d
∑
p
(x
i )

=
1
,

X
x
1

x
2

···
x
n

···
p
(x
)

p
(x

1 )
p
(x

2 )
···

p
(x
n
)

···

E
x
p

ecta
tio

n
(o

r
E
xpected

va
lu
e

o
r
m
ea
n

)
µ
X

=
E

(X
)

=
∑
x
i p

(x
i );

V
a
ria

n
ce
σ

2X
=
V

(X
)

=
E

(X
−
µ
X

)
2

=
E

(X
2
)−

µ
2X

=
∑
x

2i
p
(x
i )−

( ∑
x
i p

(x
i ))

2
.

(2
.2

)
C

o
n
tin

u
o
u

s
r.v

.
X

h
a
s

a
p

d
f
f

(x
)

sa
tisfy

in
g
f

(x
)≥

0
a
n

d
∫
∞−∞

f
(x

)d
x

=
1
,

P
(a
<
X
<
b)

=

∫
b

a
f

(x
)d
x
.

E
x
p

ecta
tio

n
(o

r
E
xpected

va
lu
e

o
r
m
ea
n

)
µ
X

=
E

(X
)

=
∫
∞−∞

x
f

(x
)d
x

;

V
a
ria

n
ce
σ

2X
=
V

(X
)

=
E

(X
−
µ
X

)
2

=
E

(X
2
)−

µ
2X

=
∫
∞−∞

x
2
f

(x
)d
x
−
(∫
∞−∞

x
f

(x
)d
x )

2
.

(2
.3

)
C

u
m

u
la

tiv
e

d
istrib

u
tio

n
fu

n
ctio

n
(cd

f)
o
f

a
r.v

.
X

is
F

(x
)

=
P

(X
≤
x

).
(2

.4
)
X

a
n

d
Y

a
re

r.v
.s,
a
,b

a
n

d
c

a
re

sca
la

rs,
th

en

E
(a
X

+
bY

+
c)

=
a
E

(X
)

+
bE

(Y
)

+
c,

V
(a
X

+
bY

+
c)

=
a

2
V

(X
)

+
b
2
V

(Y
)

+
2
a
b
co
v
(X
,Y

),

E
(g

(X
,Y

))
=

{
∑
i,j
g
(x
i ,y

j )·
p
(x
i ,y

j ),
fo

r
d

iscrete
(X
,Y

),
∫
∞−∞
∫
∞−∞

g
(x
,y

)·
f

(x
,y

)d
x
d
y
,

fo
r

co
n
tin

u
o
u

s
(X
,Y

).
.

(2
.5

)•
D

iscrete
r.v

.
(X
,Y

)
h

a
s

a
jo

in
t

p
m

f
p
(x
,y

)
sa

tisfy
in

g
p
(x
,y

)≥
0

a
n

d
∑
x
i ∑

y
i
p
(x
i ,y

i )
=

1
.

T
h

e
m
a
rgin

a
l
p
m
f

o
f
X

is
p
X

(x
)

=
∑
y
p
(x
,y

);

T
h

e
m
a
rgin

a
l
p
m
f

o
f
Y

is
p
Y

(y
)

=
∑
x
p
(x
,y

);
X

a
n

d
Y

a
re

in
d
epen

d
en

t
if
p
(x
,y

)
=
p
X

(x
)·
p
Y

(y
).

•
C

o
n
tin

u
o
u

s
r.v

.
(X
,Y

)
h

a
s

a
jo

in
t

p
d

f
p
(x
,y

)
sa

tisfy
in

g
f

(x
,y

)≥
0

a
n

d
∫
∞−∞
∫
∞−∞

f
(x
,y

)d
x
d
y

=
1
.

T
h

e
m
a
rgin

a
l
pd

f
o
f
X

is
f
X

(x
)

=
∫
∞−∞

f
(x
,y

)d
y
;

T
h

e
m
a
rgin

a
l
pd

f
o
f
Y

is
f
Y

(y
)

=
∫
∞−∞

f
(x
,y

)d
x

;

X
a
n

d
Y

a
re

in
d
epen

d
en

t
if
f

(x
,y

)
=
f
X

(x
)·
f
Y

(y
).

