
TAMS42: Probability and Statistics
∣∣∣ Provkod: TEN1

∣∣∣ 19 August 2025, 08:00-12:00

Examiner: Xiangfeng Yang (Tel: 013 28 57 88). Things allowed (Hjälpmedel): a calculator.
Scores rating (Betygsgränser): 8-11 points giving rate 3; 11.5-14.5 points giving rate 4; 15-18 points giving rate 5.
Write down all necessary steps in solutions in order to receive as many points as possible.

1 (3 points)

A box contains 10 balls, of which 4 are black and 6 are white. Now 3 balls are randomly taken out from the box at the
same time. The following three events are defined:

A ={there is exactly 1 black ball in these 3 chosen balls},
B ={there is at least 1 black ball in these 3 chosen balls},
C ={there is at least 1 white ball in these 3 chosen balls}.

(1.1) (1p) Find the probability P (A).
(1.2) (1p) Find the probability P (B).
(1.3) (1p) Find the probability P (A ∪B ∪ C).

Solution. (1.1) It is from combination that

P (A) = P (1 black and 2 white) =

(
4
1

)
·
(
6
2

)
(
10
3

) =
4 · 15
120

=
1

2
= 0.5.

(1.2)

P (B) = P (1 black and 2 white) + P (2 black and 1 white) + P (3 black and 0 white)

=

(
4
1

)
·
(
6
2

)
(
10
3

) +

(
4
2

)
·
(
6
1

)
(
10
3

) +

(
4
3

)
·
(
6
0

)
(
10
3

) =
60 + 36 + 4

120
=

5

6
= 0.8333.

(1.3) It is clear that A is contained in B, therefore A ∪B = B. It implies that

P (A ∪B ∪ C) = P (B ∪ C) = 1− P (B′ ∩ C ′) = 1− P (no black ∩ no white) = 1− 0 = 1.

2 (3 points)

Let (X,Y ) be a two dimensional discrete random variable with the following joint probability mass function p(x, y) :

X \ Y −1 1
−1 0.2 a
1 0.1 0.3

The table tells that both X and Y take values −1 and 1.
(2.1) (0.5p) Find the value of a.
(2.2) (1p) Find the conditional probability P (X > 0 | Y < 0).
(2.3) (0.5p) Find the mean E(X) of X.
(2.4) (1p) Are X and Y independent? Why?

Solution. (2.1) Since the sum of p(x, y) should be equal to 1, it holds that

1 = 0.2 + 0.1 + 0.3 + a =⇒ a = 0.4.

(2.2)

P (X > 0 | Y < 0) =
P (X > 0 ∩ Y < 0)

P (Y < 0)
=

P (X = 1 ∩ Y = −1)

P (Y = −1)
=

0.1

0.2 + 0.1
=

1

3
.

(2.3) The table for only X can be obtained as follows
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X −1 1
pX(x) 0.6 0.4

The mean is
E(X) = −1 · 0.6 + 1 · 0.4 = −0.2.

(2.4) X and Y are NOT independent because p(x, y) ̸= pX(x) · pY (y). For example,

0.2 = p(−1,−1) ̸= pX(−1) · pY (−1) = 0.6 · 0.3 = 0.18.

3 (3 points)

Suppose that there is a program Ⓢ at LiU which has 1000 students in total. Now a professor in this program Ⓢ is
planning to give a new AI course which is open to all these 1000 students. This AI course will be given only when there
are at least 50 registered students. According to a survey, each student will register for this AI course with probability
4%. Assume that all these 1000 students are independent. What is the probability that the AI course will be given?
(Namely, what is the probability that there are at least 50 registered students?).

Solution. Method-1 (CLT): Let X1, X2, . . . , X1000 denote “register/non-register” for these 1000 students, then one
can assume that X1, X2, . . . , X1000 are independent and each has the same distribution as follows

Xi 0 1
p(x) 96% 4%

Then our aim is to find the probability P (X1 +X2 + . . .+X1000 ≥ 50). To this end, one needs to find the individual
mean µ and individual variance σ2:

µ = E(Xi) = 0 · 96% + 1 · 4% = 4% = 0.04,

σ2 = V (Xi) = E(X2
i )− µ2 = (02 · 96% + 12 · 4%)− 4%2 = 0.04− 0.0016 = 0.0384.

Therefore it is from CLT that

P (X1 +X2 + . . .+X1000 ≥ 50)

= P (
X1 +X2 + . . .+X1000

1000
≥ 50/1000) = P (X̄ ≥ 0.05)

= P (
X̄ − µ

σ/
√
n

≥ 0.05− 0.04√
0.0384/

√
1000

) = P (N(0, 1) ≥ 1.61) = 1− Φ(1.61) = 1− 0.0.9463 = 0.0537.

Method-2 (Binomial): If we use X to denote the number of registered students, then X is a Binomial random
variable: X ∼ Bin(1000, 4%). Then we aim to find P (X ≥ 50). To this end, one uses normal approximation to Binomial
(which is actually CLT) as follows:

P (X ≥ 50) = P (Bin(1000, 4%) ≥ 50) = P (N(1000 · 4%, 1000 · 4% · (1− 4%)) ≥ 50) = P (N(40, 38.4) ≥ 50)

= P (N(0, 1) ≥ 50− 40√
38.4

) = P (N(0, 1) ≥ 1.61) = 1− Φ(1.61) = 1− 0.0.9463 = 0.0537.

