
TAMS42: Probability and Statistics
∣∣∣ Provkod: TEN1/TEN2

∣∣∣ 14 January 2025, 14:00-18:00

Examiner: Xiangfeng Yang (Tel: 013 28 57 88). Things allowed (Hjälpmedel): a calculator.
Scores rating (Betygsgränser): 8-11 points giving rate 3; 11.5-14.5 points giving rate 4; 15-18 points giving rate 5.
Write down all necessary steps in solutions in order to receive as many points as possible.

1 (3 points)

David is working full time, but he still has 1 exam left at LiU in January 2025. If David stops working and focuses on
preparing the exam, then he has 95% chance to pass the exam. If David continues working without focusing on
preparing the exam, then he has 15% chance to pass the exam. Assume that David chooses to stop or continue working
totally randomly. Given that David has passed the exam, find the probability that David actually continued working
without focusing on preparing the exam.

Solution. Let us defined two events as follows

W = {David continuous working}, G = {David passes the exam}.
It directly from the conditions that

P (W ) = 50%, P (G|W ) = 15%, P (G|W ′) = 95%.

We want to find the probability P (W |G).

P (W |G) =
P (W ∩G)

P (G)
=

P (G|W ) · P (W )

P (G)
=

15% · 50%
55%

= 0.13636,

where P (G) is computed by the total probability formula as follows

P (G) = P (G|W ) · P (W ) + P (G|W ′) · P (W ′) = 15% · 50% + 95% · 50% = 55%

2 (3 points)

Let (X,Y ) be a two dimensional random variable with a joint probability mass function as follows:

X\Y 5 6
1 0.3 0.1
9 0.2 c

The above table tells that X takes values 1 and 9, and Y takes values 5 and 6.
(2.1) (0.5p) Find the value of c.
(2.2) (0.5p) Find the probability P (X + Y ≤ 8).
(2.3) (1p) Find the mean E(X) of X.
(2.4) (1p) Are X and Y independent? Why?

Solution. (2.1) The probabilities should add up to 1, therefore

1 = 0.3 + 0.1 + 0.2 + c =⇒ c = 0.4.

(2.2)
P (X + Y ≤ 8) = p(1, 5) + p(1, 6) = 0.3 + 0.1 = 0.4.

(2.3) The marginal probability mass function of X can be easily derived as follows

X 1 9
p(x) 0.3 + 0.1 = 0.4 0.2 + 0.4 = 0.6

Therefore the mean is E(X) = 1 · 0.4 + 9 · 0.6 = 5.8.
(2.4) X and Y are NOT independent, because p(x, y) ̸= pX(x) · pY (y). For example,

0.3 = p(1, 5) ̸= pX(1) · pY (5) = 0.4 · (0.3 + 0.2) = 0.2.
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3 (3 points)

Suppose that the tips (Svenska: dricks) that a waiter in a certain restaurant follow an exponential distribution
X ∼ Exp(0.1) (that is, E(X) = 1/0.1 = 10). Assume that tips from customers are independent. Find the probability
that a waiter receives at most 1300 SEK tips for the next 100 customers.

Solution. Let X1, X2, . . . , X100 be the tips from the next 100 customers. Then according to the assumption
X ∼ Exp(0.1), we know that

µ = E(Xi) = 1/0.1 = 10, σ2 = V (Xi) = (1/0.1)2 = 102.

P (a waiter receives at most 1300 SEK tips for the next 100 customers) = P (X1 +X2 + . . .+X100 ≤ 1300)

= P (X̄ ≤ 1300

100
) = P (

X̄ − µ

σ/
√
n

≤ 13− µ

σ/
√
n
)

= P (N(0, 1) ≤ 13− 10

10/
√
100

) = P (N(0, 1) ≤ 3) = Φ(3) = 0.9987.

4 (3 points)

Let a population X be continuous with a probability density function f(x) = 1
θ for 0 < x ≤ θ, where θ > 0 is an

unknown parameter. Suppose that a sample {6.8, 7.5, 4.5, 8.2} is taken from this population.

(4.1) (1p) Find a point estimate θ̂MM of θ based on the method of moments.

(4.2) (2p) Find a point estimate θ̂ML of θ based on the maximum-likelihood method.

Solution. (4.1) We compute the mean as follows

E(X) =

∫ θ

0

x · f(x)dx =

∫ θ

0

x · 1
θ
dx =

θ

2
.