3
.

S
e
v
e
ra

l
sp

e
cia

l
r.v

.s

(3
.1

)
X
∼
B
in

(n
,p

)
h

a
s

a
p

m
f
p
(x

)
=
P

(X
=
x

)
=

(
nx )
·
p
x
·
(1−

p
)
n−

x
,

x
=

0
,1
,2
,...,n

.

E
(X

)
=
n
·
p
,

V
(X

)
=
n
·
p·

(1−
p
).

(3
.2

)
X
∼
P
o
(λ

)
h

a
s

a
p

m
f
p
(x

)
=
P

(X
=
x

)
=

e −
λ
λ
x

x
!

,
x

=
0
,1
,2
,....

E
(X

)
=
λ
,

V
(X

)
=
λ
.

(3
.3

)
X
∼
H
y
p
er
g
eo
m
etr
ic

h
a
s

a
p

m
f
p
(x

)
=
P

(X
=
x

)
=

(
Mx

)
(
N
−
M

n
−
x

)

(
Nn

)
.

(3
.4

)
X
∼
E
x
p
(λ

)
h

a
s

a
p

d
f

f
(x

)
=

{
λ
e −
λ
x
,
x
≥

0
,

0
,

o
th

erw
ise.

E
(X

)
=

1λ
,

V
(X

)
=
(

1λ )
2
.

(3
.5

)
X
∼
N

(µ
,σ

2
)

h
a
s

a
p

d
f

f
(x

)
=

1

σ √
2
π
e −

(
x
−
µ
)
2

2
σ
2

,−
∞
<
x
<
∞
.

E
(X

)
=
µ
,

V
(X

)
=
σ

2
.

(3
.6

)
X
∼
U

(a
,b)

h
a
s

a
p

d
f

f
(x

)
=

{
1
b−
a
,
a
<
x
<
b,

0
,

o
th

erw
ise.

E
(X

)
=

a
+
b

2
,

V
(X

)
=

(b−
a
)
2

1
2

.

4
.

C
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(1

)

•
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)

h
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u
rse,

th
ree

ty
p

es
o
f

co
n

fi
d

en
ce

in
terv

a
ls

a
re

stu
d

ied
d

ep
en

d
in

g
o
n

th
e

u
n

k
n

o
w

n
p

o
p

u
la

tio
n

p
a
-

ra
m

eter(s):
C

I-1
(co

n
fi

d
en

ce
in

terv
a
ls

fo
r

p
o
p

u
la

tio
n

m
ea

n
(s)),

C
I-2

(co
n

fi
d

en
ce

in
terv

a
ls

fo
r

p
o
p

u
la

tio
n

v
a
ria

n
ce(s)),

a
n

d
C

I-3
(co

n
fi

d
en

ce
in

terv
a
ls

fo
r

p
o
p

u
la

tio
n

p
ro

p
o
tio

n
(s)).

1/9



C
I-1

:
(1−

α
)

C
I

o
f

a
p

o
p

u
la

tio
n

m
e
a
n
µ

ca
se

1
.1

(a
n
y
n

)
If

p
o
p

u
la

tio
n
X
∼
N

(µ
,σ

2
)

a
n

d
σ

2
is

k
n

o
w

n
,

th
en

X̄
−
µ

σ
/ √
n
∼
N

(0
,1

)
a
n

d

I
µ

=
(
x̄
−
z
α
/
2 ·

σ
√
n
,x̄

+
z
α
/
2 ·

σ
√
n )

:=
x̄
∓
z
α
/
2 ·

σ
√
n
.

ca
se

1
.2

(n
≥

3
0
)

F
o
r

a
n
y

p
o
p

u
la

tio
n
X
,

it
h

o
ld

s
th

a
t
X̄
−
µ

σ
/ √
n
∼
N

(0
,1

)
a
n

d

I
µ

=
x̄
∓
z
α
/
2 ·

σ
√
n

o
r
I
µ

=
x̄
∓
z
α
/
2 ·

σ̂
√
n
.

ca
se

1
.3

(a
n
y
n

)
If

p
o
p

u
la

tio
n
X
∼
N

(µ
,σ

2
)

a
n

d
σ

2
is

u
n

k
n

o
w

n
,

th
en

X̄
−
µ

S
/ √

n
∼
T

(n
−

1
)

a
n

d

I
µ

=
x̄
∓
t
α
/
2
(n
−

1
)·

s
√
n
.

