
TAMS11: Probability and Statistics
∣∣∣ Provkod: TENB

∣∣∣ 17 January 2026, 14:00-18:00

Examiner: Xiangfeng Yang (Tel: 013 28 57 88). Things allowed (Hjälpmedel): a calculator.
Scores rating (Betygsgränser): 8-11 points giving rate 3; 11.5-14.5 points giving rate 4; 15-18 points giving rate 5.
Write down all necessary steps in solutions in order to receive as many points as possible.

1 (3 points)

A small town has only six families marked as F1, F2, F3, F4, F5 and F6. Suppose that each family has bought 1 lottery
ticket. The lottery company will randomly select 4 winning lottery tickets from the town.
(1.1) (1p) Find the probability that these 4 winning lottery tickets are from families F1, F2, F3 and F4.
(1.2) (2p) Find the probability that the family F1 has a winning lottery ticket.

Solution. (1.1) It is from combination that

P (F1, F2, F3, F4) =
P (how many ways to choose F1, F2, F3, F4)

P (how many ways in total)
=

1(
6
4

) =
1

15
= 0.0667.

(1.2)

P (F1) = P (F1 has a winning lottery) = 1− P (F1 does not have a winning lottery)

= 1− P (all 4 winning lotteries are from F2, F3, F4, F5, F6)

= 1−

(
5
4

)
(
6
4

) = 1− 1

3
=

2

3
= 0.667.

2 (3 points)

Let (X,Y ) be a two dimensional continuous random variable with a joint probability density function f(x, y) :

f(x, y) =

{
c · x · y, if 0 ≤ x ≤ 2 and 0 ≤ y ≤ 3,

0, otherwise.

(2.1) (0.5p) Find the value of c so that f(x, y) is indeed a joint probability density function.
(2.2) (0.5p) Find the mean E(X · Y ).
(2.3) (1p) Find the conditional probability P (X + Y ≤ 1).
(2.4) (1p) Find the conditional probability P (X + Y ≤ 1 | X ≤ 1).

Solution. (2.1) A probability density function should satisfy

1 =

∫ 2

0

(∫ 3

0

f(x, y)dy

)
dx = c

(∫ 2

0

xdx

)(∫ 3

0

ydt

)
= c · 2 · 9/2 = 9c ⇒ c = 1/9.

(2.2)

E(X · Y ) =

∫ 2

0

(∫ 3

0

x · y · f(x, y)dy
)
dx = c ·

∫ 2

0

x2dx ·
∫ 3

0

y2dy

= c · 8
3
· 9 = 24c =

8

3
= 2.6667.

(2.3)

P (X + Y ≤ 1) =

∫ 1

0

(∫ 1−x

0

c · x · ydy
)
dx = c

∫ 1

0

x · 1
2
(1− x)2dx =

c

2

∫ 1

0

(x− 2x2 + x3)dx =
c

24
=

1

216
= 0.0046.
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(2.4) The marginal probability density function f(x) of X is

f(x) =

∫ 3

0

f(x, y)dy = 9cx/2.

Therefore

P (X ≤ 1) =

∫ 1

0

f(x)dx =

∫ 1

0

9cx/2dx = 9c/4.

Thus

P (X + Y ≤ 1 | X ≤ 1) =
P (X + Y ≤ 1, X ≤ 1)

P (X ≤ 1)
=

P (X + Y ≤ 1)

P (X ≤ 1)
=

c/24

9c/4
=

1

54
= 0.0185.

3 (3 points)

Suppose that at LiU 25% students have Android phones.
(3.1) (1p) Among 10 randomly selected LiU students, what is the probability that there are at least 5 students who have
Android phones?
(3.2) (2p) Among 100 randomly selected LiU students, what is the probability that there are at least 42 students who
have Android phones?

Solution. (3.1) Let X be the number of students who have Android phones among these 10 randomly selected students,
then X ∼ Bin(10, 25%). Therefore

P (at least 5) = P (X ≥ 5) = 1− P (X ≤ 4) = (Binomial table) = 1− 0.9219 = 0.0781.

(3.2) Let Y be the number of students who have Android phones among these 100 randomly selected students, then
Y ∼ Bin(100, 25%). Normal approximation to Binomial shall be used

P (at least 42) = P (Y ≥ 42) = 1− P (Y ≤ 41) = 1− P (Bin(100, 25%) ≤ 41)

= 1− P (N(100 · 25%, 100 · 25% · (1− 25%)) ≤ 41)

= 1− P (N(25, 18.75) ≤ 41) = 1− P (N(0, 1) ≤ 41− 25√
18.75

)

= 1− P (N(0, 1) ≤ 3.70) = 1− Φ(3.70) = 1− 0.9999 = 0.0001.

