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(a) Beräkna variansen av Z. (1p)

(b) Bestäm kovariansen och korrelationen mellan X och Z. (2p)

(5) För ett företag finns totalt 25 veckors sammanhörande data över veckoomsättningen
(variabel Y ) och den veckovisa reklamkostnaden (variabel x1), d̊a reklamen har skett
p̊a tv̊a olika sätt, A alternativt B. Den binära variabeln x2 har värdet 0 för A och
värdet 1 för B.

Man anpassar en modell till data: Y = �0 +�1x1 +�2x2 +", där " är normalfördelad
med väntevärde 0 och varians �2. Fr̊an datorutskriften f̊ar man

Predictor Coef SE Coef
Constant 44.751 7.062
x1 0.8174 0.1307
x2 13.667 3.464

S = 8.486

(XXT )�1 =

0

@
0.692616 �0.012025 �0.083333
�0.012025 0.000237 0.000000
�0.083333 0.000000 0.166667

1

A .

(a) P̊averkas den genomsnittliga veckoomsättningen signifikant (5%-niv̊an) av om
reklamen sker enligt A eller B? (1.5p)

(b) Hur stor kan veckoomsättningen bli om reklamkostnaden väljs till 50 och rekla-
men sker enligt A? Beräkna ett 95%, tv̊asidigt prediktionsintervall. (1.5p)

Ledning: P̊aminna dig om att för den okända variabeln Y0 gäller det att

Y0 � uT �̂

s ·
p

uT (XTX)�1u + 1
⇠ t(n� k � 1)

där �̂ är skattningen av � = (�0, �1, �2)T och uT = (1, u1, u2) = (1, 50, 0).

(6) För att f̊a en uppfattning om hur många fiskar det finns i en sjö märker man alla
98 fiskar i en f̊angst och släpper tillbaks dessa i sjön. Senare gör man en ny f̊angst
och finner att av de 60 fiskarna i denna var 28 märkta.

(a) Skatta totalantalet fiskar i sjön med momentmetoden. (1p)

(b) Skatta totalantalet fiskar i sjön med maximum-likelihood-metoden. (2p)

Ledning: Väntevärdet av en hypergeometriskt fördelning med parametrarna n, N ,
och m, dvs. en fördelning med sannolikhetsfunktion

p(x) =

⇣m

x

⌘ ✓
N �m

n� x

◆

✓
N

n

◆ , x = max{0, n + m�N}, . . . , min{m,n},

är nm

N
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Sammanfattn. Fö 11: Återkoppling från skattade
tillstånd 5(33)

System: ẋ = Ax + Bu

Observatör: ˙̂
x = Ax̂ + Bu + K(y � Cx̂)

Återkoppling: u = �Lx̂ + `0r = �Lx + Lx̃ + `0r

Slutna systemet:

d

dt


x

x̃

�
=


A � BL BL

0 A � KC

� 
x

x̃

�
+


`0B

0

�
r, y =

⇥
C 0

⇤ 
x

x̃

�

Egenvärden: ges av A � BL, A � KC

Överföringsfunktion r ! y: G

c

(s) = C(sI � (A � BL))�1
B`0

David Törnqvist

Reglerteknik 2012, Fö 12
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Integralverkan 6(33)

För att ta bort stationärt fel, gör en yttre återkoppling med integrator:

System

�K
s�

L

u

x

+
≠

+
≠

v

r y

Det slutna systemet får då överföringsfunktionen (K = �`
n+1):

✓
ẋ

ẋ

n+1

◆
=

✓
A � BL �B`

n+1
�C 0

◆✓
x

x

n+1

◆
+

✓
F

0

◆
v +

✓
0
1

◆
r

David Törnqvist

Reglerteknik 2012, Fö 12
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Utblick – DARPA Urban Challenge 7(33)

En kul reglerteknisk utmaning som ligger i tiden.

Förarlösa bilar ska köra en komplicerad bana på 10 km i
stadsmiljö på max 6 timmar.