C
I-1
′:

(1−
α
)

C
I

o
f

th
e

d
iff

e
re

n
c
e

o
f

tw
o

p
o
p

u
la

tio
n

m
e
a
n

s
µ
X
−
µ
Y

ca
se

1
.1 ′

(a
n
y
n

1
,n

2
)

If
in

d
ep

en
d

en
t

p
o
p

u
la

tio
n

s
X
∼
N

(µ
X
,σ

2X
),Y
∼
N

(µ
Y
,σ

2Y
),

a
n

d
σ

2X
,σ

2Y
a
re

k
n

o
w

n
,

th
en

(X̄
−
Ȳ

)−
(µ
X
−
µ
Y

)
√
σ
2X
n
1

+
σ
2Y
n
2

∼
N

(0
,1

),
a
n

d
I
µ
X
−
µ
Y

=
(x̄
−
ȳ
)∓

z
α
/
2 · √

σ
2X
n
1

+
σ
2Y
n
2
.

ca
se

1
.2 ′

(n
1
,n

2
≥

3
0
)

F
o
r

a
n
y

in
d

ep
en

d
en

t
p

o
p

u
la

tio
n

s
X

a
n

d
Y
,

it
h

o
ld

s
th

a
t

(X̄
−
Ȳ

)−
(µ
X
−
µ
Y

)
√
σ
2X
n
1

+
σ
2Y
n
2

∼
N

(0
,1

)
a
n

d

I
µ
X
−
µ
Y

=
(x̄
−
ȳ
)∓

z
α
/
2 · √

σ
2X
n
1

+
σ
2Y
n
2

o
r
I
µ
X
−
µ
Y

=
(x̄
−
ȳ
)∓

z
α
/
2 · √

σ̂
2X
n
1

+
σ̂
2Y
n
2
.

ca
se

1
.3 ′

(a
n
y
n

1
,n

2
)

If
in

d
ep

en
d

en
t

p
o
p

u
la

tio
n

s
X
∼

N
(µ
X
,σ

2X
),Y

∼
N

(µ
Y
,σ

2Y
),

w
h

ere

σ
2X
,σ

2Y
a
re

u
n

k
n

o
w

n
b

u
t
σ

2X
=
σ

2Y
,

th
en

(X̄
−
Ȳ

)−
(µ
X
−
µ
Y

)

S √
1n1

+
1n2

∼
T

(n
1

+
n

2 −
2
),

w
h

ere
S

2
=

(n
1 −

1
)S

2X
+

(n
2 −

1
)S

2Y

n
1

+
n

2 −
2

,
a
n

d

I
µ
X
−
µ
Y

=
(x̄
−
ȳ
)∓

t
α
/
2
(n

1
+
n

2 −
2
)·
s √

1n1
+

1n2
.

(1−
α
/2
)

z
α
/
2

N
(0
,1)

α
/2

(1−
α
/2)t

α
/
2 (n

−
1)

T
(n

−
1)

α
/2

C
I-2

:
(1−

α
)

C
I

o
f

p
o
p

u
la

tio
n

v
a
ria

n
c
e
(s)

σ
2

•
If

a
p

o
p

u
la

tio
n
X
∼
N

(µ
,σ

2
)

a
n

d
σ

2
is

u
n

k
n

o
w

n
,

th
en

(n−
1
)S

2

σ
2

∼
χ

2
(n
−

1
),

a
n

d

I
σ
2

=

(
(n
−

1
)s

2

χ
2α
/
2
(n
−

1
)
,

(n
−

1
)s

2

χ
21−
α
/
2
(n
−

1
) )

.

