
TAMS11: Probability and Statistics
∣∣∣ Provkod: TENB

∣∣∣ 13 January 2025, 08:00-12:00

Examiner: Xiangfeng Yang (Tel: 013 28 57 88). Things allowed (Hjälpmedel): a calculator.
Scores rating (Betygsgränser): 8-11 points giving rate 3; 11.5-14.5 points giving rate 4; 15-18 points giving rate 5.
Write down all necessary steps in solutions in order to receive as many points as possible.

1 (3 points)

Canary Islands are favorite holiday destinations in winter for Swedes. Tenerife and Gran Canaria are two main islands
in Canary Islands. Suppose that 70% Swedes have been to Tenerife, 80% Swedes have been to Gran Canaria, and 60%
Swedes have been to both Tenerife and Gran Canaria.
(1.1) (1p) Find the probability that a randomly selected Swede has been to at least one of the two main islands
(Tenerife and Gran Canaria)?
(1.2) (1p) Find the probability that a randomly selected Swede has been to exactly one of the two main islands
(Tenerife and Gran Canaria)?
(1.3) (1p) Given that a randomly selected Swede has been to Tenerife, find the probability that the Swede has been to
Gran Canaria as well.

Solution. (1.1) Let

T = {a randomly selected Swede has been to Tenerife}
G = {a randomly selected Swede has been to Gran Canaria}

It is from the conditions that P (T ) = 70%, P (G) = 80% and P (T ∩G) = 60%. Therefore

P (a randomly selected Swede has been to at least one of the two main islands)

= P (T ∪G) = P (T ) + P (G)− P (T ∩G) = 70% + 80%− 60% = 90%.

(1.2)

P (a randomly selected Swede has been to exactly one of the two main islands)

= P (T ∩G′) + P (T ′ ∩G) = [P (T )− P (T ∩G)] + [P (G)− P (T ∩G)]

= [70%− 60%] + [80%− 60%] = 10% + 20% = 30%.

(1.3)

P (G | T ) = P (G ∩ T )

P (T )
=

60%

70%
=

6

7
= 0.857.

2 (3 points)

Let (X,Y ) be a two dimensional random variable with a joint probability density function f(x, y) as follows:

f(x, y) =

{
x− y, if 1 ≤ x ≤ 2 and 0 ≤ y ≤ 1

0, otherwise.

(2.1) (1p) Find the probability P (X − Y ≤ 1).
(2.2) (1p) Find the mean E(X) of X.
(2.3) (1p) Are X and Y independent? Why?

Solution. (2.1) Better to draw a graph in order to see clearly the integral bounds.

P (X − Y ≤ 1) =

∫ 2

1

(∫ 1

x−1

(x− y)dy

)
dx =

∫ 2

1

[
xy − 1

2
y2
]y=1

y=x−1

dx =

∫ 2

1

(x− 1

2
x2)dx

=

[
1

2
x2 − 1

6
x3

]2
1

=
1

3
.
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(2.2) We first find the probability density function fX(x) of X as follows

fX(x) =

∫ 1

0

f(x, y)dy =

∫ 1

0

(x− y)dy =

[
xy − 1

2
y2
]y=1

y=0

= x− 1

2
.

Therefore,

E(X) =

∫ 2

1

xfX(x)dx =

∫ 2

1

x(x− 1

2
)dx =

∫ 2

1

(x2 − 1

2
x)dx =

[
1

3
x3 − 1

4
x2

]2
1

=
19

12
= 1.583.

(2.3) The two marginal probability density functions fX(x) and fY (y) can be found as follows:

fX(x) =

∫ 1

0

f(x, y)dy =

∫ 1

0

(x− y)dy =

[
xy − 1

2
y2
]y=1

y=0

= x− 1

2
,

fY (y) =

∫ 2

1

f(x, y)dx =

∫ 2

1

(x− y)dx =

[
1

2
x2 − xy

]x=2

x=1

=
3

2
− y.

It is clear that f(x, y) ̸= fX(x) · fY (y), therefore X and Y are NOT independent.

