
Bestäm α s̊a att lim
n→∞

nα
(√

n2 + 2− 3
√
n3 + 3n

)

existerar och är 6= 0.



Bestäm α s̊a att lim
n→∞

nα
(√

n2 + 2− 3
√
n3 + 3n

)

existerar och är 6= 0.

Lösning: För stora n gäller
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av typen ∞·(∞−∞) om α > 0 och
∞−∞

∞ om α < 0. Kan inte Maclaurinutveckla som det

st̊ar, n → ∞, inte 0. Skriv om som

√
n2 + 2 =

√

n2

(

1 +
2

n2

)

= n

√

(

1 +
2

n2

)

= n

(

1 +
2

n2

)
1

2

.

Eftersom n är stort blir
2

n2
litet, s̊a om vi tänker t =

2

n2
kan vi Maclaurinutveckla. Vi f̊ar

√
n2 + 2=n

(

1 +
2

n2

)
1

2

=

[

utveckla (1 + t)α

α = 1/2, t = 2/n2

]

=n

(

1+
1

2
· 2
n2

+

(

1/2

2

)(

2

n2

)2

+O
(

(

2

n2

)3
))

=

=

[(

1/2

2

)

=
1

2
(1
2
− 1)

2
=− 1

8

]

=n

(

1 +
1

n2
− 1

8
· 4
n4

+O
(

1

n6

))

=n +
1

n
− 1

2n3
+O

(

1

n5

)

.

P̊a samma sätt f̊as

3
√
n3 + 3n= 3

√

n3

(

1 +
3

n2

)

=n

(

1 +
3

n2

)
1

3

=

[

utveckla (1 + t)α

α=1/3, t=3/n2

]

=

=n

(

1+
1

3
· 3
n2

+

(

1/3

2

)(

3

n2

)2

+O
(

(

3

n2

)3
))

=

[(

1/3

2

)

=
1

3
(1
3
− 1)

2
=− 1

3
·2
3
·1
2
=− 1

9

]

=

=n

(

1 +
1

n2
− 1

9
· 9
n4

+O
(

1

n6

))



Bestäm α s̊a att lim
n→∞

nα
(√

n2 + 2− 3
√
n3 + 3n

)

existerar och är 6= 0.

Lösning: För stora n gäller
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=

=

[(

1/2

2

)

=
1

2
(1
2
− 1)

2
=− 1

8

]

=n

(

1 +
1

n2
− 1

8
· 4
n4

+O
(

1

n6

))

=n +
1

n
− 1

2n3
+O

(

1

n5

)

.

P̊a samma sätt f̊as

3
√
n3 + 3n= 3

√

n3

(

1 +
3

n2

)

=n

(

1 +
3

n2

)
1

3

=

[

utveckla (1 + t)α

α=1/3, t=3/n2

]

=

=n

(

1+
1

3
· 3
n2

+

(

1/3

2

)(

3

n2

)2

+O
(

(

3

n2

)3
))

=

[(

1/3

2

)

=
1

3
(1
3
− 1)

2
=− 1

3
·2
3
·1
2
=− 1

9

]

=

=n

(

1 +
1

n2
− 1

9
· 9
n4

+O
(

1

n6

))

=n +
1

n
− 1

n3
+O

(

1

n5

)

.



Vi f̊ar

nα
(√

n2 + 2− 3
√
n3 + 3n

)

=



Vi f̊ar

nα
(√

n2 + 2− 3
√
n3 + 3n

)

= nα

(

n +
1

n
− 1

2n3
+O

(

1

n5

)

−
(

n +
1

n
− 1

n3
+O

(

1

n5

)))



Vi f̊ar

nα
(√

n2 + 2− 3
√
n3 + 3n

)

= nα

(

n +
1

n
− 1

2n3
+O

(

1

n5

)

−
(

n +
1

n
− 1

n3
+O

(

1

n5

)))

=

= nα

(

− 1

2n3
+

1

n3
+O

(

1

n5

))



Vi f̊ar

nα
(√

n2 + 2− 3
√
n3 + 3n

)

= nα

(

n +
1

n
− 1

2n3
+O

(

1

n5

)

−
(

n +
1

n
− 1

n3
+O

(

1

n5

)))

=

= nα

(

− 1

2n3
+

1

n3
+O

(

1

n5

))

= nα

(

1

2n3
+O

(

1

n5

))



Vi f̊ar

nα
(√

n2 + 2− 3
√
n3 + 3n

)

= nα

(

n +
1

n
− 1

2n3
+O

(

1

n5

)

−
(

n +
1

n
− 1

n3
+O

(

1

n5

)))

=

= nα

(

− 1

2n3
+

1

n3
+O

(

1

n5

))

= nα

(

1

2n3
+O

(

1

n5

))

=

= nα−3

(

1

2
+O

(

1

n2

))



Vi f̊ar

nα
(√

n2 + 2− 3
√
n3 + 3n

)

= nα

(

n +
1

n
− 1

2n3
+O

(

1

n5

)

−
(

n +
1

n
− 1

n3
+O

(

1

n5

)))

=

= nα

(

− 1

2n3
+

1

n3
+O

(

1

n5

))

= nα

(

1

2n3
+O

(

1

n5

))

=

= nα−3

(

1

2
+O

(

1

n2

))

→















∞ om α > 3

d̊a n → ∞.



Vi f̊ar

nα
(√

n2 + 2− 3
√
n3 + 3n

)

= nα

(

n +
1

n
− 1

2n3
+O

(

1

n5

)

−
(

n +
1

n
− 1

n3
+O

(

1

n5

)))

=

= nα

(

− 1

2n3
+

1

n3
+O

(

1

n5

))

= nα

(

1

2n3
+O

(

1

n5

))

=

= nα−3

(

1

2
+O

(

1

n2

))

→















∞ om α > 3
1

2
om α = 3 d̊a n → ∞.



Vi f̊ar

nα
(√

n2 + 2− 3
√
n3 + 3n

)

= nα

(

n +
1

n
− 1

2n3
+O

(

1

n5

)

−
(

n +
1

n
− 1

n3
+O

(

1

n5

)))

=

= nα

(

− 1

2n3
+

1

n3
+O

(

1

n5

))

= nα

(

1

2n3
+O

(

1

n5

))

=

= nα−3

(

1

2
+O

(

1

n2

))

→















∞ om α > 3
1

2
om α = 3

0 om α < 3

d̊a n → ∞.



Vi f̊ar

nα
(√

n2 + 2− 3
√
n3 + 3n

)

= nα

(

n +
1

n
− 1

2n3
+O

(

1

n5

)

−
(

n +
1

n
− 1

n3
+O

(

1

n5

)))

=

= nα

(

− 1

2n3
+

1

n3
+O

(

1

n5

))

= nα

(

1

2n3
+O

(

1

n5

))

=

= nα−3

(

1

2
+O

(

1

n2

))

→















∞ om α > 3
1

2
om α = 3

0 om α < 3

d̊a n → ∞.

Följaktligen, gränsvärdet existerar och är 6= 0 för α = 3. Gränsvärdet är d̊a
1

2
.