Bilarna ska i princip klara av att ta körkort

Vinnaren fick $2M )

David Törnqvist

Reglerteknik 2012, Fö 12

AUTOMATIC CONTROL
REGLERTEKNIK

LINKÖPINGS UNIVERSITET

Utblick – Viktigt att kunna sin reglerteknik 8(33)

Om man inte har rätt poler i observatören så att den är för långsam...
eller har fel tecken i regulatorn... kan det gå så här!

http://www.youtube.com/watch?v=bnv5JP8gL_k

David Törnqvist

Reglerteknik 2012, Fö 12

AUTOMATIC CONTROL
REGLERTEKNIK

LINKÖPINGS UNIVERSITET
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TSDT16 Felrättande koder

Hints for the exercises in session 5

Danyo Danev, danyo@isy.liu.se

1. (5.1)

(a) The parity polynomial h(X) is calculated as follows

h(X) =
X15 + 1

g(X)
= X11+X8+X7+X5+X3+X2+X+1.

(b) According to Theorem 5.7 the dual code is generatied
by the polynomial

Xkh(X−1) = X11h(X−1)

= X11 +X10 +X9 +X8 +X6 +X4 +X3 + 1.

(c) According to (5.15) the systematic for of the gen-
erator matrix is obtained from the polynomials bi(X),
i = 0, 1, . . . , k − 1. These polynomials are obtained as
the remainders from the polynomial division of Xn−k+i

by g(X). Alternatively, bi+1(X), i = 0, 1, . . . , k − 2 is
obtained as the remainder from the polynomial division
of Xbi(X) by g(X). The systematic parity-check matrix
is either obtained in the same way for the the genera-
tor polynomial of the dual code given in (b) or by the
standard correspondence given by (3.4) and (3.7). The
matrices G and H are given below.

G =



























































1 1 0 0 1 0 0 0 0 0 0 0 0 0 0

0 1 1 0 0 1 0 0 0 0 0 0 0 0 0

0 0 1 1 0 0 1 0 0 0 0 0 0 0 0

1 1 0 1 0 0 0 1 0 0 0 0 0 0 0

1 0 1 0 0 0 0 0 1 0 0 0 0 0 0

0 1 0 1 0 0 0 0 0 1 0 0 0 0 0

1 1 1 0 0 0 0 0 0 0 1 0 0 0 0

0 1 1 1 0 0 0 0 0 0 0 1 0 0 0

1 1 1 1 0 0 0 0 0 0 0 0 1 0 0

1 0 1 1 0 0 0 0 0 0 0 0 0 1 0

1 0 0 1 0 0 0 0 0 0 0 0 0 0 1


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
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




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H =

















1 0 0 0 1 0 0 1 1 0 1 0 1 1 1

0 1 0 0 1 1 0 1 0 1 1 1 1 0 0

0 0 1 0 0 1 1 0 1 0 1 1 1 1 0

0 0 0 1 0 0 1 1 0 1 0 1 1 1 1

















2. (5.3)

First we have to show that the polynomial g(X) divides
X21 + 1. This can be seen from the fact that the parity
polynomial h(X) is

h(X) =
X21 + 1

g(X)
= X11 +X8 +X7 +X2 + 1.

The dimension of the cyclic code is k = n−deg g(X) = 11.

The syndrom computation circuit as given in Figure 5.5
is in this case as follows.

The received vector r corresponding to the received poly-
nomial r(X) = 1 +X5 +X17 is

r = (1, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0).

