
TAMS11: Probability and Statistics
∣∣∣ Provkod: TENB

∣∣∣ 28 May 2025, 08:00-12:00

Examiner: Xiangfeng Yang (Tel: 013 28 57 88). Things allowed (Hjälpmedel): a calculator.
Scores rating (Betygsgränser): 8-11 points giving rate 3; 11.5-14.5 points giving rate 4; 15-18 points giving rate 5.
Write down all necessary steps in solutions in order to receive as many points as possible.

1 (3 points)

A system contains 3 independent components A,B and C. The probability that component A fails is P (A) = 0.8, the
probability that component B fails is P (B) = 0.5, and the probability that component C fails is P (C) = 0.3.
(1.1) (1p) Find the probability that all 3 components fail, namely, P (A ∩B ∩ C).
(1.2) (1p) Find the probability that exactly 1 component fails.
(1.3) (1p) Find the probability that at least 1 component fails.

Solution. (1.1) It is from independence of A,B and C that

P (A ∩B ∩ C) = P (A) · P (B) · P (C) = 0.8 · 0.5 · 0.3 = 0.12.

(1.2)

P (exactly 1 component fails) = P (only A fails) + P (only B fails) + P (only C fails)

= P (A ∩B′ ∩ C ′) + P (A′ ∩B ∩ C ′) + P (A′ ∩B′ ∩ C)

= 0.8 · 0.5 · 0.7 + 0.2 · 0.5 · 0.7 + 0.2 · 0.5 · 0.3 = 0.28 + 0.07 + 0.03 = 0.38.

(1.3)

P (at least 1 component fails) = P (A ∪B ∪ C) = 1− P (A′ ∩B′ ∩ C ′) = 1− 0.2 · 0.5 · 0.7 = 1− 0.07 = 0.93.

2 (3 points)

Let (X,Y ) be a two dimensional continuous random variable with the following joint probability density function

f(x, y) =

{
8xy, if 0 < x < 1 and 0 < y < x,

0, otherwise.

(2.1) (1p) Find the probability P (X > 0.5 ∩ Y < 0.5). (Also written as P (X > 0.5, Y < 0.5).)
(2.2) (2p) Are X and Y independent? Why?

Solution. (2.1) Draw integral region,

P (X > 0.5 ∩ Y < 0.5) =

∫ 1

0.5

(∫ 0.5

0

8xydy

)
dx =

∫ 1

0.5

xdx = 0.375.

(2.2) Draw integral region, and marginal pmfs can be found as follows

fX(x) =

∫ x

0

8xydy = 4x3, fY (y) =

∫ 1

y

8xydx = 4y(1− y2).

It is clear that f(x, y) ̸= fX(x) · fY (y), therefore X and Y are NOT independent.
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3 (3 points)

Let X be the distribution of numbers of car accidents in one day on a certain highway, and assume that X has the
following probability mass function (pmf) p(x):

X 0 1 2
p(x) 0.75 0.15 0.10

(3.1) (1p) Find the mean E(X) and the variance V (X) of X.
(3.2) (2p) Let X1, X2, . . . , X36 denote numbers of car accidents in 36 days on the highway. Assume that X1, X2, . . . , X36

are independent and each has the same distribution as X. Find the probability that there are at most 20 car accidents
in 36 days, namely, P (X1 +X2 + . . .+X36 ≤ 20).

Solution. (3.1)

µ = E(X) = 0× 0.75 + 1× 0.15 + 2× 0.10 = 0.35,

σ2 = V (X) = E(X2)− µ2 = 02 × 0.75 + 12 × 0.15 + 22 × 0.10− 0.352 = 0.55− 0.1225 = 0.4275.

(3.2)

P (X1 +X2 + . . .+X36 ≤ 20)

= P (
X1 +X2 + . . .+X36

36
< 20/36) = P (X̄ < 20/36)

= P (
X̄ − µ

σ/
√
n

<
20/36− 0.35√
0.4275/

√
36

) = P (N(0, 1) < 1.89) = Φ(1.89) = 0.9706.

4 (3 points)

Suppose that a population X has a probability density function (pdf) f(x) = e−(x−θ) for x ≥ θ (otherwise it is 0), where
θ is an unknown parameter. A sample {x1, x2, . . . , xn} is taken from this population.

(4.1) (1p) Find a point estimate θ̂MM of θ based on the method of moments.

(4.2) (2p) Find a point estimate θ̂ML of θ based on the maximum-likelihood method.

Solution. (4.1) We first compute the mean E(X) of X as follows

E(X) =

∫ +∞

θ

x · e−(x−θ)dx = eθ
∫ +∞

θ

x · e−xdx = −eθ
∫ +∞

θ

x · (e−x)′dx

= (integration by parts) = −eθ
([

xe−x
]∞
θ

−
∫ +∞

θ

x′ · e−xdx

)
= −eθ

(
−θe−θ −

∫ +∞

θ

·e−xdx

)
= −eθ

(
−θe−θ − e−θ

)
= θ + 1.

Therefore, the equation E(X) = x̄ give

θ + 1 = x̄ =⇒ θ̂MM = x̄− 1.

