
TAMS11: Probability and Statistics
∣∣∣ Provkod: TENB

∣∣∣ 27 March 2025, 08:00-12:00

Examiner: Xiangfeng Yang (Tel: 013 28 57 88). Things allowed (Hjälpmedel): a calculator.
Scores rating (Betygsgränser): 8-11 points giving rate 3; 11.5-14.5 points giving rate 4; 15-18 points giving rate 5.
Write down all necessary steps in solutions in order to receive as many points as possible.

1 (3 points)

A factory produces plenty of small calculators. Among all defective calculators, 20% have only hardware errors, 70%
have only software errors, and 10% have both hardware and software errors.
(1.1) (1p) Find the probability that a randomly selected defective calculator has hardware errors.
(1.2) (1p) Find the probability that a randomly selected defective calculator has at least one of hardware and software
errors.
(1.3) (1p) Given that a randomly selected defective calculator has hardware errors, find the probability that the
defective calculator has also software errors.

Solution. (1.1) Let

H = {a randomly selected defective calculator has hardware errors}
S = {a randomly selected defective calculator has software errors}

It is from the conditions that

P (H) = 20% + 10% = 30%, P (S) = 70% + 10% = 80%, P (H ∩ S) = 10%.

(1.2)

P (a randomly selected defective calculator has at least one)

= P (H ∪ S) = P (H) + P (S)− P (H ∩ S) = 30% + 80%− 10% = 100%.

(1.3)

P (S | H) =
P (S ∩H)

P (H)
=

10%

30%
=

1

3
= 0.333.

2 (3 points)

Let (X,Y ) be a two dimensional discrete random variable with the following joint probability mass function

X\Y 5 10 15
1 0.10 0.20 0.18
2 0.15 0.05 0.32

The table tells that X takes values 1 and 2, and Y takes values 5, 10 and 15.
(2.1) (1p) Find the probability P (X + Y ≥ 8).
(2.2) (1p) Find the mean E(X) of X, and the variance V (Y ) of Y.
(2.3) (1p) Are X and Y independent? Why?

Solution. (2.1)

P (X + Y ≥ 8) = p(1, 10) + p(1, 15) + p(2, 10) + p(2, 15) = 0.20 + 0.18 + 0.05 + 0.32 = 0.75.

(2.2) Marginal pmfs can be found as follows

X 1 2
pX(x) 0.48 0.52

Y 5 10 15
pY (y) 0.25 0.25 0.50
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Therefore,

E(X) =
∑
x

x · pX(x) = 1 · 0.48 + 2 · 0.52 = 1.52.

V (Y ) = E(Y 2)− (E(Y ))2 =
∑
y

y2 · pY (y)− (
∑
y

y · pY (y))2

= (52 · 0.25 + 102 · 0.25 + 152 · 0.5)− (5 · 0.25 + 10 · 0.25 + 15 · 0.5)2

= 143.75− 11.252 = 143.75− 126.5625 = 17.1875.

(2.3) X and Y are NOT independent, since p(x, y) ̸= pX(x) · pY (y). For example,

0.10 = p(1, 5) ̸= pX(1) · pY (5) = 0.48 · 0.25 = 0.12.

3 (3 points)

A battery manufacturer claims that the distribution X of lifetimes of a certain type of batteries has a mean 40 hours
and a standard deviation 5 hours. Find the probability that the average lifetime of 100 randomly selected such batteries
is less than 39.5 hours.

Solution. Let Xi, 1 ≤ i ≤ 100 denote the lifetimes. According to the conditions, µ = E(Xi) = 40 and σ2 = V (Xi) = 52.

P (average lifetime is less than 39.5 hours)

= P (
X1 +X2 + . . .+X100

n
< 39.5) = P (X̄ < 39.5)

= P (
X̄ − µ

σ/
√
n

<
39.5− 40

5/
√
100

) = P (N(0, 1) < −1) = Φ(−1) = 1− Φ(1) = 1− 0.8413 = 0.1587.

