TAMS46: Probability Theory (Second Course) ‘ Provkod: TENT | 09 January 2025, 14:00-18:00

Examiner: Xiangfeng Yang (013-285788). Things allowed: a calculator, a self-written A4 paper (two sides).
Scores rating (Betygsgrinser): 8-11 points giving rate 3; 11.5-14.5 points giving rate 4; 15-18 points giving rate 5.
Notation: ‘A random variable X is distributed as...” is written as ‘X € ... or X ~ ...~

1 (3 points)

Let X ~ Exp(l) and Y ~ Exp(1) be two independent exponential random variables.
(1.1) (2p) Find the conditional density function fx|x4y—2(z) of X given that X +Y = 2.
(1.2) (1p) Find the conditional expectation E(X|X +Y = 2).

Solution. (1.1) Let U = X and V = X + Y. Then

X=U v=v-U J=|%

=1, 0<u<w.

Therefore the joint probability density function of (U, V)’ is, based on fx y(z,y) =e *-e7Y,
fovu,v) = f@ " u,v), g (u,0)| ]| =e ™ e "W =7 0 < u < w.
The density function fy (v) of V' is then

fr(v) = / fov(u,v)du = / e Vdu=v-e ", v>0.
Jo Jo

Therefore, the conditional density function fx|x4y—z(x) is

x| x4v=2(z) = fo‘;((;)Q) = ;;; = %, 0<x<2.
(1.2)
2 2
EX|X+Y =2)= /o T fx|xty=2(r)dr = '/0 x - idi =1.

L]

2 (3 points)

Let X ~ U(0,1) be an uniform random variable. Let Y be a random variable depending on X in the following way:

Y X=2~U0,1-2), 0<z<]l.

(2.1) (1p) Find E(Y).

(2.2) (2p) Find E(X -Y).

Solution. (2.1) It is from Y|X = 2 ~ U(0,1 — z) that E(Y|X) = 15%, which implies that

B(Y) = B(E(Y|X)) = Bt ) = B~ X) = (1— )=+
(2.2)
B(X ) = BE(X - Y|X)) = B(X - B(Y|X)) = B(X - 1) = J(B(X) - B(X*) = L (3 ) = o

[
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3 (3 points)

A Galton-Watson process starts with one individual who reproduces according to the following principle:

# of children Y ‘ 0o 1 2
probability p(y) ‘ % % %

The children reproduce according to the same rule, independently of each other, and so on. Find the probability of
extinction.

Solution. According to Section 3.7 on the book, the probability of extinction is the smallest nonnegative root of the
equation

t=g(t)
where ¢(t) is the probability generating function of Y, that is

1 1 1

gty =EtY)=t"-P(Y =0)+t"-P(Y =1)+t* - P(Y =2) = 6+§t+§t2.
The equation t = g(t) has two roots: ¢ = 1 and ¢ = 1/2. Therefore the probability of extinction is 1/2.
O
4 (3 points)
Let X;,Xs,... be iid. U(0,1) uniform random variables. Show that
(4.1) (1.5p) maxi<p<n Xp —— 1, as n — oco.
(4.2) (1.5p) minj<g<, X —— 0, as n — oo.
Solution. (4.1) For any small € > 0, it holds that
P(] max X, —1|>¢)=P(max Xy >1+¢)+P(max Xy <1—¢€) =0+ P(max X <1—¢)
1<k<n 1<k<n 1<k<n 1<k<n
=PX1<l-eXo<l—¢...,. X, <l—-¢=PX1<1l—-€¢)"=(1—-¢"—0,
which proves that max;<p<, X LN 1, as n — oo.
(4.2) For any small € > 0, it holds that
|1I<I}€11<lnXk| >e€) = P(11<nk1n Xy >¢€) + P( H}Clank < —€) = P(lg}clank >e)+0
=PX1>e6Xo>¢....X,>e)=(P(X1>¢)"=(1-¢" =0,
which proves that min; <<, X LN 0, as n — oo.
O

5 (3 points)
Let X, X5 and X3 be i.i.d. N(2,1) normal random variables. Find the distribution of X; + 3Xs — 2X3 given that
2X; — X, =1.

Solution. Let us define Y7 = X; +3X5 — 2X3 and Y5 = 2X; — Xo. As (X1, X5, X3) is a 3-dim normal random vector, we
know that (Y7,Y3) is a 2-dim normal random vector. To obtain its mean vector py and covariance matrix Ay, we
compute the following:

E(Y1) = BE(X1 43X, — 2X3) = E(X)) + 3E(X,) — 2E(X3) = 4,
E(Yz) = E(2X1 — X3) =2BE(X;) — E(X3) =2,
V(Y1) = V(X1 +3X, —2X3) = V(X)) + 32V (X2) + (—2)*V(X3) = 14,
V(Ys) = V(2X; — Xo) = 2°V(X)) + (—1)*V(Xy) = 5,
cov(Y1,Ys) = E[(Y1 — E(Y1))(Ya — E(Y2))] = B[(X1 + 3X2 — 2X3 — 4)(2X; — X5 — 2)] = —1.
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Therefore,

: 14 -1 (V14)? e VIAVS
py = (4,2) AY(—I 5><\/ﬁ1\/5\/ﬁ\/5 ﬂf\/gy )

where the correlation coefficient is p = ﬁ. Then according to Book: Section 5.6 #(6.2),

Yi|Yy =1~ N(u,0?),

where =4+ pZ2(1-2) =4+ 1 =42, and 0 = 14(1 — p?) = £ = 13.8.

6 (3 points)

Let X, X5,... be i.i.d. L(a) Laplace random variables, and let N ~ Po(m) be independent of X7, X5, .... Define
Syn=X1+Xo+...+ XN (Where So IO)

(6.1) (2p) Find the characteristic function ¢g, (t) of Sn.

(6.2) (1p) Find the limit distribution of Sy as m — oo and a — 0 in such a way that m - a? — 1. (Hint: limit of ¢g, (¢))

Solution. (6.1) It is noted that px(t) = therefore

1
14+a?t2>

_ ma2t?

wsy (t) = E(eV) = gn(px (1) = emlex()-1) _ gz =1 _ o~

(6.2) Taking into account m — oo and a — 0 in such a way that m - a®> — 1, it follows that

,2t2

_ ma

2
Py (t) =€ 1407 = e™" = pp(g2)(t).

That is Sy —— N(0,2). O
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B Some Distributions and Their Characteristics
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