(4.2) The likelihood function is

L(θ) = f(x1) · f(x2) · . . . · f(xn) = e−(x1−θ)) · e−(x2−θ) · . . . · e−(xn−θ) = enθ−(x1+x2+...+xn).

The logarithmic likelihood function is

lnL(θ) = nθ − (x1 + x2 + . . .+ xn).

The derivative ln′ L(θ) = n > 0 is strictly positive, implying that the function lnL(θ) is increasing in θ. The non-trivial
domain of L(θ) is: θ ≤ min{x1, x2, . . . , xn} (Why? because for each f(xi) in L(θ) the domain is θ ≤ xi, and combining
all these n functions gives such a domain). This implies that

θ̂ML = min{x1, x2, . . . , xn}.
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5 (3 points)

Volvo company claims that 2025-model XC60 plug-in hybrid cars have 60 km electric range (which is the distance using
an electric motor powered by battery). Let X be the distribution of electric ranges of all 2025-model XC60 plug-in
hybrid cars, and assume X ∼ N(µ, σ2). A sample {x1, x2, . . . , x16} taken from X has a sample mean 56 km and a
sample standard deviation 6 km.
(5.1) (1p) Construct a 95% two-sided confidence interval Iµ of µ.
(5.2) (2p) Does the above sample provide any evidence that µ < 60? Answer this using an appropriate 99% one-sided
confidence interval Iµ of µ. (Hint: one-sided!!! 99%!!!)

Solution. (5.1) This is Case 1.3:

Iµ = x̄∓ tα/2(n− 1)
s√
n
= 56∓ t0.025(15)

6√
16

= 56∓ 2.13
6√
16

= 56∓ 3.195 = (52.805, 59.195).

(5.2) One-sided CI is (Case 1.3)

Iµ = (−∞, x̄+ tα(n− 1)
s√
n
) = (−∞, 56 + t0.01(15)

6√
16

) = (−∞, 56 + 2.60 · 1.5) = (−∞, 59.9).

Since 59.9 < 60, the sample DOES provide evidence that µ < 60.

6 (3 points)

It was reported by many teachers that students in Ⓢ program at LiU do not usually attend lectures. The committee of
Ⓢ program started to investigate the attendance rate p. To this end, the committee randomly went to a lecture with
200 registered students from Ⓢ program, and only 56 attended the lecture (that is, sample attendance rate is
p̂ = 56/200 = 28%). Based on this observation, can the committee conclude that p < 30% with confidence 97.5%?
Answer this by hypothesis testing (HT).
(6.1) (1p) Write down H0 and Ha.
(6.2) (1p) Is H0 rejected? Why?
(6.3) (1p) Find the power h(25%) of the test in (6.2) when the real attendance rate is p = 25%.

Solution. (6.1) {
H0 : p = 30%

Ha : p < 30%

(6.2) Since np̂ ≥ 10 and n(1− p̂) ≥ 10, it follows that

TS =
p̂− p0√

p0(1− p0)/n
=

28%− 30%√
30%(1− 30%)/200

= −0.617, C = (−∞, −zα) = (−∞, −1.96).

It is clear that TS /∈ C, so H0 is NOT rejected, which suggests that there is no evidence showing that p < 30%.
(6.3)

h(25%) = P (H0 is rejected when p = 25%) = P (
P̂ − p0√

p0(1− p0)/n
< −1.96 when p = 25%)

= P (P̂ < 0.2365 when p = 25%) = P (
P̂ − p√

p(1− p)/n
<

0.2365− p√
p(1− p)/n

when p = 25%)

= P (N(0, 1) <
0.2365− 0.25√

0.25(1− 0.25)/200
) = P (N(0, 1) < −0.44) = Φ(−0.44) = 1− Φ(0.44) = 1− 0.6700 = 0.3300.
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−
z
α
/
2 ·

σ
√
n
,x̄

+
z
α
/
2 ·

σ
√
n )

:=
x̄
∓
z
α
/
2 ·

σ
√
n
.

ca
se

1
.2

(n
≥

3
0
)

F
o
r

a
n
y

p
o
p

u
la

tio
n
X
,

it
h

o
ld

s
th

a
t
X̄
−
µ

σ
/ √
n
∼
N

(0
,1

)
a
n

d

I
µ

=
x̄
∓
z
α
/
2 ·

σ
√
n

o
r
I
µ

=
x̄
∓
z
α
/
2 ·

σ̂
√
n
.

ca
se

1
.3

(a
n
y
n

)
If

p
o
p

u
la

tio
n
X
∼
N

(µ
,σ

2
)

a
n

d
σ

2
is

u
n

k
n

o
w

n
,

th
en

X̄
−
µ

S
/ √

n
∼
T

(n
−

1
)

a
n

d

I
µ

=
x̄
∓
t
α
/
2
(n
−

1
)·

s
√
n
.