•
If

tw
o

in
d

ep
en

d
en

t
p

o
p

u
la

tio
n

s
X
∼
N

(µ
X
,σ

2
)

a
n

d
Y
∼
N

(µ
Y
,σ

2
),

a
n

d
σ

2
is

u
n

k
n

o
w

n
,

th
en

(n
1
+
n
2 −

2
)S

2

σ
2

∼
χ

2
(n

1
+
n

2 −
2
),

a
n

d

I
σ
2

=

(
(n

1
+
n

2 −
2
)s

2

χ
2α
/
2
(n

1
+
n

2 −
2
)
,

(n
1

+
n

2 −
2
)s

2

χ
21−
α
/
2
(n

1
+
n

2 −
2
) )

,

w
h

ere
S

2
=

(n
1 −

1
)S

2X
+

(n
2 −

1
)S

2Y
n
1
+
n
2 −

2
.

(1−
α
)

χ
2α
/
2 (n

−
1)

χ
21−
α
/
2 (n

−
1
)

χ
2(n

−
1
)

α
/2

α
/2

C
I-3

:
(1−

α
)

C
I

o
f

p
o
p

u
la

tio
n

p
ro

p
o
rtio

n
(s)

•
If

a
(la

rg
e)

p
o
p

u
la

tio
n

h
a
s

a
n

u
n

k
n

o
w

p
ro

p
o
rtio

n
p
,

th
en

P̂
−
p

√
p
(1−

p
)/
n
∼
N

(0
,1

)
if
n
p̂
≥

1
0

a
n

d

n
(1−

p̂
)≥

1
0

w
ith

p̂
=
x
/
n
,

a
n

d
I
p

=
p̂∓

z
α
/
2 · √

p̂
(1−

p̂
)

n
.

•
If

tw
o

in
d

ep
en

d
en

t
(la

rg
e)

p
o
p

u
la

tio
n

s
h

a
v
e

u
n

k
n

o
w

p
ro

p
o
rtio

n
s
p

1
a
n

d
p

2
,

th
en

(P̂
1 −

P̂
2
)−

(p
1 −

p
2
)

√
p
1
(1−

p
1
)

n
1

+
p
2
(1−

p
2
)

n
2

∼
N

(0
,1

)

if
n
i p̂
i ≥

1
0

a
n

d
n
i (1−

p̂
i )≥

1
0

fo
r
i

=
1
,2
,

a
n

d
I
p
1 −
p
2

=
(p̂

1 −
p̂

2
)∓

z
α
/
2 · √

p̂
1
(1−

p̂
1
)

n
1

+
p̂
2
(1−

p̂
2
)

n
2

.

7
.

H
y
p

o
th

e
sis

T
e
st

(H
T

)H
0

is
tru

e
H

0
is

fa
lse

a
n

d
θ

=
θ
1

reject
H

0
(ty

p
e

I
erro

r
o
r

sig
n

ifi
ca

n
ce

lev
el)

α
(p

o
w

er)
h

(θ
1
)

d
o
n

’t
reject

H
0

1−
α

(ty
p

e
II

erro
r)
β

(θ
1
)

=
1−

h
(θ

1
)

reject
H

0
⇔

T
S
∈
C
⇔

p
-v

a
lu

e<
α

χ
2

te
sts

fo
r

p
o
p

u
la

tio
n

s
(n

o
n

-p
a
ra

m
e
tric

te
sts)

S
u

p
p

o
se

th
a
t

fo
r

a
ra

n
d

o
m

sa
m

p
le

o
f

a
p

o
p

u
la

tio
n
X
,

th
e
n

elem
en

ts
o
f

it
a
re

cla
ssifi

ed
in

to
k

d
isjo

in
t

g
ro

u
p

s
A
i ,1
≤
i≤

k
.

F
o
r

ea
ch

g
ro

u
p
A
i ,1
≤
i≤

k
,

su
p

p
o
se

th
a
t

th
ere

a
re
N
i ,1
≤
i≤

k
elem

en
ts

in
sid

e.
L

et
p
i

=
P

(A
i )

a
ssu

m
in

g
a

g
iv

en
d

istrib
u

tio
n

o
f
X
.