The contents of the syndrom calculation shift register af-

1
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A,B

C,D

P

O

M

G

rAB rAB =
−→AB

V

d⊥a (d⊥v) A aG vG

aG⊥ (vG⊥) aG vG rAG

•

v = ṙr̂ + rθ̇θ̂, a =
(
r̈ − rθ̇2

)
r̂ +

(
rθ̈ + 2ṙθ̇

)
θ̂

•
(

dV

dt

)

i

=
(

dV

dt

)

j

+ ωj/i × V

•

vA = vC + ωk × rCA + vA/k

aA = aC + ω̇k × rCA + ωk × (ωk × rCA) + 2ωk × vA/k + aA/k

A C k vA/k = aA/k =

•

F = ṗ = maG

MP = ḣP , MG = ḣG, MG = IGα + ω × hG, MO = IOα + ω × hO

•

hA = hB + rAB × mvG

MA = MB + rAB × F

•

MA = ḣG + rAG × maG

MA = IGα + maGd⊥a, MA = IGα + mrAGaG⊥

•

hO = IOω, hG = IGω, hM = IMω,

hA = IGω + mvGd⊥v, hA = IGω + mrAGvG⊥

•

U = ∆T + ∆Vg + ∆Ve

F C

U =
∫

F ·dr U =
∫

C·ω dt

U =
∫

F ·dr U =
∫

C dθ

T =
1
2
mv2

G +
1
2
IGω

2

T =
1
2
IOω2, T =

1
2
IMω2

T =
1
2
mvG·vG +

1
2
ω·hG

T =
1
2
ω·hO

•
∫ t2

t1

F dt = p2 − p1 = mvG2 − mvG1

∫ t2

t1

MP dt = hP2 − hP1 ,

∫ t2

t1

MG dt = hG2 − hG1

•

IA =
∫ (

ρ2
AE − ρA ⊗ ρA

)
dm, [IA] =

∫ (
ρ2
A[E] − [ρA][ρA]T

)
dm

[IA] =




IAxx IAxy IAxz

IAxy IAyy IAyz

IAxz IAyz IAzz





IAxx =
∫

(y2 + z2) dm, IAxy = −
∫

xy dm

IAxx = IGxx + m(d2
y + d2

z)

IAxy = IGxy − mdxdy, (dx, dy, dz) = [rAG]

a · (b × c) = b · (c × a)

a × (b × c) = b (a · c) − c (a · b)

(a ⊗ b)c = a(b · c), [a ⊗ b] = [a]|b]T
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Conversion from color 
t l i MATLABto gray scale in MATLAB

True color image Gray scale image

rgb2gray):(MatLab114005870029890GrayV BGR ����� rgb2gray)  :(MatLab  1140.05870.02989.0GrayV BGR �� 

Th YCbC C l d lThe YCbCr Color model
� Used for image compression  JPEG

Not in G&W!

� Used for image compression, JPEG.

� The relation between R, G, B for the luminance component 

Y is similar to MATLAB:s rgb2gray.

� Decouples luminance and chromaticity� Decouples luminance and chromaticity.

� Uses color differences Cb, Cr instead of hue and saturation 

for chromaticity.

� The fact that chromaticity can be more compressed is � The fact that chromaticity can be more compressed is 

utilized. There are higher frequencies in the luminance 

component.

� Note that luminance Y and intensity I are different  � Note that luminance Y and intensity I are different. 

Probably Y describes the subjective brightness better. 

However, equal amount of R,G, and B in an RGB-image 

gives a gray-scale image.
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TFFY54 Quantum Mechanics, 6 ECTS credits.

/Kvantmekanik/

For:   FyN   MFYS   MPN   Y   

 
Prel. scheduled hours: 54
Rec. self-study hours: 106 

 

Area of Education: Science

Main field of studies: Physics, Applied Physics 

 Advancement level (G1, G2, A): A 

Aim: 
The purpose of the course is to give the student a deeper understanding of quantum mechanics
and to further develop the students ability to solve quantum mechanical problems. After
completed course, the student should be able to:

derive results based on the postulates of quantum mechanics.
use various representations of quantum mechanics.
solve quantum mechanical problems that involve topics listed in the course content.

Prerequisites: (valid for students admitted to programmes within which the course is offered) 
Modern physics, linear algebra and fourier transform. 

