
TAMS11: Probability and Statistics
∣∣∣ Provkod: TENB

∣∣∣ 28 May 2024, 08:00-12:00

Examiner: Xiangfeng Yang (Tel: 013 28 57 88). Things allowed (Hjälpmedel): a calculator.
Scores rating (Betygsgränser): 8-11 points giving rate 3; 11.5-14.5 points giving rate 4; 15-18 points giving rate 5.
Write down all necessary steps in solutions in order to receive as many points as possible.

1 (3 points)

Suppose that a box contains 6 red balls and 8 blue balls. One now randomly takes 2 balls at once from the box. Define
the following three events:

A = {2 balls have same color},
B = {1 red ball and 1 blue ball},
C = {at least 1 red ball}.

(1.1) (1p) Find the probability P (A).
(1.2) (1p) Find the probability P (A ∩ C).
(1.3) (1p) Find the conditional probability P (B | C).

Solution. (1.1)

P (A) = P (2 balls are red) + P (2 balls are blue) =

(
6
2

)
(
14
2

) +

(
8
2

)
(
14
2

) =
15

91
+

28

91
=

43

91
= 0.4725.

(1.2)

P (A ∩ C) = P (2 balls are red) =

(
6
2

)
(
14
2

) =
15

91
= 0.1648.

(1.3)

P (B | C) =
P (B ∩ C)

P (C)
=

P (1 red ball and 1 blue ball)

1− P (no red ball)
=


6
1


·


8
1





14
2




1−


8
2





14
2




=
48
91

1− 28
91

=
48

63
=

16

21
= 0.7619.

2 (3 points)

During the period 2024.1.1-2024.5.27, suppose that 25% of all LiU students have visited IKEA Linköping.
(2.1) (1p) Among 10 randomly selected LiU students, what is the probability that there are at most 5 who have visited
IKEA Linköping during the period 2024.1.1-2024.5.27?
(2.2) (2p) Among 100 randomly selected LiU students, what is the probability that there are at most 35 who have
visited IKEA Linköping during the period 2024.1.1-2024.5.27?
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Solution. (2.1) Let X be the number of LiU students who have visited IKEA Linköping during the period
2024.1.1-2024.5.27 among these 10 randomly selected persons, then X ∼ Bin(10, 25%). Therefore

P (at most 5) = P (X ≤ 5) = (Binomial table) = 0.9803.

(2.2) Let Y be the number of LiU students who have visited IKEA Linköping during the period 2024.1.1-2024.5.27
among these 100 randomly selected persons, then Y ∼ Bin(100, 25%). Normal approximation to Binomial shall be used

P (at most 35) = P (Y ≤ 35) = P (N(100 · 25%, 100 · 25% · (1− 25%)) ≤ 35)

= P (N(25, 18.75) ≤ 35) = P (N(0, 1) ≤ 35− 25√
18.75

)

= P (N(0, 1) ≤ 2.31) = Φ(2.31) = 0.9896.

3 (3 points)

Lars is table tennis player, and he spends some time everyday for training. Let X denote the time (in hours) Lars
spends in one day for training. Assume that X is a continuous random variable with a probability density function:

f(x) =

{
x
8 , if 0 ≤ x ≤ 4,

0, otherwise.

(3.1) (1p) Find the mean µ = E(X) and variance σ2 = V (X) of X.
(3.2) (2p) Let X1, X2, . . . , X100 denote the times Lars spends for traning in 100 days, and assume that X1, X2, . . . , X100

are independent. Find the probability that the total training time in these 100 days is less than 280 hours, i.e.
P (X1 +X2 + . . .+X100 < 280).

Solution. (3.1)

µ = E(X) =

∫ 4

0

xf(x)dx =
1

8

∫ 4

0

x2dx =
1

8 · 3 [x
3]40 =

8

3
= 2.6667,

σ2 = V (X) = E(X2)− µ2 =

∫ 4

0

x2f(x)dx− (
8

3
)2 =

1

8 · 4 [x
4]40 − (

8

3
)2 = 8− 64

9
=

8

9
= 0.8889.