N
o
te

th
a
t
p

1
+
p

2
+
...

+
p
k

=
1

a
n

d
N

1
+
N

2
+
...

+
N
k

=
n
.

O
n

e
w

a
n
ts

to
test

th
e

h
y
p

o
th

eses

H
0

:
P

(A
i )

=
p
i ,

1
≤
i≤

k
,

H
a

:
P

(A
i )6=

p
i

fo
r

so
m

e
1
≤
i≤

k
.
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If
n

is
la

rg
e

in
th

e
sen

se
th

a
t
n
p
i ≥

5
fo

r
a
ll

1
≤
i≤

k
,

th
en

th
e

test
sta

tistic
is

k
∑i=

1

(N
i −

n
p
i )

2

n
p
i

≈
χ

2
(k
−

1
).

T
h

erefo
re

th
e

o
b

serv
a
tio

n
o
f

th
e

test
sta

tistic
is

T
S

=
k
∑i=

1

(n
i −

n
p
i )

2

n
p
i

,
w

h
ere

n
i

is
th

e
o
b

serv
a
tio

n
o
f
N
i ,1
≤
i≤

k
.

F
o
r

th
e

critica
l

reg
io

n
C
,

o
n

e
ca

n
ta

k
e

(n
o
te

th
a
t

if
H

0
is

tru
e,

th
en

T
S

sh
o
u

ld
b

e
clo

se
to

zero
)

C
=

(χ
2α

(k
−

1
),
∞

).

T
h

e
co

n
clu

sio
n

w
o
u

ld
b

e
T
S
∈
C
⇐
⇒
H

0
is

rejected
.

8
.

L
in

e
a
r

a
n
d

lo
g
istic

re
g
re

ssio
n

(M
u
ltip

le
)
lin

e
a
r
r
e
g
r
e
ssio

n
:
Y

=
β

0
+
β

1
x

1
+
...

+
β
k
x
k

+
ε,

ε
∼
N

(0
,σ

2
).

•
Y

:
resp

o
n

se
v
a
ria

b
le

(w
h

ich
is

n
o
rm

a
l

r.v
.),

{
x

1
,...,x

k }
:

p
red

icto
rs

(w
h

ich
a
re

sca
la

rs).
•

sa
m

p
le:{

(x
1
1
,...,x

1
k
;y

1
),(x

2
1
,...,x

2
k
;y

2
)
...,(x

n
1
,...,x

n
k
;y
n

)}
.

•
h

o
w

to
estim

a
te
β
j
≈
β̂
j

:
lea

st
sq

u
a
re

m
eth

o
d

,
th

a
t

is,
to

m
in

im
ize
∑
ni=

1
(ŷ
i −

y
i )

2
,

w
h

ere
th

e
estim

a
ted

(m
u

ltip
le)

lin
ea

r
reg

ressio
n

lin
e
ŷ

is

ŷ
=
β̂

0
+
β̂

1
x

1
+
...

+
β̂
k
x
k
.

•
β̂
j −
β
j

s
e
(β̂
j
)
∼
T

(n
−
k
−

1
),

th
is

h
elp

s
d

eterm
in

e
w

h
eth

er
o
r

n
o
t

th
e

rea
l
β
j

=
0

?

•
σ

2
≈

S
S
E

n−
k−

1
,

th
is

g
iv

es
a
n

estim
a
tio

n
o
f

th
e

size
o
f

th
e

erro
r.

•
R

2
=

S
S
R

S
S
T
,

th
is

g
iv

es
h

o
w

w
ell

th
e

m
o
d

el
is

(if
R

2
≈

1
,

th
en

th
e

m
o
d

el
fi

ts
th

e
sa

m
p

le
v
ery

w
ell).

•
H

o
w

to
test

β
1

=
...

=
β
k

=
0

?
U

se
th

e
ra

n
d

o
m

v
a
ria

b
le

S
S
R
/
k

S
S
E
/
(n−

k−
1
)
∼
F

(k
,n
−
k
−

1
).

