
TAMS11: Probability and Statistics
∣∣∣ Provkod: TENB

∣∣∣ 30 May 2023, 08:00-12:00

Examiner: Xiangfeng Yang (Tel: 013 28 57 88). Things allowed (Hjälpmedel): a calculator.
Scores rating (Betygsgränser): 8-11 points giving rate 3; 11.5-14.5 points giving rate 4; 15-18 points giving rate 5.

1 (3 points)

Sara is studying at LiU in Ⓢ-program. There are 30 students in Ⓢ-program: 10 female and 20 male. Now 5 students
are randomly chosen for some mission.
(1.1) (1p) Find the probability that Sara will be chosen.
(1.2) (1p) Find the probability that there will be 5 female.
(1.3) (1p) Find the probability that there will be 3 female and 2 male.

2 (3 points)

A two dimensional random variable (X,Y ) has a joint probability mass function as follows

X\Y 6 8
1 0.12 a = ?
2 0.28 b = ?

The table tells that X can take values 1 and 2, and Y can take values 6 and 8.
(2.1) (1p) Assume that a = 0.10 and b = 0.50, find the conditional probability P (X = 2|Y = 6) .
(2.2) (1p) Assume that a = 0.10 and b = 0.50, find the mean E(X) of X.
(2.3) (1p) Find the values of a and b so that X and Y are independent.

3 (3 points)

Lars is very good at statistics, and he is now in a challenge to solve 100 problems in statistics. According to his past
experience, the time X (in minutes) needed for Lars to solve one problem in statistics is a continuous random variable
with a probability density function f(x) = 2x for 0 < x < 1.
(3.1) (1p) Find the mean µ = E(X) and variance σ2 = V (X) of X.
(3.2) (2p) Find the probability that Lars can solve all the 100 problems within 60 minutes.

4 (3 points)

A population X is a continuous random variable with a probability density function f(x) = 1/θ for 0 < x ≤ θ where
θ > 0 is an unknown parameter. A sample {5, 3, 8, 2} is taken from this population.

(4.1) (1p) Use the method of moments to find a point estimate θ̂MM of θ.

(4.2) (2p) Use the maximum-likelihood method to find a point estimate θ̂ML of θ.

5 (3 points)

Suppose that the distribution X of weights (in grams) of all peanuts boxes produced by a factory is X ∼ N(µ, 22). Now
36 peanuts boxes are randomly selected with sample mean x̄ = 498 g and sample standard deviation s = 2.2 g.
(5.1) (1.5p) Does this sample provide any evidence that the average weigh µ of all such peanuts boxes is less than 500 g?
Answer this using appropriate one-sided 95% confidence interval.
(5.2) (1.5p) Does this sample provide any evidence that the average weigh µ of all such peanuts boxes is more than 490
g? Answer this using appropriate one-sided 95% confidence interval.

6 (3 points)

Assume that two populations X ∼ N(µX , σ2) and Y ∼ N(µY , σ
2) are independent. A sample from X gives:

n1 = 10, x̄ = 5.2 and sX = 1.6. A sample from Y gives: n2 = 18, ȳ = 3 and sY = 1.2.
(6.1) (1.5p) With a significance level 5%, test the hypotheses H0 : µX − µY = 2 against Ha : µX − µY > 2.
(6.2) (1.5p) With a significance level 5%, test the hypotheses H0 : σ2 = 1 against Ha : σ2 > 1.
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−

1
)s

2

χ
2α
/
2
(n
−

1
)
,

(n
−

1
)s

2

χ
21−
α
/
2
(n
−

1
) )

.

•
If

tw
o

in
d

ep
en

d
en

t
p

o
p

u
la

tio
n

s
X
∼
N

(µ
X
,σ

2
)

a
n

d
Y
∼
N

(µ
Y
,σ

2
),

a
n

d
σ

2
is

u
n

k
n

o
w

n
,

th
en

(n
1
+
n
2 −

2
)S

2

σ
2

∼
χ

2
(n

1
+
n

2 −
2
),

a
n

d

I
σ
2

=

(
(n

1
+
n

2 −
2
)s

2

χ
2α
/
2
(n

1
+
n

2 −
2
)
,

(n
1

+
n

2 −
2
)s

2

χ
21−
α
/
2
(n

1
+
n

2 −
2
) )

,

w
h

ere
S

2
=

(n
1 −

1
)S

2X
+

(n
2 −

1
)S

2Y
n
1
+
n
2 −

2
.