(3.2)

P (X1 +X2 + . . .+X100 < 280) = P (X̄ < 2.8) = P (
X̄ − µ

σ/
√
n

<
2.8− µ

σ/
√
n

)

= P (N(0, 1) <
2.8− 8

3√
8
9/

√
100

) = P (N(0, 1) <
28− 80

3√
8
9

) = P (N(0, 1) <
28 · 3− 80√

8
)

= P (N(0, 1) < 1.41) = Φ(1.41) = 0.9207.

4 (3 points)

(4.1) (1p) A discrete population X has the following distribution

X 1 5 8
p(x) (1− θ)/3 1/3 (1 + θ)/3

where θ is unknown. To estimate θ, a sample {x1, x2, . . . , xn} is taken from this population. Use the method of

moments to find a point estimate θ̂MM of θ.
(4.2) (2p) Another population Y is a continuous random variable with a probability density function

f(y) =
a

ya+1
, for y ≥ 1,

where a > 1 is unknown. A sample {y1, y2, . . . , yn} is taken from this population. Use the maximum-likelihood method
to find a point estimate âML of a.
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Solution. (4.1) The mean E(X) of the population can be computed as

E(X) = 1 · 1− θ

3
+ 5 · 1

3
+ 8 · 1 + θ

3
=

1

3
(14 + 7θ).

It is then from the equation E(X) = x̄ that

1

3
(14 + 7θ) = x̄ ⇒ θ̂MM =

3x̄− 14

7
.

(4.2) The likelihood function is

L(a) = f(y1) · f(y2) · . . . · f(yn) =
a

ya+1
1

· a

ya+1
2

· . . . · a

ya+1
n

=
an

(y1y2 . . . yn)a+1
.

The log likelihood function is then
lnL(a) = n ln(a)− (a+ 1) ln(y1y2 . . . yn).

The equation 0 = ln′ L(a) gives that

0 =
n

a
− ln(y1y2 . . . yn),

which implies that

âML =
n

ln(y1y2 . . . yn)
.

5 (3 points)

One wants to study waiting times for meals in 2 fast food restaurants: McDonald’s Tornby and Burger King Tornby.
(5.1) (1p) For McDonald’s Tornby, suppose that the distribution X of waiting times is X ∼ N(µx, σ

2) where µx is the
average waiting time. A sample is taken from X with n = 16, x̄ = 4.2 and sx = 2.2. Construct a 95% (two-sided)
confidence interval Iµx

of µx.
(5.2) (2p) For Burger King Tornby, suppose that the distribution Y of waiting times is Y ∼ Exp(µy) where µy (the
average waiting time) is the mean of Y. A sample is taken from Y with m = 36 and ȳ = 5.5. Construct a 95%
(two-sided) confidence interval Iµy of µy.

Solution. (5.1) This is Case 1.3, and the confidence interval is

Iµx = x̄∓ tα/2(n− 1)
sx√
n
= 4.2∓ t0.025(15)

2.2√
16

= 4.2∓ 2.13
2.2√
16

= 4.2∓ 1.1715 = (3.0285, 5.3715).

(5.2). This is Case 1.2, and the confidence interval is (because σ is unknown)

Iµy = ȳ ∓ zα/2
σ̂√
m

= 5.5∓ 1.96
5.5√
36

= 5.5∓ 1.7967 = (3.7033, 7.2967).

where we have used the fact that for exponential random variable σ = µ implying that σ̂ = µ̂ = x̄.

6 (3 points)

Suppose that a population X ∼ N(µ, 32), and a sample is taken from this population with n = 9, x̄ = 6.6 and sx = 3.3.
We want to test the following hypotheses with a significance level α = 5%,

H0 : µ = 6 against Ha : µ > 6,

(6.1) (1p) Is H0 rejected based on TS (observed test statistic under H0) and C (rejection region)?
(6.2) (1p) Is H0 rejected based on p-value?
(6.3) (1p) Find the power when the true value is µ = 7.
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Solution. (6.1) Since here σ2 is known, one has HT-1 (case 1.1) and

TS =
x̄− µ0

σ/
√
n

=
6.6− 6

3/
√
9

= 0.6, C = (zα, ∞) = (1.64, ∞),

and TS /∈ C, which implies that H0 is not rejected.
(6.2) In this case, one can calculate the p-value as

p-value = P (UL ≥ TS) = P (N(0, 1) ≥ 0.6) = 1− P (N(0, 1) < 0.6) = 1− Φ(0.6) = 1− 0.7257 = 0.2743.