4 (3 points)

A coin has two sides: Head (denoted as 0) and Tail (denoted as 1). We don’t know whether or not the coin is fair, and
let X denote the upper side in a flip of the coin. Suppose that

X 0 1
p(x) θ 1− θ

where 0 < θ < 1 is unknown. To estimate θ, the coin has been flipped 5 times with results: {1, 0, 1, 1, 0}.
(4.1) (1p) Find a point estimate θ̂MM of θ based on the method of moments.

(4.2) (2p) Find a point estimate θ̂ML of θ based on the maximum-likelihood method.

Solution. (4.1) We first compute the mean E(X) of X as follows

E(X) = 0 · θ + 1 · (1− θ) = 1− θ.

Therefore, the equation E(X) = x̄ gives (with x̄ = 1+0+1+1+0
5 = 0.6)

1− θ = x̄ =⇒ θ̂MM = 1− x̄ = 1− 0.6 = 0.4.
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(4.2) The likelihood function is

L(θ) = p(x1) · p(x2) · p(x3) · p(x4) · p(x5) = p(1) · p(0) · p(1) · p(1) · p(0) = θ2 · (1− θ)3.

The log likelihood function is lnL(θ) = 2 ln(θ) + 3 ln(1− θ). The derivative (lnL(θ))′ = 0 gives

0 = (lnL(θ))′ =
2

θ
− 3

1− θ
=⇒ 2(1− θ) = 3θ =⇒ θ̂ML =

2

5
= 0.4.

5 (3 points)

A sample {2, 4, 6} (with sample mean 4 and sample standard deviation 2) is taken from a population X ∼ N(µ, σ2).
(5.1) (1.5p) Does the sample provide any evidence that µ < 7? Answer this question using appropriate one-sided 95%
confidence interval.
(5.2) (1.5p) Does the sample provide any evidence that σ > 1? Answer this question using appropriate one-sided 95%
confidence interval.

Solution. (5.1) One-sided 95% confidence interval of µ is

Iµ = (−∞, x̄+ tα(n− 1)
s√
n
) = (−∞, 4 + t0.05(2)

2√
3
) = (−∞, 4 + 2.92

2√
3
= (−∞, 7.37).

Since 7 ∈ Iµ, we can NOT say that µ < 7. (Namely, no evidence!).
(5.2) One-sided 95% confidence interval of σ2 is

Iσ2 = (
(n− 1)s2

χ2
α(n− 1)

,∞) = (
2 · 22

χ2
0.05(2)

,∞) = (
8

5.99,∞ ) = (1.3356,∞).

Since 1 /∈ Iσ2 , it indicates that σ2 > 1 (Equivalently, σ > 1, that is, there is evidence!).

6 (3 points)

Extensive experience shows that if a certain disease is treated in the traditional way, then the probability that a patient
recovers is only 0.6. Now there is a new medicine against the disease, and we want to study its recovery rate p. In a
treatment experiment, there were 72 recovered out of 100 patients using this new medicine. Does this experiment
provide any evidence that the new recovery rate p > 0.6? Answer this question by hypothesis testing with a significance
level α = 0.05.
(6.1). (1p) Write down H0 and Ha.
(6.2). (1p) Is H0 rejected? Why?
(6.3). (1p) For the test in (6.1), what is the probability of not concluding that p > 0.6 when the actual p = 0.75 ?

Solution. (6.1) {
H0 : p = 0.6

Ha : p > 0.6

(6.2) It directly holds that the observed test statistic under H0 is

TS =
p̂− p0√

p0(1− p0)/n
=

72
100 − 0.6√

0.6(1− 0.6)/100
= 2.4495,

and the rejection region is

C =[zα, +∞) = [z0.05, +∞) = [1.64 +∞).

Since TS ∈ C, we reject H0 (that is, the sample does provide any evidence that p > 0.6.).
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(6.3) This is actually type-II error

β(0.75) = P (H0 is not rejected when p = 0.75) = P (TS /∈ C when p = 0.75)

= P (
P̂ − p0√

p0(1− p0)/n
< 1.64 when p = 0.75) = P (P̂ < p0 + 1.64

√
p0(1− p0)/n when p = 0.75)

= P (P̂ < 0.68 when p = 0.75)

= P (
P̂ − p√

p(1− p)/n
<

0.68− p√
p(1− p)/n

when p = 0.75)

= P (N(0, 1) <
0.68− 0.75√

0.75(1− 0.75)/100
) = P (N(0, 1) < −1.62) = Φ(−1.62) = 1− Φ(1.62) = 1− 0.9474 = 0.0526.
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).