3 (3 points)

Suppose that the tips (Svenska: dricks) that a waiter in a certain restaurant follow a distribution X with a mean 20
SEK and a standard deviation 10 SEK. Assume that tips from customers are independent. Find the probability that a
waiter receives at most 2200 SEK tips for the next 100 customers.

Solution. Let Xi, 1 ≤ i ≤ 100 denote the tips from the next 100 customers. According to the conditions,
µ = E(Xi) = 10 and σ2 = V (Xi) = 102.

P (a waiter receives at most 2200 SEK tips for the next 100 customers)

= P (X1 +X2 + . . .+X100 ≤ 2200) = P (X̄ ≤ 2200

100
)

= P (
X̄ − µ

σ/
√
n

≤ 22− 20

10/
√
100

) = P (N(0, 1) ≤ 2) = Φ(2) = 0.9772.

4 (3 points)

Let a population X be continuous with a probability density function f(x) = θ · xθ−1 for 0 < x < 1, where θ > 0 is an
unknown parameter. Suppose that a sample {0.51, 0.18, 0.63} is taken from this population.

(4.1) (1p) Find a point estimate θ̂MM of θ based on the method of moments.

(4.2) (2p) Find a point estimate θ̂ML of θ based on the maximum-likelihood method.

Solution. (4.1) We can easily compute x̄ = 0.51+0.18+0.63
3 = 0.44. The first equation is E(X) = x̄, where the population

mean E(X) can be computed as

E(X) =

∫ ∞

−∞
x · f(x)dx =

∫ 1

0

x · θ · xθ−1dx = θ/(θ + 1).

Therefore E(X) = x̄ directly gives

θ̂MM = x̄/(1− x̄) = 0.44/(1− 0.44) = 0.7857.

(4.2) The likelihood function is

L(θ) = f(x1) · f(x2) · . . . · f(xn) = θ · xθ−1
1 · . . . · θ · xθ−1

n = θn · (x1x2 . . . xn)
θ−1.
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In order to find a point θ̂ML maximizing L(θ), let us first take

lnL(θ) = n ln θ + (θ − 1) ln(x1x2 . . . xn).

Now taking derivative and setting it as zero give

0 = ln′ L(θ) = n/θ + ln(x1x2 . . . xn) =⇒ θ̂ML = −n/ ln(x1x2 . . . xn) = −3/ ln(0.51 · 0.18 · 0.63) = 1.0526.

5 (3 points)

The distribution X of temperatures (unit: °C degree Celsius) in a certain region on 13 January 2025 at 8:00 is assumed
to be a normal random variable X ∼ N(µ, σ2). In order to estimate the average temperature µ in this region, a sample
of measured temperatures is given with: sample size 16, sample mean −5 °C and sample standard deviation 1.2 °C.
Construct a two-sided 95% confidence interval of µ.

Solution. This is Case 1.3, and the confidence interval is

Iµ = x̄∓ tα/2(n− 1)
s√
n
= −5∓ t0.025(15)

1.2√
16

= −5∓ 2.13
1.2√
16

= −5∓ 0.639 = (−5.639, −4.361).

6 (3 points)

A sample with sample size n is to be taken from a population X ∼ N(µ, 2.12), and one wants to test the hypotheses
H0 : µ = 6.2 against Ha : µ < 6.2. For this test, in order to make Type-I error α to be 0.025, and Type-II error β(4.2) to
be at most 0.01 for µ = 4.2, how large should n be?

Solution. Since the population is X ∼ N(µ, 2.12), it follows from Ha : µ < 6.2 and Type-I error α = 0.025 that the
rejection region C is

C = (−∞,−zα) = (−∞,−1.96).

Then the Type-II error β(4.2) can be computed as follows:

β(4.2) = P (H0 is not rejected when H0 is false and µ = 4.2) = P (TS /∈ C, when µ = 4.2)

= P

(
X̄ − µ0

σ/
√
n

> −1.96, when µ = 4.2

)
= P

(
X̄ − µ

σ/
√
n

> −1.96 +
(µ0 − µ)

σ/
√
n

, when µ = 4.2

)
= P (N(0, 1) > −1.96 +

2
√
n

2.1
).