Since p-value ≮ α, we do not reject H0.
(6.3) The power is computed as follows

h(7) = P (H0 is rejected when H0 is false and µ = 7) = P (TS ∈ C, when µ = 7)

= P

(
X̄ − µ0

σ/
√
n

> 1.64, when µ = 7

)
= P

(
X̄ − µ

σ/
√
n

> 1.64 +
(µ0 − µ)

σ/
√
n

, when µ = 7

)
= P (N(0, 1) > 0.64) = 1− P (N(0, 1) ≤ 0.64) = 1− Φ(0.64) = 1− 0.7389 = 0.2611.
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T
A

M
S

1
1
:

fo
rm

u
la

s
a
n

d
ta

b
le

s
—

b
y

X
ia

n
g
fen

g
Y

a
n

g

1
.

B
a
sic

p
ro

b
a
b
ility

(1
.1

)
C

o
n

d
itio

n
a
l

p
ro

b
a
b

ility
P

(A
|B

)
=

P
(A
∩
B

)
P

(B
)
.

(1
.2

)
T

o
ta

l
p

ro
b

a
b
ility

P
(B

)
=
∑
ki=

1
P

(B
|A
i )P

(A
i )

w
h

ere
{
A
i }

a
re

d
isjo

in
t

a
n

d
∪
ki=

1
A
i

=
S
.

(1
.3

)
B

a
y
es’

T
h

eo
rem

P
(A
j |B

)
=

P
(B
|A
j
)P

(A
j
)

∑
ki
=

1
P

(B
|A
i
)P

(A
i
)

w
h

ere
{
A
i }

a
re

in
(1

.2
).

2
.

R
a
n
d
o
m

v
a
ria

b
le

s
(r.v

.s)

(2
.1

)
D

iscrete
r.v

.
X

h
a
s

a
p

m
f
p
(x

)
=
P

(X
=
x

)
sa

tisfy
in

g
p
(x

)≥
0

a
n

d
∑
p
(x
i )

=
1
,

X
x
1

x
2

···
x
n

···
p
(x
)

p
(x

1 )
p
(x

2 )
···

p
(x
n
)

···

E
x
p

ecta
tio

n
(o

r
E
xpected

va
lu
e

o
r
m
ea
n

)
µ
X

=
E

(X
)

=
∑
x
i p

(x
i );

V
a
ria

n
ce
σ

2X
=
V

(X
)

=
E

(X
−
µ
X

)
2

=
E

(X
2
)−

µ
2X

=
∑
x

2i
p
(x
i )−

( ∑
x
i p

(x
i ))

2
.

(2
.2

)
C

o
n
tin

u
o
u

s
r.v

.
X

h
a
s

a
p

d
f
f

(x
)

sa
tisfy

in
g
f

(x
)≥

0
a
n

d
∫
∞−∞

f
(x

)d
x

=
1
,

P
(a
<
X
<
b)

=

∫
b

a
f

(x
)d
x
.

E
x
p

ecta
tio

n
(o

r
E
xpected

va
lu
e

o
r
m
ea
n

)
µ
X

=
E

(X
)

=
∫
∞−∞

x
f

(x
)d
x

;

V
a
ria

n
ce
σ

2X
=
V

(X
)

=
E

(X
−
µ
X

)
2

=
E

(X
2
)−

µ
2X

=
∫
∞−∞

x
2
f

(x
)d
x
−
(∫
∞−∞

x
f

(x
)d
x )

2
.