(1−
α
)

χ
2α
/
2 (n

−
1)

χ
21−
α
/
2 (n

−
1
)

χ
2(n

−
1
)

α
/2

α
/2

C
I-3

:
(1−

α
)

C
I

o
f

p
o
p

u
la

tio
n

p
ro

p
o
rtio

n
(s)

•
If

a
(la

rg
e)

p
o
p

u
la

tio
n

h
a
s

a
n

u
n

k
n

o
w

p
ro

p
o
rtio

n
p
,

th
en

P̂
−
p

√
p
(1−

p
)/
n
∼
N

(0
,1

)
if
n
p̂
≥

1
0

a
n

d

n
(1−

p̂
)≥

1
0

w
ith

p̂
=
x
/
n
,

a
n

d
I
p

=
p̂∓

z
α
/
2 · √

p̂
(1−

p̂
)

n
.

•
If

tw
o

in
d

ep
en

d
en

t
(la

rg
e)

p
o
p

u
la

tio
n

s
h

a
v
e

u
n

k
n

o
w

p
ro

p
o
rtio

n
s
p

1
a
n

d
p

2
,

th
en

(P̂
1 −

P̂
2
)−

(p
1 −

p
2
)

√
p
1
(1−

p
1
)

n
1

+
p
2
(1−

p
2
)

n
2

∼
N

(0
,1

)

if
n
i p̂
i ≥

1
0

a
n

d
n
i (1−

p̂
i )≥

1
0

fo
r
i

=
1
,2
,

a
n

d
I
p
1 −
p
2

=
(p̂

1 −
p̂

2
)∓

z
α
/
2 · √

p̂
1
(1−

p̂
1
)

n
1

+
p̂
2
(1−

p̂
2
)

n
2

.

7
.

H
y
p

o
th

e
sis

T
e
st

(H
T

)H
0

is
tru

e
H

0
is

fa
lse

a
n

d
θ

=
θ
1

reject
H

0
(ty

p
e

I
erro

r
o
r

sig
n

ifi
ca

n
ce

lev
el)

α
(p

o
w

er)
h

(θ
1
)

d
o
n

’t
reject

H
0

1−
α

(ty
p

e
II

erro
r)
β

(θ
1
)

=
1−

h
(θ

1
)

reject
H

0
⇔

T
S
∈
C
⇔

p
-v

a
lu

e<
α

χ
2

te
sts

fo
r

p
o
p

u
la

tio
n

s
(n

o
n

-p
a
ra

m
e
tric

te
sts)

S
u

p
p

o
se

th
a
t

fo
r

a
ra

n
d

o
m

sa
m

p
le

o
f

a
p

o
p

u
la

tio
n
X
,

th
e
n

elem
en

ts
o
f

it
a
re

cla
ssifi

ed
in

to
k

d
isjo

in
t

g
ro

u
p

s
A
i ,1
≤
i≤

k
.

F
o
r

ea
ch

g
ro

u
p
A
i ,1
≤
i≤

k
,

su
p

p
o
se

th
a
t

th
ere

a
re
N
i ,1
≤
i≤

k
elem

en
ts

in
sid

e.
L

et
p
i

=
P

(A
i )

a
ssu

m
in

g
a

g
iv

en
d

istrib
u

tio
n

o
f
X
.

N
o
te

th
a
t
p

1
+
p

2
+
...

+
p
k

=
1

a
n

d
N

1
+
N

2
+
...

+
N
k

=
n
.

O
n

e
w

a
n
ts

to
test

th
e

h
y
p

o
th

eses

H
0

:
P

(A
i )

=
p
i ,

1
≤
i≤

k
,

H
a

:
P

(A
i )6=

p
i

fo
r

so
m

e
1
≤
i≤

k
.
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If
n

is
la

rg
e

in
th

e
sen

se
th

a
t
n
p
i ≥

5
fo

r
a
ll

1
≤
i≤

k
,

th
en

th
e

test
sta

tistic
is

k
∑i=

1

(N
i −

n
p
i )

2

n
p
i

≈
χ

2
(k
−

1
).

T
h

erefo
re

th
e

o
b

serv
a
tio

n
o
f

th
e

test
sta

tistic
is

T
S

=
k
∑i=

1

(n
i −

n
p
i )

2

n
p
i

,
w

h
ere

n
i

is
th

e
o
b

serv
a
tio

n
o
f
N
i ,1
≤
i≤

k
.