The Type-II error β(4.2) is at most 0.01, therefore

β(4.2) = P (N(0, 1) > −1.96 +
2
√
n

2.1
) ≤ 0.01

⇐⇒1− β(4.2) = 1− P (N(0, 1) > −1.96 +
2
√
n

2.1
) = P (N(0, 1) ≤ −1.96 +

2
√
n

2.1
) ≥ 0.99

⇐⇒− 1.96 +
2
√
n

2.1
≥ 2.33 ( because P (N(0, 1) ≤ 2.33) = 0.99)

⇐⇒n ≥
(
(2.33 + 1.96) · 2.1

2

)2

= 4.50452 = 20.2905.
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P

(A
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=

P
(A
∩
B
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P
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.
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T
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P
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S
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B
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h
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P
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j |B
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P
(B
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j
)P

(A
j
)

∑
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=

1
P

(B
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i
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(A
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)

w
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{
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(1
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.

R
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)
D
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X
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)
=
P

(X
=
x

)
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g
p
(x

)≥
0

a
n

d
∑
p
(x
i )

=
1
,

X
x
1

x
2

···
x
n

···
p
(x
)

p
(x

1 )
p
(x

2 )
···

p
(x
n
)

···

E
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(o

r
E
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va
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e

o
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)
µ
X

=
E

(X
)

=
∑
x
i p

(x
i );

V
a
ria

n
ce
σ

2X
=
V

(X
)

=
E

(X
−
µ
X

)
2

=
E

(X
2
)−

µ
2X

=
∑
x

2i
p
(x
i )−

( ∑
x
i p

(x
i ))

2
.

(2
.2

)
C

o
n
tin

u
o
u

s
r.v

.
X

h
a
s

a
p

d
f
f

(x
)

sa
tisfy

in
g
f

(x
)≥

0
a
n

d
∫
∞−∞

f
(x

)d
x

=
1
,

P
(a
<
X
<
b)

=

∫
b

a
f

(x
)d
x
.

E
x
p

ecta
tio

n
(o

r
E
xpected

va
lu
e

o
r
m
ea
n

)
µ
X

=
E

(X
)

=
∫
∞−∞

x
f

(x
)d
x

;

V
a
ria

n
ce
σ

2X
=
V

(X
)

=
E

(X
−
µ
X

)
2

=
E

(X
2
)−

µ
2X

=
∫
∞−∞

x
2
f

(x
)d
x
−
(∫
∞−∞

x
f

(x
)d
x )

2
.

(2
.3

)
C

u
m

u
la
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e
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istrib
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n
(cd

f)
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r.v

.
X
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F

(x
)

=
P

(X
≤
x

).
(2

.4
)
X
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d
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a
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r.v
.s,
a
,b

a
n

d
c

a
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rs,
th

en

E
(a
X

+
bY

+
c)

=
a
E

(X
)

+
bE

(Y
)

+
c,

V
(a
X

+
bY

+
c)

=
a

2
V

(X
)

+
b
2
V

(Y
)

+
2
a
b
co
v
(X
,Y

),

E
(g

(X
,Y

))
=

{
∑
i,j
g
(x
i ,y

j )·
p
(x
i ,y

j ),
fo
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d

iscrete
(X
,Y
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∫
∞−∞
∫
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g
(x
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y
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n
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).
.

(2
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=
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1
.

T
h

e
m
a
rgin

a
l
pd

f
o
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(x
)

=
∫
∞−∞
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(x
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)d
y
;
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h

e
m
a
rgin

a
l
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f
o
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is
f
Y
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)

=
∫
∞−∞
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(x
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;
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,y

)
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f
X

(x
)·
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Y
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).
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.
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=
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=
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=
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=
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p
).
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√
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√
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∓
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√
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∓
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∓
z
α
/
2 ·

σ̂
√
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∓
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√
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p
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√
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≥
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−
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√
σ
2X
n
1

+
σ
2Y
n
2

∼
N

(0
,1

)
a
n

d

I
µ
X
−
µ
Y

=
(x̄
−
ȳ
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)∓

z
α
/
2 · √
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∼
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−
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+
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=
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+
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p

u
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−
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=
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−
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−
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.
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+
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+
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=
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+
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+
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+
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=
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+
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+
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p
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=

{
1
,

if
p̂
(x

1
,...,x

k
)≥
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