4 (3 points)

Suppose that a population X has a probability density function as follows

f(x) =


θ, if 0 < x < 1,

1− θ, if 1 ≤ x < 2,

0, otherwise.

where 0 < θ < 1 is an unknown parameter. A sample {0.8, 1.6, 0.9} is taken from this population.

(4.1) (1p) Find a point estimate θ̂MM of θ based on the method of moments.

(4.2) (2p) Find a point estimate θ̂ML of θ based on the maximum-likelihood method.
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Solution. (4.1) We first compute the mean E(X) of X as follows

E(X) =

∫ +∞

−∞
x · f(x)dx =

∫ 1

0

x · θdx+

∫ 2

1

x · (1− θ)dx =
1

2
θ +

3

2
(1− θ) = 1.5− θ.

Therefore, the equation E(X) = x̄ gives (with x̄ = 0.8+1.6+0.9
3 = 1.1)

1.5− θ = x̄ =⇒ θ̂MM = 1.5− x̄ = 1.5− 1.1 = 0.4.

(4.2) The likelihood function is

L(θ) = f(x1) · f(x2) · . . . · f(xn) = f(0.8) · f(1.6) · f(0.9) = θ · (1− θ) · θ = θ2 − θ3.

The derivative L′(θ) = 0 gives

0 = L′(θ) = 2θ − 3θ2 =⇒ 0 = 2− 3θ =⇒ θ̂ML =
2

3
= 0.6667.

5 (3 points)

Assume that starting salaries X of all LiU year-2025 graduates follow a normal distribution X ∼ N(µ, σ2), where µ is
the average starting salary of all LiU year-2025 graduates. To study µ, a sample of 16 LiU year-2025 graduates is
chosen. The average salary of these 16 graduates is 51000 SEK/month and the salary standard deviation of these 16
graduates is 2000 SEK/month. Construct a 95% two-sided confidence interval Iµ of µ based on this sample.

Solution. This is Case 1.3:

Iµ = x̄∓ tα/2(n− 1)
s√
n
= 51000∓ t0.025(15)

2000√
16

= 51000∓ 2.13
2000

4
= 51000∓ 1065 = (49935, 52065).

6 (3 points)

Recently, a 30-day training program is launched in a Fitness Center claiming that any adult attending this program can
loss weight more than 5 kg. To study such a claim, 3 persons are randomly chosen from this program and their weights
(before and after the program) are recorded as follows:

Person 1 Person 2 Person 3
weight before 91.6 96.4 88.2
weight after 82.6 91.7 86.1

difference (weight before − weight after) 9.0 4.7 2.1

Assume that the differences {9.0, 4.7, 2.1} are regarded as a sample from a normal population X ∼ N(µ, σ2). Therefore,
the claim seems to be correct if µ > 5. To check whether or not µ > 5, hypothesis testing (HT) will be used with a
significance level α = 5%.
(6.1) (1p) Write down H0 and Ha.
(6.2) (2p) Is H0 rejected? Why?

Solution. (6.1) {
H0 : µ = 5

Ha : µ > 5

(6.2) First, it can be obtained that

x̄ =
9.0 + 4.7 + 2.1

3
= 5.2667, s2 =

1

3− 1

(
(9.0− 5.2667)2 + (4.7− 5.2667)2 + (2.1− 5.2667)2

)
= 12.1433.
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The Test Statistic and the Rejection Region can be computed as follows:

TS =
x̄− µ0

s/
√
n

=
5.2667− 5√
12.1433/

√
3
= 0.1326,

C =(tα(n− 1), +∞) = (t0.05(3− 1), +∞) = (2.92, +∞).

Since TS /∈ C, we do NOT reject H0 (that is, the sample does not provide any evidence that µ > 5, namely the claim is
NOT supported by the sample).
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x
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)
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µ
X
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2
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∞−∞
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2
.
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)
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P
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x
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X
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r.v
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a
,b

a
n

d
c

a
re
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rs,
th

en

E
(a
X

+
bY

+
c)

=
a
E

(X
)

+
bE

(Y
)

+
c,

V
(a
X

+
bY

+
c)

=
a

2
V

(X
)

+
b
2
V

(Y
)

+
2
a
b
co
v
(X
,Y

),

E
(g

(X
,Y

))
=

{
∑
i,j
g
(x
i ,y

j )·
p
(x
i ,y

j ),
fo

r
d
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,Y
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∫
∞−∞
∫
∞−∞
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(x
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f

(x
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y
,
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r
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n
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o
u

s
(X
,Y

).
.
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.5
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•
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)
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h
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rgin
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l
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o
f
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is
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Y
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)
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∞−∞
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en

t
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)
=
f
X

(x
)·
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Y
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).

3
.

S
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v
e
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r.v

.s
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x
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=

(
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)
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x
,
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=

0
,1
,2
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.

E
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)
=
n
·
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)
=
n
·
p·
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p
).
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.2

)
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P
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)
h

a
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a
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m
f
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=
x
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=

e −
λ
λ
x
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0
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=
λ
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=
λ
.
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=
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=

(
Mx
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.
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=
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