Note: Admission requirements for non-programme students usually also include admission
requirements for the programme and threshhold requirements for progression within the
programme, or corresponding.

Supplementary courses:
Quantum dynamics; Relativistic quantum mechanics; Elementary particle physics.

Organisation: 
The course is divided into lectures and lessons (problem solving sessions).

Course contents: 
Historical background. Wave-particle dualism. Wave packets. The time-dependent Schrödinger
equation. Probability current density. Expectation values. Hermitian operators. Time-
independent Schrödinger equation. Boundary conditions. Properties of eigenfunctions. General
solution to the Schrödinger equation. Time evolution operator. The Dirac notation. State space.
Adjoint operators. Unitary operators. Commutator. Rigorous proof of the uncertainity
principle. Heisenberg's matrix representation. Ehrenfest's theorem. The postulates of quantum
mechanics. Harmonic oscillator with operator method. Operators as generators of translation
and rotation. Symmetries and conservation laws. Generalized angular momentum. Spherical
harmonics. Pauli spin matrices. Spin dynamics. Spherical symmetric potential. The hydrogen
atom in magnetic fields. Spin-orbit term. Conceptual problems. Approximative methods: non-
degenerate and degenerate perturbation theory; the variational method.Kursplan	
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If we divide each term by �t we get

�x

�t
r

x

I +

�y

�t
r

y

I � (I1 � I2) = 0 (38)

and since �x

�t

is the velocity in the x-direction v
x

and �y

�t

is the velocity
in the y-direction v

y

we finally get the classical flow equation

v
x

r
x

I + v
y

r
y

I � (I1 � I2) = 0 (39)

r
x

I is here the derivative of the image in the x-direction and r
y

I is the
derivative of the image in the y-direction. A more compact way to write
this is

rIT

v ��I = 0 (40)

where �I = I(x, t)� I(x, t + 1) = I1 � I2.
The derivative of the image tells us the possible directions of the move-

ment, since we only can detect movement if there is some structure in the
image. If an area of the image is flat, it is impossible to know if there has
been any movement or not. The velocity tells us how big the movement is,
and the scalar product projects the velocity on the gradient of the image.

To get the derivative of the image, we can apply a number of gradient
filters. The Sobel-operator is a common way of calculating the gradient of
an image, it will give the gradient and a lowpass e�ect in one direction, and
a lowpass e�ect only in the perpendicular direction.

The Sobel-operator consists of two 3 x 3 filters, one that is used to
calculate the x-gradient and one that is used to calculate the y-gradient.

G
x

=

2

4
+1 0 �1

+2 0 �2

+1 0 �1

3

5 /8 (41)

G
y

=

2

4
+1 +2 +1

0 0 0

�1 �2 �1

3

5 /8 (42)

The gradient magnitude can then be calculated as

G =

q
r

x

I2
+r

y

I2 (43)

and the direction of the gradient can be calculated as

� = arctan

 
r

y

I

r
x

I

!
(44)

where r
x

I is the filter response from G
x

and r
y

I is the filter response
from G

y

.

Figure 40: An object in the image has moved between two timepoints. The
movement in the x-direction is �x, the movement in the y-direction is �y
and the time di�erence between the images is �t. The two images and the
time di�erence are given, the goal is to calculate the motion vector that
describes the movement between the images.

I(x + v(x), t + 1) = I(x, t + 1) +rI

T

v (35)

where rI = [r
x

I,r
y

I]

T .

The first assumption says that the intensity does not change between
the two images. The second assumption says that the image locally can be
described with a first order Taylor expansion.

By using the first assumption we can write that the pixel value at the
position (x, y) at timepoint t is equal to the pixel value at (x + �x, y + �y)

at timepoint t + �t, where �x is the movement in the x-direction, �y is
the movement in the y-direction and �t is the time di�erence between the
images. If the intensity changed between the two images, this would not be
true.