Then the equation E(X) = x̄ gives that

θ̂MM = 2 · x̄ = 2 · 6.8 + 7.5 + 4.5 + 8.2

4
= 2 · 6.75 = 13.5.

(4.2) The likelihood function is

L(θ) = f(x1) · f(x2) · . . . · f(xn) = 1/θn, for θ ≥ max{x1, x2, . . . , xn}.

The non-trivial domain θ ≥ max{x1, x2, . . . , xn} of L(θ) is from the definition of f(x). The derivative is
L′(θ) = −n/θn+1 < 0 for any θ ≥ max{x1, x2, . . . , xn}. Since the derivative is always strictly negative, the function L(θ)
is decreasing for all θ ≥ max{x1, x2, . . . , xn}. This suggests that the maximum of L(θ) is reached when
θ = max{x1, x2, . . . , xn}. Therefore

θ̂ML = max{x1, x2, . . . , xn} = max{6.8, 7.5, 4.5, 8.2} = 8.2.

5 (3 points)

One wants to investigate preference on Mobile operating systems in Sweden and Norway. Let p1 denote the proportion
of people using IOS in Sweden, and p2 the proportion of people using IOS in Norway. To compare p1 and p2, a sample
of sample size 200 is taken from Sweden with 165 people using IOS, and a sample of sample size 120 is taken from
Norway with 82 people using IOS. Do the samples provide any evidence that p1 > p2? Answer this question by
constructing an appropriate one-sided 95% confidence interval of p1 − p2. (Hint: Do NOT use hypotheses testing!).
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Solution. It is clear that

p̂1 =
165

200
= 0.825, p̂2 =

82

120
= 0.683.

To check whether or not p1 > p2, we need to construct one-sided confidence interval as follows

Ip1−p2
=

(p̂1 − p̂2)− zα ·
√

p̂1(1− p̂1)

n1
+

p̂2(1− p̂2)

n2
, ∞


=

(
(0.825− 0.683)− 1.64 ·

√
0.825(1− 0.825)

200
+

0.683(1− 0.683)

120
, ∞

)
= (0.142− 0.0824, ∞) = (0.0596, ∞) .

Since 0.0596 > 0, it can be said that p1 > p2.

6 (3 points)

Let Y denote the response variable representing whether or not a student passes the written exam of TAMS42 (Y = 0 if
a student does not pass and Y = 1 if a student passes). It is suspected that Y depends on x1 (how many hours
attending lectures) and x2 (how many hours reading book) through logistic regression, namely the probability

P (Y = 1) = p depends on x1 and x2 through the logit function p(x1, x2) =
eβ0+β1x1+β2x2

1+eβ0+β1x1+β2x2
. A sample with sample size

n = 36 has been analyzed using logistic regression and the results are: the standard error of β̂i is denoted as se(β̂i),

β̂0 = −2.255, se(β̂0) = 0.22; β̂1 = 0.318, se(β̂1) = 0.141; β̂2 = 0.055, se(β̂2) = 0.012;

If the real value β1 ̸= 0, then one can think that Y does depend on x1. The same principle applies to Y and x2.
(6.1) (1p) Does the sample provide any evidence that β1 ̸= 0? Answer this using appropriate hypothesis test with a
significance level 5%. (Hint: Do NOT use any confidence interval!)
(6.2) (1p) Does the sample provide any evidence that β2 > 0? Answer this using appropriate hypothesis test with a
significance level 5%. (Hint: Do NOT use any confidence interval!)
(6.3) (1p) David plans to spend 4 hours attending lectures and 10 hours reading book. Will David pass the written
exam? Namely, should the corresponding Y with x1 = 4 and x2 = 10 be classified as 1 (passes the written exam) or 0
(does not pass the written exam)?

Solution. (6.1) The hypotheses are:
H0 : β1 = 0 against Ha : β1 ̸= 0.

TS =
β̂1 − 0

se(β̂1)
=

0.318

0.141
= 2.255, C = (−∞,−zα/2) ∪ (zα/2,+∞) = (−∞,−1.96) ∪ (1.96,+∞).

Since TS ∈ C, we reject H0 (which means that β1 ̸= 0.)
(6.2) The hypotheses are:

H0 : β2 = 0 against Ha : β2 > 0.

TS =
β̂2 − 0

se(β̂2)
=

0.055

0.012
= 4.583, C = (zα,+∞) = (1.64,+∞).

