
TAMS11: Probability and Statistics
∣∣∣ Provkod: TENB

∣∣∣ 23 August 2024, 14:00-18:00

Examiner: Xiangfeng Yang (Tel: 013 28 57 88). Things allowed (Hjälpmedel): a calculator.
Scores rating (Betygsgränser): 8-11 points giving rate 3; 11.5-14.5 points giving rate 4; 15-18 points giving rate 5.
Write down all necessary steps in solutions in order to receive as many points as possible.

1 (3 points)

Let us throw a fair die and define two events: A = {1, 2, 3} and B = {2, 4}.
(1.1) (1p) Find the probability P (A ∪B).
(1.2) (1p) Find the conditional probability P (A|B).
(1.3) (1p) Are the two events A and B independent? Why?

Solution. (1.1)

P (A ∪B) = P ({1, 2, 3, 4}) = 4

6
=

2

3
= 0.6667.

(1.2)

P (A|B) =
P (A ∩B)

P (B)
=

P ({2})
P (B)

1/6

2/6
=

1

2
= 0.5.

(1.3) It is clear that P (A ∩B) = P ({2}) = 1/6, therefore it holds that

P (A ∩B) = P (A) · P (B) =
1

2
· 1
3
.

This implies that A and B are independent!

2 (3 points)

Let X1 ∼ N(1.2, 22), X2 ∼ N(1.2, 22) and X3 ∼ N(1.2, 22) be three independent normal random variables.
(2.1) (1p) Find the mean E(X1 + 2X2 + 3X3).
(2.2) (1p) Find the variance V (X1 + 2X2 + 3X3).
(2.3) (1p) Find the probability P (X1 +X2 +X3 ≤ 4).

Solution. (2.1) It is from the expectation formula that

E(X1 + 2X2 + 3X3) = E(X1) + 2E(X2) + 3E(X3) = 1.2 + 2 · 1.2 + 3 · 1.2 = 7.2.

(2.2) It is from the variance formula that

V (X1 + 2X2 + 3X3) = V (X1) + 22V (X2) + 33V (X3) = 4 + 22 · 4 + 32 · 4 = 56.

(2.3) It is from CLT (ii) that

P (X1 +X2 +X3 ≤ 4) = P (X̄ ≤ 4

3
) = P (

X̄ − µ

σ/
√
n

≤
4
3 − µ

σ/
√
n
)

= P (N(0, 1) ≤
4
3 − 1.2

2/
√
3

) = P (N(0, 1) ≤ 0.12)

= Φ(0.12) = 0.5478.
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3 (3 points)

Let X be a random variable with a probability mass function as follows

X 1 2 3 4 5
p(x) 0.1 c1 0.15 0.25 c2

(3.1) (1p) If one knows P (X < 3) = 0.5, find the values c1 =? and c2 =?
(3.2) (2p) Find the mean E(X) and the variance V (X).

Solution. (3.1) It is from the fact 0.1 + c1 + 0.15 + 0.25 + c2 = 1 that c1 + c2 = 0.5. Now it is from P (X < 3) = 0.5 that
0.1 + c1 = 0.5, which gives c1 = 0.4, so c2 = 0.1.
(3.2)

µ = E(X) = 1 · 0.1 + 2 · 0.4 + 3 · 0.15 + 4 · 0.25 + 5 · 0.1 = 2.85

V (X) = E(X2)− µ2 = (12 · · · 0.1 + 22 · 0.4 + 32 · 0.15 + 42 · 0.25 + 52 · 0.1)− 2.852

= 9.55− 2.852 = 1.4275.

4 (3 points)

A population X ∼ Bin(n, p) is a Binomial random variable with two unknown parameters n and p. A sample {1, 3} is
taken from this population. Find point estimates n̂MM and p̂MM of n and p based on the method of moments.
(Hint: For two unknown parameters in population, the method of moments usually reads as

E(X) = x̄, and E(X2) =
1

n

n∑
i=1

x2
i , where x1 = 1, x2 = 3 and n = 2.

The formula V (X) = E(X2)− (E(X))2 might be also useful.)

Solution. We can easily compute x̄ = 1+3
2 = 2 and 1

n

∑n
i=1 x

2
i = 1

2 (1
2 + 32) = 5. The first equation E(X) = x̄ gives

np = 2.

The second equation E(X2) = 1
n

∑n
i=1 x

2
i gives (keep in mind that E(X2) = V (X) + (E(X))2 = np(1− p) + (np)2)

np(1− p) + (np)2 = 5.

Now we insert np = 2 to np(1− p) + (np)2 = 5, and it follows that

2(1− p) + 22 = 5 =⇒ p = 0.5.

Inserting p = 0.5 in np = 2 implies that n = 4. Therefore

n̂MM = 4, p̂MM = 0.5.