I(x + �x, y + �y, t + �t) = I(x, y, t) (36)

Using the other assumption, we apply a first order Taylor expansion to
the expression above and get

�xr
x

I + �yr
y

I ��t(I1 � I2) = 0 (37)

where I2 is the second image and I1 is the first image and I1 � I2 is an
estimate of the time derivative.

Figure 39: Image registration is necessary to register the activity map from
a low resolution fMRI dataset to a high resolution T1-volume. The image to
the right is though an fMRI slice and not the activity map.

The methods that will be covered in this chapter are intensity based reg-
istration and phase based registration. First the optical flow algorithm will
be explained and then the mutual information algorithm will be explained.

4.2 Transformation models

Image registration is normally divided into di�erent areas, depending on
the transformation model that is used. One area of transformation models
are linear transformations, that include translation, rotation, scaling and
other a�ne transforms. If the transformation is limited to rotation and
translation, the registration is rigid since the size and the shape of the
object can not change. The motion fields for linear transformations can be
described by a number of parameters. Another area is non-rigid registration
where the shape and the size of the object can change, not only globally but
locally. These motion fields can however not be described by a number of
parameters. In order to get a smooth transition between the local motion
fields, it is common to reguralize the motion field.

4.3 Intensity based registration using gradient filters

The most common way to register two images is to look at the intensity itself.
One way to do this is to calculate the optical flow between the images.

The optical flow registration algorithm is based on 2 assumptions

I. The motion can locally be described as a movement �x.

I(x, t) = I(x + �x, t + 1) (34)

II. The image can locally be described as a leaning plane
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Kvartsbilsmodell

En modell med den fjädrade massan ms (karossmassa) och den ofjädrade
massan mus (hjul- och axelmassa).

ct

csh
z1

z0

z2

ms

mus

ks

ktr

Dynamiska ekvationer

ms z̈1 + csh(ż1 − ż2) + ks(z1 − z2) = 0

mus z̈2 + csh(ż2 − ż1) + ks(z2 − z1) + ct ż2 + ktrz2 = ct ż0 + ktrz0

Jan Åslund (Linköping University) Fordonsdynamik med reglering Föreläsning 9 8 / 28

Odämpat system

Utan dämpning och med z0 = 0 f̊ar vi

ms z̈1 + ksz1 − ksz2 = 0

mus z̈2 − ksz1 + (ks + ktr )z2 = 0

Kan skrivas
M z̈+ Az = 0

där matriserna

M =

[

ms 0
0 mus

]

, A =

[

ks −ks
−ks ks + ktr

]

är positivt definita och symmetriska.

Jan Åslund (Linköping University) Fordonsdynamik med reglering Föreläsning 9 9 / 28

Odämpat system

Systemet har lösningar p̊a formen:

z1 = Z1 cos(ωnt − ϕ)

z2 = Z2 cos(ωnt − ϕ)

Vinkelfrekvenserna ωn ges av den karakteristiska ekvationen

det(−ω2
nM + A) = 0

och egenvektorerna

Z =

(

Z1

Z2

)

ges av det homogena ekvationssystemet

(−ω2
nM + A)Z = 0

Jan Åslund (Linköping University) Fordonsdynamik med reglering Föreläsning 9 10 / 28

Dämpat system

Tar vi med dämpning f̊ar vi systemet

M z̈+ C ż+ Az = f(t)

där

C =

[

csh −csh
−csh csh + ct

]

, f(t) =

(

0
ct ż0 + ktrz0

)

Genom att transformera systemet f̊ar vi

G (s)z̃(s) = f̃ (s)

där
G (s) = s2M + sC + A

Jan Åslund (Linköping University) Fordonsdynamik med reglering Föreläsning 9 14 / 28
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Solutions TATA71 2011-12-15 
1. (a) The substitution )(/1)( xzxy = , 0)( ≠xz gives 2)(/)()( xzxzxy ′−=′ and 21

1
x

z
+

=′ . 
So Cxxz += arctan)( and )/(arctan1)( Cxxy += . 
(b) By separating variables we get 21

