Transform theory 2024-06-01 — Solutions

1. (a) No. Since u,(x) — wu(z), where u(xz) = 0 for |z| < 1 and u(£l) = 1, so u is
discontinuous, the convergence can’t be uniform since each u,, is continuous.

(b) No, U(w) is discontinuous at w = 0.

(c) Yes. Fourier series of functions in F always converge in L?(—m, ).
1 =z

d) Yes, U(z) = = = Z ((-1)*?H[k - 2)).

(A) Yes, U(z) = g = 2 (-1 2H]k ~ 2)

(e) Yes, F(s) =L (% sinh(2(t —1))H(t — 1)), Res > 2.

Answer: No. No. Yes. Yes. Yes.
2. (a) We find that

00 00 e—(s+3)t
Lu(s) = / e Slestdt = / eIt = [—
0 0

> 1
=—— R 3 0.
—(3+3)]0 s+3’ e(s+3)>

Note that Re(s +3) >0 < Res > —3.

(b) We assume that y,y’,y” all belong to X, (and verify this at the end). Taking the
Laplace transform, we obtain that

PV () = sy(0) = 4 (0) = 2(sY (5) — y(0)) +2Y (5) = - 1+63
& Y(s)(s*+2s—3) :%+3—1, Res > —3.

Hence, since s> +2s —3 = (s + 3)(s — 1),
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From a table,
1 1
H = d te ™) = ———
L(e") Sy oo L(te ") o

SO
y(t) = e’ — 4te™™

by uniqueness and linearity. Obviously y and its derivatives are exponentially
bounded.

Answer: y(t) = e' —4te™ t>0.

3. Clearly u € E. This is obvious since the the periodic extension function is continuous
everywhere (e/="l = e™ at the end points). There are no jumps. Furthermore, u is infinitely
differentiable for x # nm, and at © = nx the right- and lefthand derivatives exist. Hence —
by Dirichlet’s theorem — the Fourier series of u is convergent and converges to u(z) for
all x € R. The convergence is uniform since u(—7n) = u(7) and v’ € E. We sketch the
graph of the Fourier series below.
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We need the Fourier coefficients, so we observe that u is an even function so a pure
cosine-series is sufficient. The integrand is even so for k > 0,

1 (" 2 (7 1 (7 . .
ay = —/ el cos kx do = —/ e’ coskrdr = —/ e’ (em + 6_”“) dx
™ Jo ™ Jo

™ —T

1 ™ ' ' 1 ez(l—i—ik) ex(l—ik) ™
i z(tk+1) z(1—ik) dr = =
W/O (e +eTY) d W{1+z’k+1—ik}
B 1 eikﬂew N e—ikﬁew 1 1
o \l+4ik  1—ik  1+4+ik 1—ik
1 (=DFem -1 n (—1)Fem =1\  2(—1)Fe™ —2
o 1+ ik 1—ik o om(T+ k)
-1 &R 2(—1)kem —2
Thus u(x) = eT + ; (7r(1)+k2) cos kz with equality due to the argument above.
—1 2 -1
Answer: u(x) = l + — Z 1 +€k;2 cos kx; see above.

=1

. The left-hand side is a convolution of y with ¢ — e~2*/ (which is a bounded function
in G(R)), so taking the Fourier transform (assuming that y € G(R)) shows that

2-2
22 + w2

(4+w?) re e/t

»Jle

Yoy =Vre "/t & Y(w) =

Note that

w/me Nt = —(iw)?/me 1t

SO
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5. Taking the Z transform with |z| > 2 yields

6z I
(z—2)2 =z-2
62— 22422+ 22 —42+4

(= - 2p |

22U (2) — (2%u[0] + zu[l]) — (2U(2) — zu0]) — 2U(z2) = +1

& (P-z2-2)U(z) =32+

We note that
6z — 22 +22422—424+4  A(z+1)

(2 —2) (2 —2p

and since 22 — 2z —2 = (2 — 2)(2 + 1), so

322 4

Ve = ey T oo

|z| > 2.

We decompose the first term into partial fractions,

3z 1 " 2 z 49 z
z - —_— = Z = .
(z—=2)(z+1) z4+1 z-2 z41 z—2
and rewrite the second term as

4z
(2 —2)3

4 —
(z—2)3

1
z

so we can use a table (and uniqueness) to find that

2

(C1) a4 (n— 1)2(n —2)

(=)™ + 2" 4 (n? —3n +2)2" %H[n — 1].

uln] = (=1)" +2-2" + (” )2”_1H[n ]

2" 1H[n — 1]

We see that u[0] = u[l] = 3 and we can directly verify that this solves the equation.

Answer: u[n] = (=1)" + 2" + (n®* = 3n +2)2" *H[n—1],n=0,1,2, ...

6. (a) We observe that f € G(R) so the Fourier transform exists and

F(w) = /_00 f(x)e ™ do = /11 sgn(z)e ™" dx

= / —1-e"*dx + / 1-e7*dx
-1 0

efiwx 0 efiwa: 1 1 — eiw 1 — efiw 2 (eiw + efiw)
— + =—f+—=
-1 0

—iw —w W W W
2 —2cosw . cosw — 1
= =2-—— w#0.
1w w

At w = 0, we calculate directly:

F(0) = /_ : f(z)e 0% do = / 11 sgn(z) dr = 0.
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(b) Drawing the graph of f(z), we find the following.

Since D* f(z) exists for every € R, Fourier inversion (Dirichlet’s theorem for the
Fourier transform) yields

1 (R -1, 1 (R -1)
lim L / 05w = 1 i gy =y & / Zifcosw — 1) i g,
R w R—o00 270 R W

= — 5 = :ti’ Tr = :F]_,
0, |z| > 1
Y
O 11
™
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°

(¢) Note that with F'(w) from (a), for w # 0,

4(cosw — 1)?

w?

|F(w)l* =

and since f € L*(R) N L*(R), we can use Plancherel’s theorem:

| _12 o '
[ o [P dr =2 [ 1=

2
00 w o) —1

SO

w?

/“de:w

o
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Answer: o )

() Flw) = 222D 0, po) =0

(b) sgn(x) when |z| < 1, +£1/2 when x = £1, 0 when |z| > 1.
(c) se above.

n? cos(t/n)

7. Let u,(t) = ———"——= forn =1,2,3,... We find the pointwise limit as n — oo:
n2 + 1+ n?t?
: . cos(t/n) 1
t) = lim un(t) = 1 _
0 nvoe ! ) nlﬁlgo1+1/n2+t2 1+ t2
Since
| (t) (t)‘ n? COS(t/’I"L) 1 n? COS(t/TL)(l + tQ) . (ng L1 n2t2>
Unp, —Uu = - _
n24+14n22 14 ¢2 (n2 + 1+ n22)(1 + 12)

cos(t/n)(1 + 1) — (1 +t2) — 1/n?
(14+1/n2+12)(1+t2)

_ ‘(1 + tz)(cos(t/n) —1) — 1/n2
(I+1/n24+t2)(1+t?)

<2 <[t/n|<1/n
————
- (1+t%) | cos(t/n) — 1| +1/n? <2
T (41 +) 1+t T n n?
NS -~ JHH
>1 >1

it is clear that

2 1
sup |u,(t) —u()| <=+ — =0, asn— o0
0<t<1 non

so the convergence is uniform. Thus

1

1 1
1
lim up(t) dt = /0 u(t) dt = /0 R dt = [arctan t](l) =

n—oo 0

e

Answer:
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