C
I-1
′:

(1−
α
)

C
I

o
f

th
e

d
iff

e
re

n
c
e

o
f

tw
o

p
o
p

u
la

tio
n

m
e
a
n

s
µ
X
−
µ
Y

ca
se

1
.1 ′

(a
n
y
n

1
,n

2
)

If
in

d
ep

en
d

en
t

p
o
p

u
la

tio
n

s
X
∼
N

(µ
X
,σ

2X
),Y
∼
N

(µ
Y
,σ

2Y
),

a
n

d
σ

2X
,σ

2Y
a
re

k
n

o
w

n
,

th
en

(X̄
−
Ȳ

)−
(µ
X
−
µ
Y

)
√
σ
2X
n
1

+
σ
2Y
n
2

∼
N

(0
,1

),
a
n

d
I
µ
X
−
µ
Y

=
(x̄
−
ȳ
)∓

z
α
/
2 · √

σ
2X
n
1

+
σ
2Y
n
2
.

ca
se

1
.2 ′

(n
1
,n

2
≥

3
0
)

F
o
r

a
n
y

in
d

ep
en

d
en

t
p

o
p

u
la

tio
n

s
X

a
n

d
Y
,

it
h

o
ld

s
th

a
t

(X̄
−
Ȳ

)−
(µ
X
−
µ
Y

)
√
σ
2X
n
1

+
σ
2Y
n
2

∼
N

(0
,1

)
a
n

d

I
µ
X
−
µ
Y

=
(x̄
−
ȳ
)∓

z
α
/
2 · √

σ
2X
n
1

+
σ
2Y
n
2

o
r
I
µ
X
−
µ
Y

=
(x̄
−
ȳ
)∓

z
α
/
2 · √

σ̂
2X
n
1

+
σ̂
2Y
n
2
.

ca
se

1
.3 ′

(a
n
y
n

1
,n

2
)

If
in

d
ep

en
d

en
t

p
o
p

u
la

tio
n

s
X
∼

N
(µ
X
,σ

2X
),Y

∼
N

(µ
Y
,σ

2Y
),

w
h

ere

σ
2X
,σ

2Y
a
re

u
n

k
n

o
w

n
b

u
t
σ

2X
=
σ

2Y
,

th
en

(X̄
−
Ȳ

)−
(µ
X
−
µ
Y

)

S √
1n1

+
1n2

∼
T

(n
1

+
n

2 −
2
),

w
h

ere
S

2
=

(n
1 −

1
)S

2X
+
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2 −

1
)S
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n
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+
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2

,
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n

d

I
µ
X
−
µ
Y

=
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−
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)∓

t
α
/
2
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1
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2 −
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)·
s √
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+
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.
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α
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)

z
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/
2

N
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,1)

α
/2

(1−
α
/2)t

α
/
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−
1)

T
(n

−
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α
/2

C
I-2

:
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α
)

C
I

o
f

p
o
p

u
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n

v
a
ria

n
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e
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σ
2

•
If

a
p

o
p

u
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∼
N

(µ
,σ

2
)

a
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d
σ

2
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u
n

k
n
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w
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,
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2
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2

∼
χ
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−

1
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n

d

I
σ
2

=
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−

1
)s

2

χ
2α
/
2
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−
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)
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−
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2

χ
21−
α
/
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−

1
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.

•
If
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o
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ep
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d
en

t
p

o
p

u
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n

s
X
∼
N

(µ
X
,σ

2
)

a
n

d
Y
∼
N
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Y
,σ

2
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a
n

d
σ

2
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u
n

k
n

o
w

n
,
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+
n
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σ
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∼
χ
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+
n

2 −
2
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a
n

d

I
σ
2

=

(
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1
+
n

2 −
2
)s

2

χ
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/
2
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+
n

2 −
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+
n

2 −
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2

χ
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α
/
2
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+
n

2 −
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,

w
h
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S
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=
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1 −

1
)S

2X
+
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2 −

1
)S
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n
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+
n
2 −

2
.
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)

χ
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/
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−
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χ
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/
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−
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)

χ
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−
1
)

α
/2

α
/2

C
I-3

:
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α
)

C
I

o
f

p
o
p

u
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n

p
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p
o
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n
(s)

•
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a
(la
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p
o
p

u
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n

h
a
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a
n

u
n

k
n

o
w
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p
o
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n
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,
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√
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p
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n
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N
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≥

1
0
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n

d
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(1−
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0
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p̂
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n
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p̂∓
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p̂
(1−

p̂
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p
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√
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H
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H
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p
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=
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p
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p
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≤
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≤
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≤
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p
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+
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=
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=
p
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,
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H
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=
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∞
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u
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e
g
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β
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b
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p
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.
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u
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n
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ŷ
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ŷ
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1
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.

•
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β
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=
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b
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k−
1
)
∼
F

(k
,n
−
k
−
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L
o
g
istic

r
e
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r
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Y
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=
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=
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=
e
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β
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β
k
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1
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e
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+
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.

•
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b
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=
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d
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=
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p
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,...,x
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,...,x

2
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,...,x
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.
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a
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−
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•
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≥
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=
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r
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=

{
1
,

if
p̂
(x

1
,...,x

k
)≥
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<
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b
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≥
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