LINKOPINGS UNIVERSITET Utbildningskod: TATA57
Matematiska institutionen Modul: TEN1
Transform theory Datum: 2024-06-01

Institution: MAI

Exam in Transform Theory
TATA57/TEN1 2024-06-01

You are permitted to use:

e Transformteori - Sammanfattning, Formler & Lexikon (from MAI);
e Table of Formulee (by Johan Thim). This one is included at the end of the exam.
e A calculator (with cleared memories).

Swedish version of the exam comes after the English version. You may answer in Swedish or
English.

Each problem is worth 5 points (for a total of 35 points). No half-points will be awarded in the
grading. A solution is deemed good if the question is awarded at least 3 points out of 5. For
grade n, you need at least n good answers.

ERASMUS students will have their grades marked according to the scale: A = grade 5, B =
grade 4, C = grade 3.

Grading: for grade 3, you need to show that you have achieved all intended learning outcomes.
A sufficient way of proving this is:

e At least 15 points in total;
e Points on assignments for all four parts of the course;

e At least 3 good solutions (awarded at least 3 out of 5 points).

Your solutions need to be complete, well motivated, carefully written and concluded with a
clear answer. Be very careful with motivations since these are a huge part of your solutions.
Make sure to point out that conditions in theorems you are using hold. Assumptions you make
need to be explicit. The exercises are not necessarily in order of difficulty.

Solutions can be found on the homepage a couple of hours after the finished exam.
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1. For each of these statements, prove or disprove the claims. For each correct answer, you
get 1p and for each incorrect answer, you get 0 p.
(a) Does u,(z) = 2**, —1 < z < 1, converge uniformly on [—1,1] as n — 00?
(b) Is U(w) = H(w) e~ the Fourier transform of a function v € G(R)?

(c) If u € E has the Fourier partial sums Sy u, then || Sxu — u||p2(—rx) — 0 as n — 00,
-1

(d) The function U(z) = -

n is the Z transform of a sequence u[n], n =0,1,2,..., of
z

real numbers.
—S

(e) The function F(s) =
function f € X,.

> 1 is the Laplace transform of some exponentially bounded
8 —

2. (a) Prove that

(b) Solve the equation

y' + 2y —3y =16, t>0, y(0)=1, 3/(0)=-3.

3. Let u(z) = el when —7 < 2 < 7 and extend u periodically. Find the Fourier series
for u(x) and show what the Fourier series converges to for x € R. Draw the graph of the
Fourier series. Is the convergence uniform?

4. Find a solution y € G(R) to

/ eyt —r)dr=e, teR.

5. Solve the equation

un+2] —uln+ 1] — 2u[n] = 3n — 1)2" +6[n], w[0] =3, u[l]=3, n=0,1,2,...

6. (a) Find the Fourier transform of f(z) = -1, -1 <z <0, f(0) =0, f(z)=1,0<2 <1
and f(xz) =0if || > 1 (so f(x) =sgn(z) if =1 <z <1and f(zx) =0if |z| > 1).

(b) Calculate the limit
I —1
lim —/ COBW T~ piwe dw, x€R.

(c) Show that
/°° (cosw — 1)2 do — .

2
00 w

1 2
t
7. Calculate the limit lim ZL(/TL)
n—oo Jo T —+ 1 + n2t2

Hint: you may use the fact that | cos(a) — 1| < |al|, a € R, without proof.

dt. Motivate carefully!
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Svensk oversattning av uppgifterna

1. For varje pastaende, bevisa eller motbevisa pastaendet. Du far 1 p for varje ratt och Op
for varje fel.

(a) Kommer u,(z) = 2>, —1 < z < 1, konvergera likformigt pa [—1,1] da n — oo?
(b) Ar U(w) = H(w) e™* Fouriertransformen av nagon funktion u € G(R)?

(c) Om u € E har Fourier-delsummorna Sy u, géller det att | Sxu — u|lp2(—xx) — 0

da n — oo?
-1

z
d) Funkti U(z) =
(d) Funktionen U(z) Py

—S

ar Z-transformen av nagon reell talféljd u[n], n =0,1,2,...

(e) Funktionen F(s) =
funktion f € X,,.

T 1 ar Laplacetransformen av nagon exponentiellt begransad
s

2. (a) Visa att
1

Res > —3.
s+ 3’ s

L{e™™)(s) =
(b) Los ekvationen

y' + 2y —3y =16, t>0, y(0)=1, 3/(0)=-3.

3. Lat u(x) = el”l nir —7 < 2 < 7 och utvidga u periodiskt. Bestim Fourierserien for u(z)
och visa vad Fourierserien konvergerar till for x € R. Rita grafen for Fourierserien.
Konvergerar Fourierserien likformigt?

4. Bestam en l6sning y € G(R) till

/ eyt —r)dr=e", teR.

—00
5. Los ekvationen

un+2] —uln+ 1] — 2u[n] = 3n — 1)2" +6[n], w[0] =3, u[l]=3, n=0,1,2,...

6. (a) Bestdm Fouriertransformen av f(z) = —1, =1 <2 <0, f(0) =0, f(z)=1,0<2z <1
och f(x) =0om |z| > 1 (sa f(x) =sgn(zx) om —1 < x < 1och f(z) =0om |z| > 1).

(b) Berédkna griansvérdet

R
. 1 cosw—1 .
lim — ——“*dw, x€R.
R—o0 17T R w

(c) Visa att

/‘”de:ﬂ_

2
00 W

1 2
t
7. Berdkna gransvardet lim ZL(/TL)
n—oo [o N° + 1+ n2t2

Ledning: du far anvinda att |cos(a) — 1| < la|, a € R, utan bevis.

dt. Motivera noggrant!
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