F
o
r

th
e

critica
l

reg
io

n
C
,

o
n

e
ca

n
ta

k
e

(n
o
te

th
a
t

if
H

0
is

tru
e,

th
en

T
S

sh
o
u

ld
b

e
clo

se
to

zero
)

C
=

(χ
2α

(k
−

1
),
∞

).

T
h

e
co

n
clu

sio
n

w
o
u

ld
b

e
T
S
∈
C
⇐
⇒
H

0
is

rejected
.

8
.

L
in

e
a
r

a
n
d

lo
g
istic

re
g
re

ssio
n

(M
u
ltip

le
)
lin

e
a
r
r
e
g
r
e
ssio

n
:
Y

=
β

0
+
β

1
x

1
+
...

+
β
k
x
k

+
ε,

ε
∼
N

(0
,σ

2
).

•
Y

:
resp

o
n

se
v
a
ria

b
le

(w
h

ich
is

n
o
rm

a
l

r.v
.),

{
x

1
,...,x

k }
:

p
red

icto
rs

(w
h

ich
a
re

sca
la

rs).
•

sa
m

p
le:{

(x
1
1
,...,x

1
k
;y

1
),(x

2
1
,...,x

2
k
;y

2
)
...,(x

n
1
,...,x

n
k
;y
n

)}
.

•
h

o
w

to
estim

a
te
β
j
≈
β̂
j

:
lea

st
sq

u
a
re

m
eth

o
d

,
th

a
t

is,
to

m
in

im
ize
∑
ni=

1
(ŷ
i −

y
i )

2
,

w
h

ere
th

e
estim

a
ted

(m
u

ltip
le)

lin
ea

r
reg

ressio
n

lin
e
ŷ

is

ŷ
=
β̂

0
+
β̂

1
x

1
+
...

+
β̂
k
x
k
.

•
β̂
j −
β
j

s
e
(β̂
j
)
∼
T

(n
−
k
−

1
),

th
is

h
elp

s
d

eterm
in

e
w

h
eth

er
o
r

n
o
t

th
e

rea
l
β
j

=
0

?

•
σ

2
≈

S
S
E

n−
k−

1
,

th
is

g
iv

es
a
n

estim
a
tio

n
o
f

th
e

size
o
f

th
e

erro
r.

•
R

2
=

S
S
R

S
S
T
,

th
is

g
iv

es
h

o
w

w
ell

th
e

m
o
d

el
is

(if
R

2
≈

1
,

th
en

th
e

m
o
d

el
fi

ts
th

e
sa

m
p

le
v
ery

w
ell).

•
H

o
w

to
test

β
1

=
...

=
β
k

=
0

?
U

se
th

e
ra

n
d

o
m

v
a
ria

b
le

S
S
R
/
k

S
S
E
/
(n−

k−
1
)
∼
F

(k
,n
−
k
−

1
).

L
o
g
istic

r
e
g
r
e
ssio

n
:

L
et
Y

ca
n

o
n

ly
ta

k
e

0
o
r

1
w

ith
P

(Y
=

1
)

=
p

a
n

d
P

(Y
=

0
)

=
1−

p
,

E
(Y

)
=
p
(x

1
,...,x

k
)

=
e
β
0
+
β
1
x
1
+
...+

β
k
x
k

1
+
e
β
0
+
β
1
x
1
+
...+

β
k
x
k
.

•
Y

:
resp

o
n

se
v
a
ria

b
le

(w
h

ich
is

B
ern

o
u

lli
r.v

.
P

(Y
=

1
)

=
p

a
n

d
P

(Y
=

0
)

=
1−

p
,

so
E

(Y
)

=
p
),

{
x

1
,...,x

k }
:

p
red

icto
rs

(w
h

ich
a
re

sca
la

rs).
•

sa
m

p
le:{

(x
1
1
,...,x

1
k
;y

1
),(x

2
1
,...,x

2
k
;y

2
)
...,(x

n
1
,...,x

n
k
;y
n

)}
.

•
h

o
w

to
estim

a
te

β
j
≈

β̂
j

:
m

a
x
im

a
l

lik
elih

o
o
d

m
eth

o
d

(m
a
x
im

ize
∏
ni=

1
p
(x
i1
,...,x

ik
)
y
i(1
−

p
(x
i1
,...,x

ik
))

1−
y
i).