2
.
R
a
n
d
o
m

v
a
ria
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.s)

(2
.1
)
D
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.
X

h
a
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p
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f
p
(x

)
=

P
(X

=
x
)
sa
tisfy

in
g
p
(x

)≥
0
a
n
d
∑

p
(x

i )
=

1
,

X
x
1

x
2

···
x
n

···
p
(x
)

p
(x

1 )
p
(x

2 )
···

p
(x

n
)

···

E
x
p
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tio
n
(o
r
E
xpected

va
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ea
n
)
µ
X
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E
(X

)
=
∑

x
i p
(x
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V
a
ria

n
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σ
2X

=
V
(X

)
=

E
(X

−
µ
X
)
2
=

E
(X

2
)−

µ
2X

=
∑

x
2i
p
(x

i )−
( ∑

x
i p
(x

i ))
2
.

(2
.2
)
C
o
n
tin

u
o
u
s
r.v

.
X

h
a
s
a
p
d
f
f
(x

)
sa
tisfy

in
g
f
(x

)≥
0
a
n
d
∫
∞−
∞

f
(x

)d
x
=

1
,

P
(a

<
X

<
b)

=

∫
b

a
f
(x

)d
x
.

E
x
p
ecta

tio
n
(o
r
E
xpected

va
lu
e
o
r
m
ea
n
)
µ
X

=
E
(X

)
=
∫
∞−
∞

x
f
(x

)d
x
;

V
a
ria

n
ce

σ
2X

=
V
(X

)
=

E
(X

−
µ
X
)
2
=

E
(X

2
)−

µ
2X

=
∫
∞−
∞

x
2
f
(x

)d
x
−
(∫

∞−
∞

x
f
(x

)d
x )

2
.

(2
.3
)
C
u
m
u
la
tiv

e
d
istrib

u
tio

n
fu
n
ctio

n
(cd

f)
o
f
a
r.v

.
X

is
F
(x

)
=

P
(X

≤
x
).

(2
.4
)
X

a
n
d
Y

a
re

r.v
.s,

a
,b

a
n
d
c
a
re

sca
la
rs,

th
en

E
(a
X

+
bY

+
c)

=
a
E
(X

)
+

bE
(Y

)
+

c,

V
(a
X

+
bY

+
c)

=
a
2
V
(X

)
+

b
2
V
(Y

)
+

2
a
b
co
v
(X

,Y
),

E
(g
(X

,Y
))

=

{
∑

i,j
g
(x

i ,y
j )·

p
(x

i ,y
j ),

fo
r
d
iscrete

(X
,Y

),
∫
∞−
∞
∫
∞−
∞

g
(x

,y
)·

f
(x

,y
)d
x
d
y
,

fo
r
co

n
tin

u
o
u
s
(X

,Y
).

.

(2
.5
)•

D
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r.v
.
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)
h
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∑
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i ∑
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1
.
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f
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=
∑

y
p
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=
∑

x
p
(x
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);
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a
n
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Y

a
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epen
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t
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p
(x
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)
=

p
X
(x

)·
p
Y
(y
).

•
C
o
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u
o
u
s
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.
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)
h
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f
p
(x
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)
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in
g
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(x
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)≥

0
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n
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∞
∫
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∞
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,y
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x
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=

1
.
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h
e
m
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l
pd

f
o
f
X

is
f
X
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=
∫
∞−
∞

f
(x

,y
)d
y
;

T
h
e
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a
rgin

a
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f
o
f
Y
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f
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(y
)
=
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∞−
∞

f
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)d
x
;
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d
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a
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if
f
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=
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X
(x

)·
f
Y
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).
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.
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.s
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)
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=
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=
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x
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=
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.
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=
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=
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=
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=
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=
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.
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σ
√
n
.

ca
se

1
.2

(n
≥

3
0
)

F
o
r
a
n
y
p
o
p
u
la
tio

n
X
,
it

h
o
ld
s
th

a
t

X̄
−
µ

σ
/ √

n
∼

N
(0
,1

)
a
n
d

I
µ
=

x̄
∓

z
α
/
2 ·

σ
√

n
o
r
I
µ
=

x̄
∓

z
α
/
2 ·

σ̂
√
n
.

ca
se

1
.3

(a
n
y
n
)

If
p
o
p
u
la
tio

n
X

∼
N
(µ

,σ
2
)
a
n
d
σ
2
is

u
n
k
n
o
w
n
,
th

en
X̄

−
µ

S
/ √

n
∼

T
(n

−
1
)
a
n
d

I
µ
=

x̄
∓

t
α
/
2
(n

−
1
)·

s
√
n
.