(2
.3

)
C

u
m

u
la

tiv
e

d
istrib

u
tio

n
fu

n
ctio

n
(cd

f)
o
f

a
r.v

.
X

is
F

(x
)

=
P

(X
≤
x

).
(2

.4
)
X

a
n

d
Y

a
re

r.v
.s,
a
,b

a
n

d
c

a
re

sca
la

rs,
th

en

E
(a
X

+
bY

+
c)

=
a
E

(X
)

+
bE

(Y
)

+
c,

V
(a
X

+
bY

+
c)

=
a

2
V

(X
)

+
b
2
V

(Y
)

+
2
a
b
co
v
(X
,Y

),

E
(g

(X
,Y

))
=

{
∑
i,j
g
(x
i ,y

j )·
p
(x
i ,y

j ),
fo

r
d

iscrete
(X
,Y

),
∫
∞−∞
∫
∞−∞

g
(x
,y

)·
f

(x
,y

)d
x
d
y
,

fo
r

co
n
tin

u
o
u

s
(X
,Y

).
.

(2
.5

)•
D

iscrete
r.v

.
(X
,Y

)
h

a
s

a
jo

in
t

p
m

f
p
(x
,y

)
sa

tisfy
in

g
p
(x
,y

)≥
0

a
n

d
∑
x
i ∑

y
i
p
(x
i ,y

i )
=

1
.

T
h

e
m
a
rgin

a
l
p
m
f

o
f
X

is
p
X

(x
)

=
∑
y
p
(x
,y

);

T
h

e
m
a
rgin

a
l
p
m
f

o
f
Y

is
p
Y

(y
)

=
∑
x
p
(x
,y

);
X

a
n

d
Y

a
re

in
d
epen

d
en

t
if
p
(x
,y

)
=
p
X

(x
)·
p
Y

(y
).

•
C

o
n
tin

u
o
u

s
r.v

.
(X
,Y

)
h

a
s

a
jo

in
t

p
d

f
p
(x
,y

)
sa

tisfy
in

g
f

(x
,y

)≥
0

a
n

d
∫
∞−∞
∫
∞−∞

f
(x
,y

)d
x
d
y

=
1
.

T
h

e
m
a
rgin

a
l
pd

f
o
f
X

is
f
X

(x
)

=
∫
∞−∞

f
(x
,y

)d
y
;

T
h

e
m
a
rgin

a
l
pd

f
o
f
Y

is
f
Y

(y
)

=
∫
∞−∞

f
(x
,y

)d
x

;

X
a
n

d
Y

a
re

in
d
epen

d
en

t
if
f

(x
,y

)
=
f
X

(x
)·
f
Y

(y
).

3
.

S
e
v
e
ra

l
sp

e
cia

l
r.v

.s

(3
.1

)
X
∼
B
in

(n
,p

)
h

a
s

a
p

m
f
p
(x

)
=
P

(X
=
x

)
=

(
nx )
·
p
x
·
(1−

p
)
n−

x
,

x
=

0
,1
,2
,...,n

.

E
(X

)
=
n
·
p
,

V
(X

)
=
n
·
p·

(1−
p
).

(3
.2

)
X
∼
P
o
(λ

)
h

a
s

a
p

m
f
p
(x

)
=
P

(X
=
x

)
=

e −
λ
λ
x

x
!

,
x

=
0
,1
,2
,....

E
(X

)
=
λ
,

V
(X

)
=
λ
.

(3
.3

)
X
∼
H
y
p
er
g
eo
m
etr
ic

h
a
s

a
p

m
f
p
(x

)
=
P

(X
=
x

)
=

(
Mx

)
(
N
−
M

n
−
x

)

(
Nn

)
.

(3
.4

)
X
∼
E
x
p
(λ

)
h

a
s

a
p

d
f

f
(x

)
=

{
λ
e −
λ
x
,
x
≥

0
,

0
,

o
th

erw
ise.

E
(X

)
=

1λ
,

V
(X

)
=
(

1λ )
2
.

(3
.5

)
X
∼
N

(µ
,σ

2
)

h
a
s

a
p

d
f

f
(x

)
=

1

σ √
2
π
e −

(
x
−
µ
)
2

2
σ
2

,−
∞
<
x
<
∞
.

E
(X

)
=
µ
,

V
(X

)
=
σ

2
.

(3
.6

)
X
∼
U

(a
,b)

h
a
s

a
p

d
f

f
(x

)
=

{
1
b−
a
,
a
<
x
<
b,

0
,

o
th

erw
ise.

E
(X

)
=

a
+
b

2
,

V
(X

)
=

(b−
a
)
2

1
2

.
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.

C
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T
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N

(0
,1
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(1

)
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