L
o
g
istic

r
e
g
r
e
ssio

n
:

L
et
Y

ca
n

o
n

ly
ta

k
e

0
o
r

1
w

ith
P

(Y
=

1
)

=
p

a
n

d
P

(Y
=

0
)

=
1−

p
,

E
(Y

)
=
p
(x

1
,...,x

k
)

=
e
β
0
+
β
1
x
1
+
...+

β
k
x
k

1
+
e
β
0
+
β
1
x
1
+
...+

β
k
x
k
.

•
Y

:
resp

o
n

se
v
a
ria

b
le

(w
h

ich
is

B
ern

o
u

lli
r.v

.
P

(Y
=

1
)

=
p

a
n

d
P

(Y
=

0
)

=
1−

p
,

so
E

(Y
)

=
p
),

{
x

1
,...,x

k }
:

p
red

icto
rs

(w
h

ich
a
re

sca
la

rs).
•

sa
m

p
le:{

(x
1
1
,...,x

1
k
;y

1
),(x

2
1
,...,x

2
k
;y

2
)
...,(x

n
1
,...,x

n
k
;y
n

)}
.

•
h

o
w

to
estim

a
te

β
j
≈

β̂
j

:
m

a
x
im

a
l

lik
elih

o
o
d

m
eth

o
d

(m
a
x
im

ize
∏
ni=

1
p
(x
i1
,...,x

ik
)
y
i(1
−

p
(x
i1
,...,x

ik
))

1−
y
i).

•
β̂
j −
β
j

s
e
(β̂
j
)
≈
N

(0
,1

)
fo

r
la

rg
e
n
≥

3
0
,

th
is

h
elp

s
d

eterm
in

e
w

h
eth

er
o
r

n
o
t

th
e

rea
l
β
j

=
0

?

•
C

la
ssifi

ca
tio

n
o
f

a
n

ew
o
b

ject
Y

(x
1
,...,x

k
)

a
s

1
o
r

0
a
cco

rd
in

g

Y
(x

1
,...,x

k
)

=

{
1
,

if
p̂
(x

1
,...,x

k
)≥

0
.5
,

0
,

if
p̂
(x

1
,...,x

k
)
<

0
.5
,

w
h

ere
th

e
estim

a
ted

lo
g
it

fu
n

ctio
n
p̂
(x

1
,...,x

k
)

is

p̂
(x

1
,...,x

k
)

=
e
β̂
0
+
β̂
1
x
1
+
...+

β̂
k
x
k

1
+
e
β̂
0
+
β̂
1
x
1
+
...+

β̂
k
x
k

.
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9
.

T
a
b
le

s

(9
.1

)
T

a
b

le
fo

r
N

(0
,1

)
sta

n
d

a
rd

n
o
rm

a
l

ra
n

d
o
m

v
a
ria

b
le

Φ
(x

)
=
P

(N
(0
,1

)≤
x

),
x
≥

0
.

T
h

ere
is

a
n

im
p

o
rta

n
t

rela
tio

n
Φ

(−
x

)
=

1−
Φ

(x
),

x
≥

0
.

x
0

1
2

3
4

5
6

7
8

9

0
.0

0
.5

0
0
0

0
.5

0
4
0

0
.5

0
8
0

0
.5

1
2
0

0
.5

1
6
0

0
.5

1
9
9

0
.5

2
3
9

0
.5

2
7
9

0
.5

3
1
9

0
.5

3
5
9

0
.1

0
.5

3
9
8

0
.5

4
3
8

0
.5

4
7
8

0
.5

5
1
7

0
.5

5
5
7

0
.5

5
9
6

0
.5

6
3
6

0
.5

6
7
5

0
.5

7
1
4

0
.5

7
5
3

0
.2

0
.5

7
9
3

0
.5

8
3
2

0
.5

8
7
1

0
.5

9
1
0

0
.5

9
4
8

0
.5

9
8
7

0
.6

0
2
6

0
.6

0
6
4

0
.6

1
0
3

0
.6

1
4
1

0
.3

0
.6

1
7
9

0
.6

2
1
7

0
.6

2
5
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