C
I-1

′:
(1−

α
)
C
I
o
f
th

e
d
iff
e
re

n
c
e
o
f
tw

o
p
o
p
u
la
tio

n
m
e
a
n
s
µ
X
−
µ
Y

ca
se

1
.1 ′

(a
n
y
n
1
,n

2
)

If
in
d
ep

en
d
en

t
p
o
p
u
la
tio

n
s
X

∼
N
(µ

X
,σ

2X
),Y

∼
N
(µ

Y
,σ

2Y
),

a
n
d
σ
2X
,σ

2Y
a
re

k
n
o
w
n
,
th

en
(X̄

−
Ȳ
)−

(µ
X

−
µ
Y

)
√

σ
2X

n
1

+
σ
2Y

n
2

∼
N
(0
,1

),
a
n
d
I
µ
X

−
µ
Y

=
(x̄

−
ȳ
)∓

z
α
/
2 · √

σ
2X

n
1

+
σ
2Y

n
2
.

ca
se

1
.2 ′

(n
1
,n

2
≥

3
0
)

F
o
r
a
n
y
in
d
ep

en
d
en

t
p
o
p
u
la
tio

n
s
X

a
n
d
Y
,
it

h
o
ld
s
th

a
t

(X̄
−
Ȳ
)−

(µ
X

−
µ
Y

)
√

σ
2X

n
1

+
σ
2Y

n
2

∼
N
(0
,1

)
a
n
d

I
µ
X

−
µ
Y

=
(x̄

−
ȳ
)∓

z
α
/
2 · √

σ
2X

n
1

+
σ
2Y

n
2

o
r
I
µ
X

−
µ
Y

=
(x̄

−
ȳ
)∓

z
α
/
2 · √

σ̂
2X

n
1

+
σ̂
2Y

n
2
.

ca
se

1
.3 ′

(a
n
y
n
1
,n

2
)

If
in
d
ep

en
d
en

t
p
o
p
u
la
tio

n
s

X
∼

N
(µ

X
,σ

2X
),Y

∼
N
(µ

Y
,σ

2Y
),

w
h
ere

σ
2X
,σ

2Y
a
re

u
n
k
n
o
w
n
b
u
t
σ
2X

=
σ
2Y
,
th

en

(X̄
−

Ȳ
)−

(µ
X

−
µ
Y
)

S √
1n
1
+

1n
2

∼
T
(n

1
+

n
2 −

2
),

w
h
ere

S
2
=

(n
1 −

1
)S

2X
+

(n
2 −

1
)S

2Y

n
1
+

n
2 −

2
,
a
n
d

I
µ
X

−
µ
Y

=
(x̄

−
ȳ
)∓

t
α
/
2
(n

1
+

n
2 −

2
)·

s √
1n
1
+

1n
2
.

(1−
α
/2
)

z
α
/
2

N
(0
,1)

α
/2

(1−
α
/2)t

α
/
2 (n

−
1)

T
(n

−
1)

α
/2

C
I-2

:
(1−

α
)
C
I
o
f
p
o
p
u
la
tio

n
v
a
ria

n
c
e
(s)

σ
2

•
If

a
p
o
p
u
la
tio

n
X

∼
N
(µ

,σ
2
)
a
n
d
σ
2
is

u
n
k
n
o
w
n
,
th

en
(n−

1
)S

2

σ
2

∼
χ
2
(n

−
1
),

a
n
d

I
σ
2
=

(
(n

−
1
)s

2

χ
2α
/
2
(n

−
1
)
,

(n
−

1
)s

2

χ
21−

α
/
2
(n

−
1
) )

.

•
If

tw
o

in
d
ep

en
d
en

t
p
o
p
u
la
tio

n
s
X

∼
N
(µ

X
,σ

2
)
a
n
d

Y
∼

N
(µ

Y
,σ

2
),

a
n
d

σ
2
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u
n
k
n
o
w
n
,
th

en
(n

1
+
n
2 −

2
)S

2

σ
2

∼
χ
2
(n

1
+

n
2 −

2
),

a
n
d

I
σ
2
=

(
(n

1
+

n
2 −

2
)s

2

χ
2α
/
2
(n

1
+

n
2 −

2
)
,

(n
1
+

n
2 −

2
)s

2

χ
21−

α
/
2
(n

1
+

n
2 −

2
) )

,

w
h
ere

S
2
=

(n
1 −

1
)S

2X
+
(n

2 −
1
)S

2Y
n
1
+
n
2 −

2
.