4 (3 points)

(4.1) (1p) A coin has two sides (“Head” denoted as 1 and “Tail” denoted as 0). Let X be the distribution of the two
sides, and assume that P (X = 1) = p and P (X = 0) = 1− p. To determine whether or not the coin is fair, one tosses
the coin 10 times with the following results:

{1, 1, 0, 1, 0, 0, 0, 1, 1, 0}

Find a point estimate p̂MM of p based on the method of moments.
(4.2) (2p) Let Y denote the distribution of weights of a certain type of apples from Sweden and assume that Y is normal
Y ∼ N(100, σ2). To estimate σ, a sample {y1, y2, . . . , yn} is taken from Y. Find a point estimate σ̂ML of σ based on the
maximum-likelihood method.

Solution. (4.1) We can easily compute the sample mean x̄ = 1+1+0+1+0+0+0+1+1+0
10 = 0.5. The first equation of MM is

E(X) = x̄, where the population mean E(X) can be computed as

E(X) = 1 · p+ 0 · (1− p) = p.

Therefore E(X) = x̄ directly gives p̂MM = x̄ = 0.5.
(4.2) The likelihood function is

L(σ) = f(y1) · f(y2) · . . . · f(yn) =
1

σ
√
2π

e−
(y1−100)2

2σ2 · 1

σ
√
2π

e−
(y2−100)2

2σ2 · . . . · 1

σ
√
2π

e−
(yn−100)2

2σ2

= σ−n · (
√
2π)−n · e− 1

2σ2

∑n
i=1(yi−100)2 .

Then the logarithmic likelihood function is

lnL(σ) = −n lnσ − n ln
√
2π − 1

2σ2

n∑
i=1

(yi − 100)2.
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Now taking derivative and setting it as zero give

0 = ln′ L(σ) = −n

σ
+

1

σ3

n∑
i=1

(yi − 100)2 =⇒ σ̂2
ML =

1

n

n∑
i=1

(yi − 100)2 =⇒ σ̂ML =

√√√√ 1

n

n∑
i=1

(yi − 100)2.

5 (3 points)

A study in Sweden is conducted to investigate if there is a difference between girls and boys at age ten in terms of
heights. To this end, 46 girls at age ten are randomly chosen with an average height 145cm and a standard deviation
4.2cm; 56 boys at age ten are randomly chosen as well with an average height 141cm and a standard deviation 3.8cm.
Assume that girls and boys are independent. Let µg and µb denote the average heights of all girls and all boys at age
ten in Sweden respectively.
(5.1) (1.5p) Do the above samples provide any evidence that µg > µb? Answer this using an appropriate one-sided
97.5% confidence interval.
(5.2) (1.5p) Do the above samples provide any evidence that µg > µb? Answer this using appropriate hypotheses testing
with a significance level α = 2.5%.

Solution. (5.1) This is Case 1.2’, and we should construct a confidence interval in the following form

Iµg−µb
= (a, +∞)

= ((x̄g − x̄b)− zα

√
s2g
ng

+
s2b
nb

, +∞)

= ((145− 141)− z0.025

√
4.22

46
+

3.82

56
, +∞)

= (4− 1.96 · 0.8008, +∞) = (2.4304, +∞).

Since 2.4304 > 0, it follows that µg − µb > 0 (namely, µg > µb).
(5.2). {

H0 : µg = µb

Ha : µg > µb

TS =
(x̄g − x̄b)− 0√

s2g
ng

+
s2b
nb

=
(145− 141)− 0√

4.22

46 + 3.82

56

=
4

0.8008
= 4.995.

The rejection region is
C = (zα, +∞) = (z0.025, +∞) = (1.96, +∞).

Since TS ∈ C, we reject H0 (namely, Ha is correct: µg > µb).

6 (3 points)

Let X denote the distribution of numbers of daily car accidents on the high way E4 between Linköping and Norrköping.
One suspects that X is a Binomial random variable X ∼ Bin(2, 0.25). To check this, a sample with 100 observations is
taken from X and they are classified into three groups as follows

values 0 1 2
frequencies 55 25 20

Based on this sample, is there any evidence showing that the population X ∼ Bin(2, 0.25) with a significance level
α = 1%? (Hint: χ2-test).
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Solution. If one applies the χ2-test here, then one can write down the hypotheses as follows{
H0 : X ∼ Bin(2, 0.25)

Ha : X ≁ Bin(2, 0.25)

Therefore,

TS =

3∑
i=1

(ni − npi)
2

npi
=
(55− 100 · 0.5625)2

100 · 0.5625 +
(25− 100 · 0.3750)2

100 · 0.3750 +
(20− 100 · 0.0625)2

100 · 0.0625 = 34.4445.

where p1 = P (Bin(2, 0.25) = 0) = 0.5625, p2 = P (Bin(2, 0.25) = 1) = 0.3750 and p3 = P (Bin(2, 0.25) = 2) = 0.0625.
The rejection region is

C = (χ2
0.01(3− 1), ∞) = (9.21, ∞).