5 (3 points)

A population X ∼ N(µ, σ2) is a normal random variable with unknown µ and σ2. To estimate these two parameters, a
sample is taken from X with n = 16, x̄ = 4.2 and s = 2.2.
(5.1) (1p) Find reasonable point estimates µ̂ and σ̂2 of µ and σ2.
(5.2) (1p) Does the sample provide any evidence that µ < 5 ? Answer this by constructing an one-sided 95% confidence
interval of µ in the form Iµ = (−∞, b).
(5.3) (1p) Does the sample provide any evidence that σ2 > 4 ? Answer this by constructing an one-sided 95% confidence
interval of σ2 in the form Iσ2 = (a,+∞).
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Solution. (5.1)
µ̂ = x̄ = 4.2, σ̂2 = s2 = 2.22 = 4.84.

(5.2)

Iµ = (−∞, x̄+ tα(n− 1) · s√
n
) = (−∞, 4.2 + 1.75 · 2.2√

16
) = (−∞, 5.1625).

(5.2).

Iσ2 = (
(n− 1)s2

χ2
α(n− 1)

,+∞) = (
(16− 1) · 2.22

25
,+∞) = (2.904,+∞).

6 (3 points)

Lars bought a die (whose six sides are denoted as 1, 2, 3, 4, 5 and 6), but he suspects that the die is NOT fair. To test
this, he threw the die 300 times and obtained the following results:

Observations 1 2 3 4 5 6
Frequencies 46 56 32 60 50 56

Lars is going to use χ2 test with a significance level α = 5% to check if the above results provide any evidence that the
die is not fair.
(6.1) (1p) Write down appropriate H0 and Ha.
(6.2) (2p) Is H0 rejected based on TS (observed test statistic under H0) and C (rejection region)?

Solution. (6.1) If we use p(i) to denote the probability that the die shows i, then

H0 : the die is fair (i.e. p(1) = p(2) = p(3) = p(4) = p(5) = p(6) = 1/6)

Ha : the die is not fair (i.e. some p(i) ̸= 1/6)

(6.2) With n = 300 and pi = p(i), it follows that

TS =

6∑
i=1

(ni − npi)
2

npi
=

(46− 300 · 1/6)2
300 · 1/6 +

(56− 300 · 1/6)2
300 · 1/6 +

(32− 300 · 1/6)2
300 · 1/6

+
(60− 300 · 1/6)2

300 · 1/6 +
(50− 300 · 1/6)2

300 · 1/6 +
(56− 300 · 1/6)2

300 · 1/6 =
512

50
= 10.24.

The rejection region is
C = (χ2

α(k − 1),+∞) = (χ2
0.05(6− 1),+∞) = (11.07,+∞).

Since TS /∈ C, we do NOT reject H0. Namely, the results do not give any evidence that the die is not fair.
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(A
∩
B

)
P

(B
)
.

(1
.2

)
T

o
ta

l
p

ro
b

a
b
ility

P
(B

)
=
∑
ki=

1
P

(B
|A
i )P

(A
i )

w
h

ere
{
A
i }

a
re

d
isjo

in
t

a
n

d
∪
ki=

1
A
i

=
S
.

(1
.3

)
B

a
y
es’

T
h

eo
rem

P
(A
j |B
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=
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∑
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=
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(r.v

.s)

(2
.1

)
D

iscrete
r.v
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X
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)
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P
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x

)
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(x
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0

a
n
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∑
p
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i )

=
1
,
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x
1

x
2
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n

···
p
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)
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p
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)
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X
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∑
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(x
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V

(X
)

=
E

(X
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µ
X

)
2
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E

(X
2
)−

µ
2X
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∑
x

2i
p
(x
i )−

( ∑
x
i p

(x
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2
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∞−∞
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1
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=

∫
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)
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∞−∞

x
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(x
)d
x

;

V
a
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n
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σ

2X
=
V

(X
)

=
E

(X
−
µ
X

)
2

=
E

(X
2
)−

µ
2X

=
∫
∞−∞

x
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f

(x
)d
x
−
(∫
∞−∞

x
f
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)d
x )

2
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)
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P
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≤
x
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(2
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)
X

a
n

d
Y

a
re

r.v
.s,
a
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a
n

d
c

a
re
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th

en

E
(a
X

+
bY

+
c)

=
a
E

(X
)

+
bE

(Y
)

+
c,

V
(a
X

+
bY

+
c)

=
a

2
V

(X
)

+
b
2
V

(Y
)

+
2
a
b
co
v
(X
,Y

),

E
(g

(X
,Y

))
=

{
∑
i,j
g
(x
i ,y

j )·
p
(x
i ,y

j ),
fo

r
d

iscrete
(X
,Y
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∫
∞−∞
∫
∞−∞

g
(x
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)·
f

(x
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)d
x
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y
,
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r
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n
tin
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o
u

s
(X
,Y

).
.