(1−
α
)

χ
2α
/
2 (n

−
1)

χ
21−

α
/
2 (n

−
1
)

χ
2(n

−
1
)

α
/2

α
/2

C
I-3

:
(1−

α
)
C
I
o
f
p
o
p
u
la
tio

n
p
ro

p
o
rtio

n
(s)

•
If

a
(la

rg
e)

p
o
p
u
la
tio

n
h
a
s
a
n

u
n
k
n
o
w

p
ro
p
o
rtio

n
p
,
th

en
P̂
−
p

√
p
(1−

p
)/

n
∼

N
(0
,1

)
if

n
p̂

≥
1
0

a
n
d

n
(1−

p̂
)≥

1
0
w
ith

p̂
=

x
/
n
,
a
n
d
I
p
=

p̂∓
z
α
/
2 · √

p̂
(1−
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.

•
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o
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t
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rg
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o
p
u
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n
s
h
a
v
e
u
n
k
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w

p
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p
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n
s
p
1
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n
d
p
2
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(P̂
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1 −
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)

√
p
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(1−

p
1
)

n
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+
p
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(1−

p
2
)

n
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N
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)
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i p̂

i ≥
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n
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r
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n
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H
0
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=

θ
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p
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=
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)
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⇔
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o
p
u
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p
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p
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p
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tio

n
X
,
th

e
n
elem

en
ts

o
f
it

a
re

cla
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≤
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o
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ea
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≤
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p
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≤
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et

p
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=
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m
in
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u
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.
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th
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+

p
2
+
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+
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=
1
a
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d
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+
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+
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N
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=
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0
:
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=
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≤

i≤
k
,

H
a
:
P
(A

i )̸=
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i
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≤
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p
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≤
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H
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b
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∞
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⇒
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a
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(M
u
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)
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e
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r
r
e
g
r
e
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n
:
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=
β
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+

β
1
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+
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+

β
k
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+
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b
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(x
1
1
,...,x

1
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2
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n
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.

•
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w
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a
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≈

β̂
j
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a
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n
lin

e
ŷ
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ŷ
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+
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1
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+
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+
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k
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.

•
β̂
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s
e
(β̂

j
)
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−

1
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th
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s
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r
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o
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e
rea

l
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=
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?
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,
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n
estim
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tio
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o
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e
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o
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e
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r.

•
R
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=

S
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S
S
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,
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is
g
iv
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o
w
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e
m
o
d
el
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(if

R
2
≈

1
,
th

en
th

e
m
o
d
el

fi
ts

th
e
sa
m
p
le

v
ery

w
ell).

•
H
o
w

to
test

β
1
=

...
=

β
k
=

0
?
U
se

th
e
ra
n
d
o
m

v
a
ria

b
le

S
S
R
/
k

S
S
E
/
(n−
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1
)
∼

F
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−
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−

1
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L
o
g
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r
e
g
r
e
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n
:
L
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Y
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n
o
n
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e
0
o
r
1
w
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P
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=
1
)
=

p
a
n
d
P
(Y

=
0
)
=

1−
p
,

E
(Y

)
=

p
(x

1
,...,x

k
)
=

e
β
0
+
β
1
x
1
+
...+

β
k
x
k

1
+

e
β
0
+
β
1
x
1
+
...+

β
k
x
k
.

•
Y

:
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o
n
se

v
a
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b
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(w
h
ich
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o
u
lli

r.v
.
P
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=
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)
=

p
a
n
d
P
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=
0
)
=

1−
p
,
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E
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)
=

p
),

{
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1
,...,x
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:
p
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icto
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(w
h
ich
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•
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m
p
le:{
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1
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,...,x

1
k
;y

1
),(x

2
1
,...,x

2
k
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2
)
...,(x

n
1
,...,x

n
k
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.

•
h
o
w
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estim

a
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β
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≈
β̂
j

:
m
a
x
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a
l
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o
o
d
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o
d
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a
x
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ize
∏
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1
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,...,x
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•
β̂
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r
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≥
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e
w
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o
r
n
o
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e
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l
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=
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?
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C
la
ssifi
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n
o
f
a
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o
b
ject

Y
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1
,...,x
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)
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1
o
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0
a
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rd
in
g
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=
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1
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1
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0
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p̂
(x

1
,...,x

k
)
<
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w
h
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g
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fu
n
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n
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)
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p̂
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1
,...,x
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=

e
β̂
0
+
β̂
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1
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β̂
k
x
k

.

3/9



9
.
T
a
b
le
s

(9
.1
)
T
a
b
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b
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=
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≥
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=
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≥
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