12/
x

yy
+

−=′ if 0)( ≠xy . So Cxy +−=− arctan/1 and again 
)/(arctan1)( Cxxy += . We also have to check whether the condition 0)( ≠xy does not exclude a possible 

solution. Substitution into the equation shows that 0)( =xy is also a solution. 
(c) From the IC Cy 1)0(1 ==  the solution is )1/(arctan1)( += xxy . The second IC 0)0( =y  is satisfied     
by 0)( =xy .  
---------- 
2.  From 022 =−− yx , 0223 =−− yx  the equilibrium point is )2,2( 00 == yx . The linear change of 
variables 2+= ux , 2+= wy  moves the equilibrium point to )0,0( and ),( wu satisfies the homogeneous 

system wuu −= 2& , wuw 23 −=& . 0
23

12
det =









−−

−−

λ

λ
 gives eigenvalues 11 =λ , 12 −=λ  and the 

eigenvectors 







=

1
1

1w , 







=

3
1

2w . The general solution is 







+








+








=









+

+
=







 −

2
2

3
1

1
1

2)(
2)(

)(
)( tt eBeA

tw
tu

ty
tx

. 

For ),( wu - system the origin is an unstable equilibrium of the saddle point type.  The line through the origin 
along the eigenvector 1w  contains two outgoing trajectories and the line along the eigenvector 2w  contains two 
ingoing trajectories. The remaining trajectories are hyperbolas approaching asymptotically these lines and they 
are directed consistently with the directions of trajectories along the lines 1w  and 2w . 
The phase space diagram for the ),( yx system has the equilibrium point shifted to the point )2,2( . 
----- 
3.  The ansatz for solution )()()()( xxuxzxuxy ==  gives 02)1( 2 =′+′′− uuxx . The unknown 

uw ′= satisfies a first order separable ODE 02)1( 2 =+′− wwxx . So xxww )1/(2/ 2 −=′  and 
])1/(1[])1/(1[]/2[/ −+++−=′ xxxww . By integrating )/11(/)1( 222 xexxew CC −±=−±=  and 

DxxeDxxedxxwxu CC ++±=++±== ∫ /)1()/1()()( 2 . From the second solution 

Dxxeuxxy C ++== )1()( 2  one can take )1()( 2 += xxy  as the simplest linearly independent  

solution. The determinant of the Wronskian matrix 01
21

1 2
2

≠−=






 +
=








′′

x
x

xx
Det

yz
yz

Det   

for 11 <<− x  proves linear independence. 
------------  
4. Equations 01 =−y , 02 =− yx     have two solutions )1,1( 11 == yx , )1,1( 22 =−= yx . 

The Jacobian matrix is 








−
=

12
10

x
J .  At the equilibrium points: 









−
==

12
10

),( 111 yxJJ  has the 

eigenvalues 2,1 −== −+ λλ and the eigenvectors 







=+ 1

1
w , 









−
=− 2

1
w . 









−−
==

12
10

),( 222 yxJJ      

has the eigenvalues )71(2
1 i±−=±λ  and no real eigenvectors. So )1,1( is a saddle point and )1,1(−  is a       

spiral sink. The direction of the vectorfield on the nullclines: 








−
=









1
0

),(
),(

2xyxg
yxf

on 01 =−y ,  








 −
=









0
1

),(
),( y
yxg
yxf

on 02 =− yx is consistent with this conclusion.  
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Uppgift�4�

a) 
Imperfekt (ty alla beslutspunkter formar inte sitt egna informationsrum) 
Säker (eftersom naturen inte drar alls) 
Asymmetrisk (då informationen spelarna har att tillgå förändras under spelets gång) 
Fullständig (båda spelarnas information styrs inte av naturen) 
 
b) Formulera spelets på normalform genom att ta fram spelarnas strategier och bilda 
utdelningsmatrisen enligt: 
a1 = A3 b1 = B1 
a2 = A1, C1 b2 = B2 
a3 = A1, C2 b3 = B3 
a4 = A2, D1 
a5 = A2, D2 
 