It is clear that TS ∈ C, so H0 is rejected, which suggests that there is evidence showing that X ≁ Bin(2, 0.25).
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N

(0
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)
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n

d

I
µ

=
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−
z
α
/
2 ·

σ
√
n
,x̄

+
z
α
/
2 ·

σ
√
n )
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x̄
∓
z
α
/
2 ·

σ
√
n
.

ca
se

1
.2

(n
≥

3
0
)

F
o
r

a
n
y

p
o
p

u
la

tio
n
X
,

it
h

o
ld

s
th

a
t
X̄
−
µ

σ
/ √
n
∼
N

(0
,1

)
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n

d

I
µ

=
x̄
∓
z
α
/
2 ·

σ
√
n

o
r
I
µ

=
x̄
∓
z
α
/
2 ·

σ̂
√
n
.

ca
se

1
.3

(a
n
y
n

)
If

p
o
p

u
la

tio
n
X
∼
N

(µ
,σ

2
)

a
n

d
σ

2
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u
n

k
n

o
w

n
,
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X̄
−
µ

S
/ √

n
∼
T
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−

1
)

a
n

d

I
µ

=
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∓
t
α
/
2
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−

1
)·

s
√
n
.

C
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′:
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α
)

C
I

o
f
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e

d
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e
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n
c
e

o
f
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o

p
o
p

u
la

tio
n

m
e
a
n

s
µ
X
−
µ
Y

ca
se

1
.1 ′

(a
n
y
n

1
,n

2
)

If
in

d
ep

en
d

en
t

p
o
p

u
la

tio
n

s
X
∼
N

(µ
X
,σ

2X
),Y
∼
N

(µ
Y
,σ

2Y
),

a
n

d
σ

2X
,σ

2Y
a
re

k
n

o
w

n
,

th
en

(X̄
−
Ȳ

)−
(µ
X
−
µ
Y

)
√
σ
2X
n
1

+
σ
2Y
n
2

∼
N

(0
,1

),
a
n

d
I
µ
X
−
µ
Y

=
(x̄
−
ȳ
)∓

z
α
/
2 · √

σ
2X
n
1

+
σ
2Y
n
2
.

ca
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1
.2 ′
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1
,n

2
≥

3
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)

F
o
r

a
n
y
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d

ep
en

d
en

t
p

o
p

u
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n

s
X

a
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d
Y
,
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h

o
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s
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a
t

(X̄
−
Ȳ
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X
−
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√
σ
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n
1

+
σ
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n
2
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N
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)
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n

d

I
µ
X
−
µ
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=
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−
ȳ
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z
α
/
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σ
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1

+
σ
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n
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r
I
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−
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=
(x̄
−
ȳ
)∓
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/
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σ̂
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σ̂
2Y
n
2
.
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1
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)
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d
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∼
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),

w
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σ
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σ
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−
Ȳ

)−
(µ
X
−
µ
Y

)

S √
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+
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n
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w
h

ere
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=
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+
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I
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α
)

C
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2
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p

u
la

tio
n
X
∼
N

(µ
,σ

2
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σ

2
is

u
n

k
n

o
w

n
,

th
en

(n−
1
)S

2

σ
2

∼
χ

2
(n
−
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=
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χ
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−
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χ
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−
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.
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+
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+
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=
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+
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+
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+
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=
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+
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+
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α
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)
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I

o
f
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o
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p
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p
o
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n
(s)

•
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a
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√
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p
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H
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p
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p
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≤
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≤
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H
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=
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e
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β
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−
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e
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=
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=
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=
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.
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b
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=
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p
red

icto
rs

(w
h

ich
a
re

sca
la

rs).
•

sa
m

p
le:{

(x
1
1
,...,x

1
k
;y

1
),(x

2
1
,...,x

2
k
;y

2
)
...,(x

n
1
,...,x

n
k
;y
n

)}
.
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≥
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=
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r
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=
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<
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p̂
(x

1
,...,x

k
)

=
e
β̂
0
+
β̂
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