Since TS ∈ C, we reject H0 (which means that β2 > 0.
(6.3) The estimated logit function is

p̂(4, 10) =
e−2.255+0.318·4+0.055·10

1 + e−2.255+0.318·4+0.055·10 =
e−0.433

1 + e−0.433
=

0.6486

1.6486
= 0.39.

Since p̂(4, 10) < 0.5, it is reasonable to classify Y = 0. (does not pass)
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)
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n

d

I
µ

=
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−
z
α
/
2 ·

σ
√
n
,x̄

+
z
α
/
2 ·

σ
√
n )
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x̄
∓
z
α
/
2 ·

σ
√
n
.

ca
se

1
.2

(n
≥

3
0
)

F
o
r

a
n
y

p
o
p

u
la

tio
n
X
,

it
h

o
ld

s
th

a
t
X̄
−
µ

σ
/ √
n
∼
N

(0
,1

)
a
n

d

I
µ

=
x̄
∓
z
α
/
2 ·

σ
√
n

o
r
I
µ

=
x̄
∓
z
α
/
2 ·

σ̂
√
n
.

ca
se

1
.3

(a
n
y
n

)
If

p
o
p

u
la

tio
n
X
∼
N

(µ
,σ

2
)

a
n

d
σ

2
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u
n

k
n

o
w

n
,
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X̄
−
µ

S
/ √

n
∼
T

(n
−

1
)

a
n

d

I
µ

=
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∓
t
α
/
2
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−

1
)·

s
√
n
.

C
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′:
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α
)

C
I

o
f

th
e

d
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e
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n
c
e

o
f
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o

p
o
p

u
la

tio
n

m
e
a
n

s
µ
X
−
µ
Y

ca
se

1
.1 ′

(a
n
y
n

1
,n

2
)

If
in

d
ep

en
d

en
t

p
o
p

u
la

tio
n

s
X
∼
N

(µ
X
,σ

2X
),Y
∼
N

(µ
Y
,σ

2Y
),

a
n

d
σ

2X
,σ

2Y
a
re

k
n

o
w

n
,

th
en

(X̄
−
Ȳ

)−
(µ
X
−
µ
Y

)
√
σ
2X
n
1

+
σ
2Y
n
2

∼
N

(0
,1

),
a
n

d
I
µ
X
−
µ
Y

=
(x̄
−
ȳ
)∓

z
α
/
2 · √

σ
2X
n
1

+
σ
2Y
n
2
.

ca
se

1
.2 ′
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1
,n

2
≥

3
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)

F
o
r

a
n
y
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d

ep
en

d
en

t
p

o
p

u
la
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n

s
X

a
n

d
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,
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h

o
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s
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a
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(X̄
−
Ȳ
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X
−
µ
Y

)
√
σ
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n
1

+
σ
2Y
n
2
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N

(0
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)
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n

d

I
µ
X
−
µ
Y

=
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−
ȳ
)∓

z
α
/
2 · √

σ
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n
1

+
σ
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n
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r
I
µ
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−
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=
(x̄
−
ȳ
)∓

z
α
/
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σ̂
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σ̂
2Y
n
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.
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1
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d
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∼
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),

w
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σ
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σ
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σ
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,
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−
Ȳ
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S √
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+
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n

2 −
2
),
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=
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+
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I
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−
1)

T
(n

−
1)

α
/2

C
I-2

:
(1−
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2
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p

u
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2
)

a
n

d
σ

2
is

u
n

k
n

o
w

n
,

th
en

(n−
1
)S

2

σ
2

∼
χ

2
(n
−
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=
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χ
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−
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χ
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−
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.
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+
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+
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=

(
(n

1
+
n

2 −
2
)s

2

χ
2α
/
2
(n

1
+
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+
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+
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=
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+

(n
2 −

1
)S

2Y
n
1
+
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α
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)
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I
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o
p

u
la

tio
n

p
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p
o
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(s)

•
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a
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√
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p
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H
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p
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p
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≤
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≤
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H
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=
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e
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is

(if
R

2
≈

1
,

th
en

th
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=
β
k

=
0

?
U

se
th

e
ra

n
d

o
m

v
a
ria

b
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k−
1
)
∼
F

(k
,n
−
k
−
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e
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=
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=
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=
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.
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b
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=
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p
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.
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≥
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=
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r
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=
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<
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