1 2 3

1 3 3 3

2 12 2 7

3 8 4 6

4 4 12 7

5 2 10 0

b b b

a
a
a
a
a

ª º
« »�« »
« »
« »�« »
« »¬ ¼  

 
c) Spelets jämviktslösning fås genom följande analys: 

1 2 3 min

1 3 3 3 3

2 12 2 7 2

3 8 4 6 4

4 4 12 7 7

5 2 10 0 0

max 12 12 7

b b b rad

a
a
a
a
a

kol

ª º
« »� �« »
« »
« »� �« »
« »¬ ¼

 
 
Ingen sadelpunkt då max radmin = 4 är skiljt från min kolmax = 7. 
Sök därför blandade strategier. 
a1 domineras av a3 och b1 domineras av b3. 
Detta leder till att B endast har två strategier att välja bland. 

2 3 min

2 2 7 2

3 4 6 4

4 12 7 7

5 10 0 0

max 12 7

b b rad

a
a
a
a

kol

� �ª º
« »
« »
« »� �
« »
¬ ¼

 
Säg att B väljer b2 med sannolikhet p. 
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Solution to examination in TFYY67   on  110316 1

1) 1. Newton's equation:
mz k z z z z A t k m z A t˙̇ cos   ;   ˙̇ cos= � �( )¡ = + +( ) = ¡ = � +( )0 0

2\ I \ \ \ I
p z p z z= ¡ = = � +( )¡ = +( )qz qz qA t p q A tˆ ˙̇ ˙̇ ˆ ˆ cos ˙̇ cos\ \ I \ \ I2 2 2 2 4 2

a) P
p

c
q A

c
t t t r c= [ ] = +( ) = �

2

3
2

3

2

3

2 2 4

3
2˙̇

cos '   ;   '\ \ I

b)  P
q A

c
t

q A
c

dt t= +( ) = +( )µ2
3

2
3 2

2 2 4

3
2

2 2 4

3
0

2
2\ \ I \ \

U
\ I

U \

cos ' ' cos '

�

= +( ) +µ
2

3 2
1
2

2 2 4

3
0

2
2 2q A

c
dt t t

\ \
U

\ I \
U \

' cos ' sin '++( )¬® ¼¾ = =I \ \
U

U
\

1

2 2 4

3
2

3 2
1
2

2

 �




 �






q A
c

qq A
c

2 2 4

33
\

2a) Monopole moment: 0 (total charge is zero)
Dipole moment: 0 (inversion symmetry)
Quadrupole tensor: Symmetry gives

�

�Q
Q

Q= �
©

«

ª
ª

¹

»

º
º

11

11

0 0
0 0
0 0 0

Q dx dx dx x x rij i j ij= ( ) �
�h

+h

�h

+h

�h

+h

µµµ 1 2 3
23W Ir (( )

= �( ) + � �(�

� �
µ µQ dx x x dy yq

a
a

a
q
a

a

a

11 2
2 2

2
2 23 3 0 ))

= +
©
«ª

¹
»º
= ��q

a

a a
a q2

3 3
24

3
2

3

2b)  �+
4 1

6
( ) = � �¬® ¼¾Tr Q� �O

�

�O =
� � �

� � �
� �

1
3 3 3

3 3 3
3 3

5

2 2

2 2

r

r x xy xz

xy r y yz

xz yz r22 23�

©

«

ª
ª
ª

¹

»

º
º
ºz

�

� �Q
Q
r

r x xy xz

� = �
©

«

ª
ª

¹

»

º
º

� � �
O 11

5

2 21 0 0
0 1 0
0 0 0

3 3 3
�� � �
� � �

©

«

ª
ª
ª

¹

»

º
º
º

=

3 3 3
3 3 3

2 2

2 2

11

xy r y yz

xz yz r z

Q
rr

r x xy xz

xy r y yz5

2 2

2 2

3 3 3
3 3 3
0 0 0

� � �
� +

©

«

ª
ª
ª

¹

»

