Exercises for TATASS, batch 2, 2021

October 21, 2021

Solutions to the exercises below should be handed in no later than November 16, 2021.

1. (6p) Let ¢ : G — H be a group homomorphism, with kernel N and image M.

(a) Show that the group homomorphism

Coo = (g) = Dy = (r, st = s?

=71srs =1)
gk o
can be “factored” through the quotient epimorphism

Coo = (g) ={g™M EZ} — Cn = (h) = {hk‘0§k<n}
gk — h*
(b) More generally, show that ¢ can be factored as ¢ = (/1\) o, where 1 : G — G/N is the
canonical quotient epimorphism, and $ is injective.
(c) Show that the homomorphism of additive groups

7 — 7

n—2n

can be “factored” through the inclusion homomorphism 27 — Z.

(d) Show that ¢ factors as ¢ = j o ¢, where j is the inclusion homomorphism, and ¢ is
surjective.

(e) Show that the group homomorphism R 3 t — exp(27it) € C* can be factored as

R—»% — T = C*

t = t+ Z— exp(2mit) — exp(27rit)

where the first homomorphism is surjective, and the last is injective.

(f) Can ¢ be factored as j o ¢ o 7, with j injective, 7t surjective, and ¢ an isomorphism?
2. (4p)

(a) Show that the group of complex invertible 2 x 2 matrices acts on the stereographic one-
point compactification of the complex plane by
a b , az+b
c 4|7 cz4+d



(b) What are the orbits?
(c) What are the fixed points of a general (generic) matrix?
(d) What is the stabilizer of 1?

. (3p) Suppose that K < H < G are finite groups, where K, H are not necessarily normal sub-
groups of G. Show that
|G:K|=|G:H]|-|H:K]

. (4p) Let G be the group of rigid symmetries of the cube. Pick two adjacent faces of the cube,
let 1 be rotation by 90 degrees ccw through an axis perpendicular to the face (so r7 has order
4) and let ; be the corresponding rotation of the adjacent face. Let H = (ry7r,1,11). What is
the size of H? What well-known group is it isomorphic to? Is it normal in G? If so, what is the
quotient?

. (4p) Let G be a finite group of size pm, with p prime, and all prime factors of m larger than p.
Suppose that H < G, |G : H| = p. Show that H is normal in G.

(Hint: G acts on the left cosets of H. This action is equivalent to a homomorphism G — Sy for
some Y. Show that the kernel is contained in H.)

. (6p) Consider two m x n-matrices A and B as equivalent if by permuting the rows and columns
of A we can obtain B. Suppose that the matrices are binary, i.e. have entries in {0, 1}.

¢ Count the number of equivalent binary 2 x 3-matrices with k ones, for 0 < k < 6.

¢ Count the number of equivalent binary 3 x 4-matrices with k ones, for 0 < k < 12.

The first part is easily doable with pen and paper and Burnside. For the second part, you
might want to look up the “cycle index” and ‘“Polya enumeration theorem”, and/or start up your
computer!