•
β̂
j −
β
j

s
e
(β̂
j
)
≈
N

(0
,1

)
fo

r
la

rg
e
n
≥

3
0
,

th
is

h
elp

s
d

eterm
in

e
w

h
eth

er
o
r

n
o
t

th
e

rea
l
β
j

=
0

?

•
C

la
ssifi

ca
tio

n
o
f

a
n

ew
o
b

ject
Y

(x
1
,...,x

k
)

a
s

1
o
r

0
a
cco

rd
in

g

Y
(x

1
,...,x

k
)

=

{
1
,

if
p̂
(x

1
,...,x

k
)≥

0
.5
,

0
,

if
p̂
(x

1
,...,x

k
)
<

0
.5
,

w
h

ere
th

e
estim

a
ted

lo
g
it

fu
n

ctio
n
p̂
(x

1
,...,x

k
)

is

p̂
(x

1
,...,x

k
)

=
e
β̂
0
+
β̂
1
x
1
+
...+

β̂
k
x
k

1
+
e
β̂
0
+
β̂
1
x
1
+
...+

β̂
k
x
k

.
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9
.

T
a
b
le

s

(9
.1

)
T

a
b

le
fo

r
N

(0
,1

)
sta

n
d

a
rd

n
o
rm

a
l

ra
n

d
o
m

v
a
ria

b
le

Φ
(x

)
=
P

(N
(0
,1

)≤
x

),
x
≥

0
.

T
h

ere
is

a
n

im
p

o
rta

n
t

rela
tio

n
Φ

(−
x

)
=

1−
Φ

(x
),

x
≥

0
.

x
0

1
2

3
4

5
6

7
8

9

0
.0

0
.5

0
0
0

0
.5

0
4
0

0
.5

0
8
0

0
.5

1
2
0

0
.5

1
6
0

0
.5

1
9
9

0
.5

2
3
9

0
.5

2
7
9

0
.5

3
1
9

0
.5

3
5
9

0
.1

0
.5

3
9
8

0
.5

4
3
8

0
.5

4
7
8

0
.5

5
1
7

0
.5

5
5
7

0
.5

5
9
6

0
.5

6
3
6

0
.5

6
7
5

0
.5

7
1
4

0
.5

7
5
3

0
.2

0
.5

7
9
3

0
.5

8
3
2

0
.5

8
7
1

0
.5

9
1
0

0
.5

9
4
8

0
.5

9
8
7

0
.6

0
2
6

0
.6

0
6
4

0
.6

1
0
3

0
.6

1
4
1

0
.3

0
.6

1
7
9

0
.6

2
1
7

0
.6

2
5
5

0
.6

2
9
3

0
.6

3
3
1

0
.6

3
6
8

0
.6

4
0
6

0
.6

4
4
3

0
.6

4
8
0

0
.6

5
1
7

0
.4

0
.6

5
5
4

0
.6

5
9
1

0
.6

6
2
8

0
.6

6
6
4

0
.6

7
0
0

0
.6

7
3
6

0
.6

7
7
2

0
.6

8
0
8

0
.6

8
4
4

0
.6

8
7
9

0
.5

0
.6

9
1
5

0
.6

9
5
0

0
.6

9
8
5

0
.7

0
1
9

0
.7

0
5
4

0
.7

0
8
8

0
.7

1
2
3

0
.7

1
5
7

0
.7

1
9
0

0
.7

2
2
4

0
.6

0
.7

2
5
7

0
.7

2
9
1

0
.7

3
2
4

0
.7

3
5
7

0
.7

3
8
9

0
.7

4
2
2

0
.7

4
5
4

0
.7

4
8
6

0
.7

5
1
7

0
.7

5
4
9

0
.7

0
.7

5
8
0

0
.7

6
1
1

0
.7

6
4
2

0
.7

6
7
3

0
.7

7
0
4

0
.7

7
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4

0
.7

7
6
4

0
.7

7
9
4

0
.7

8
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3

0
.7

8
5
2

0
.8

0
.7

8
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1

0
.7

9
1
0

0
.7

9
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9

0
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9
6
7

0
.7

9
9
5

0
.8

0
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3

0
.8

0
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1

0
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0
7
8

0
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1
0
6

0
.8

1
3
3

0
.9

0
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1
5
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0
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1
8
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0
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2
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0
.8

2
3
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0
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2
6
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0
.8

2
8
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0
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3
1
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0
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3
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0
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3
6
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0
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8
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1
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0
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0
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0
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0
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0
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0
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0
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