º
º
º

�

+ 4 1
6

1
6

2

5
2 2 2 23 3( ) = � �¬® ¼¾ = � � � � + +Tr Q

qa
r

r x r y� �O 00

1
2

2

5
2 2 1

2

2

5
2 2 2

( )

= �( ) = �qa
r

y x
qa
r

r sin sin cosV O 22

2

3
2 2 1

2

O

V O

( )

= �( )qa
r

sin sin
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Example: Matrix–Matrix multiply (cont.)

Alternative 2: Block storage.
0

@

C11 . . . C1p
... ...

Cp1 Cpp

1

A =

0

@

A11 . . . A1p
... ...

Ap1 App

1

A

0

@

B11 . . . B1p
... ...

Bp1 Bpp

1

A

• Blocks are of size
√

n ×
√

n. Three blocks fit into cache.

• Want to Compute Cij =
p

∑

k=1

AikBkj, p =
√

n.

- Keep Cij in Cache. Load Aik and Bkj and compute AikBkj.
- Two main memory calls and (

√
n)3 multiply/additions.

Still need n3 multiply/additions. But only 2(
√

n)3 = 2n1.5 main memory
access calls.

– Typeset by FoilTEX – 9

Matrix-Matrix multiply

Compute C = AB by

cij =
n

∑

k=1

aikbkj.

Remark This is not a definition. It is one possible algorithm for computing
the matrix C representing the composite mapping A ◦ B.

Question The algorithm require n3 multiplications and n2(n−1) additions.
Is it possible to do better?

– Typeset by FoilTEX – 10

Strassen’s Matrix-Matrix multiply

Regular matrix-matrix multiply is
„

c11 c12

c21 c22

«

=

„

a11 a12

a21 a22

« „

b11 b12

b21 b22

«

=

„

a11b11+a12b21 a11b12+a12b22

a21b11+a22b21 a21b12+a22b22

«

.

This requires 8 multiplications (and 4 additions). An equivalent formula is

„

c11 c12

c21 c22

«

=

„

p1 + p4 − p5 + p7 p3 + p5

p2 + p4 p1 + p3 − p2 + p6

«

,

where

p1 = (a11 + a22)(b11 + b22), p2 = (a21 + a22)b11, p3 = a11(b12 − b22),
p4 = a22(b21 − b11), p5 = (a11 + a12)b22, p6 = (a21 − a11)(b11 + b12),
p7 = (a12 − a22)(b21 + b22).

Only requires 7 multiplications (and 18 additions). Volker Strassen, 1969.

– Typeset by FoilTEX – 11

Strassen’s Matrix-Matrix multiply

function [C]=strassen(A,B);

[n,m]=size(A);n=n/2;

if (n==1/2), % This is the case A and B are scalars.

C=A*B;

else

A11=A(1:n,1:n);A12=A(1:n,n+1:2*n);A21=A(n+1:2*n,1:n);A22=A(n+1:2*n,n+1:2*n);

B11=B(1:n,1:n);B12=B(1:n,n+1:2*n);B21=B(n+1:2*n,1:n);B22=B(n+1:2*n,n+1:2*n);

P1=strassen( A11+A22 , B11+B22 ); P2=strassen( A21+A22 , B11 );

P3=strassen( A11 , B12-B22 ); P4=strassen( A22 , B21-B11 );

P5=strassen( A11+A12 , B22 ); P6=strassen( A21-A11 , B11+B12 );

P7=strassen( A12-A22 , B21+B22 );

C11=P1+P4-P5+P7;C12=P3+P5;C21=P2+P4;C22=P1+P3-P2+P6;

C=[ C11 , C12 ; C21 , C22 ];

end;

Remark: Requires O(nlog2(7)) = O(n2.807) multiplications/additions.

– Typeset by FoilTEX – 12
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