(2
.5
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D
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.
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h
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p
X

(x
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.
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;
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)
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3
.

S
e
v
e
ra

l
sp

e
cia

l
r.v

.s

(3
.1

)
X
∼
B
in

(n
,p

)
h

a
s

a
p

m
f
p
(x

)
=
P

(X
=
x

)
=

(
nx )
·
p
x
·
(1−

p
)
n−

x
,

x
=
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t
α
/
2
(n
−

1
)·

s
√
n
.

C
I-1
′:

(1−
α
)

C
I

o
f

th
e

d
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e
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n
c
e

o
f
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o

p
o
p

u
la

tio
n

m
e
a
n

s
µ
X
−
µ
Y

ca
se

1
.1 ′

(a
n
y
n

1
,n

2
)

If
in

d
ep

en
d

en
t

p
o
p

u
la

tio
n

s
X
∼
N

(µ
X
,σ

2X
),Y
∼
N

(µ
Y
,σ

2Y
),

a
n

d
σ

2X
,σ

2Y
a
re

k
n

o
w

n
,

th
en

(X̄
−
Ȳ

)−
(µ
X
−
µ
Y

)
√
σ
2X
n
1

+
σ
2Y
n
2

∼
N

(0
,1

),
a
n

d
I
µ
X
−
µ
Y

=
(x̄
−
ȳ
)∓

z
α
/
2 · √

σ
2X
n
1

+
σ
2Y
n
2
.

ca
se

1
.2 ′

(n
1
,n

2
≥

3
0
)

F
o
r

a
n
y

in
d

ep
en

d
en

t
p

o
p

u
la

tio
n

s
X

a
n

d
Y
,

it
h

o
ld

s
th

a
t

(X̄
−
Ȳ

)−
(µ
X
−
µ
Y

)
√
σ
2X
n
1

+
σ
2Y
n
2

∼
N

(0
,1

)
a
n

d

I
µ
X
−
µ
Y

=
(x̄
−
ȳ
)∓

z
α
/
2 · √

σ
2X
n
1

+
σ
2Y
n
2

o
r
I
µ
X
−
µ
Y

=
(x̄
−
ȳ
)∓

z
α
/
2 · √

σ̂
2X
n
1

+
σ̂
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n
2
.

ca
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1
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n
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2
)
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d
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t
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p

u
la
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∼

N
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X
,σ
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),Y
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,σ
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),

w
h

ere

σ
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u
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σ
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σ
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,
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−
Ȳ
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X
−
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S √
1n1

+
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∼
T
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1

+
n

2 −
2
),

w
h

ere
S

2
=
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1
)S
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+
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1
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n
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d

I
µ
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−
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t
α
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1
+
n

2 −
2
)·
s √
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+

1n2
.

(1−
α
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z
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α
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α
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α
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−
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T
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−
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α
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C
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:
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α
)

C
I

o
f

p
o
p

u
la
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v
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n
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e
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σ
2

•
If

a
p

o
p

u
la
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n
X
∼
N
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,σ

2
)

a
n

d
σ

2
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u
n

k
n

o
w

n
,
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∼
χ
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−

1
),

a
n
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I
σ
2

=
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−

1
)s

2

χ
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−
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2

χ
21−
α
/
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−
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.

•
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tw
o
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d

ep
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d
en

t
p

o
p

u
la
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n

s
X
∼
N

(µ
X
,σ

2
)

a
n

d
Y
∼
N
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Y
,σ

2
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a
n

d
σ

2
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u
n

k
n

o
w

n
,
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+
n
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2
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σ
2

∼
χ

2
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+
n
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2
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n

d

I
σ
2

=

(
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1
+
n

2 −
2
)s

2

χ
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/
2
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1
+
n
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+
n

2 −
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χ
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α
/
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+
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S
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=
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1 −

1
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+
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1
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n
1
+
n
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2
.
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α
)

χ
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/
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−
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χ
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−
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)

χ
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−
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)

α
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α
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C
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)

C
I
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p
o
p

u
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n

p
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p
o
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n
(s)

•
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a
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p
o
p

u
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n
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w
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o
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n
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,
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√
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N
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p̂∓

z
α
/
2 · √
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p
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√
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H
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H
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p
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=
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p
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p
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≤
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≤
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≤
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p
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+
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=
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p
i

fo
r

so
m

e
1
≤
i≤

k
.

2/9



If
n

is
la

rg
e

in
th
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k
.

F
o
r

th
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H
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=
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∞
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e
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b
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b
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−
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e
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=
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=
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=
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.
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b
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=
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p
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.
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≥
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=
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r
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=
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<
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