1. (a)

Transform theory 2024-08-22 — Solutions

Yes. Since u,(z) — 0 for |z| < 1/2 and |u,(z) — 0] = |z|* < 27" — 0 independent
of x € [-1/2,1/2].

No. The function does not tend to zero as |s| — oo (it’s not even bounded as |s| — 00).
Yes. If Zu= Zv for |z] > R > 0 (some R), then u[n] = v[n] for alln =0,1,2,...

1 2
Yes. Note that coszsinz = 5 sin 2z and that L(sin2z) = ERY Res > 0.
s

Answer: Yes. No. No. Yes. Yes.

2. (a)

(b)

We find that

G n .—n G 1 <
—nZ:OSz ;Z/B y e |z| > 3.

Taking the Z transform with |z| > 3 yields

4z
z—3
4z 222 — T2+ 7

& (22—3Z—|—2)U(2):222—Z+2_3:Z' popy

22U (2) — (2%u]0] + zu[1]) — 3(2U(2) — zul0]) + 2U(2) =

Thus, since 22 — 324+ 2 = (2 — 1)(z — 2),
222 — T2+ 17 B 2 N -1 1
(z—1D(z—2)(z—3)

+
z2=3 z—-2 z-1
where we decomposed into partial fractions. We can now use a table (and uniqueness)
to find that

U(z) =z

uln] =2-3"-2" 4+ 1.

Answer: uln]=2-3"-2"+1,n=0,1,2,...

Clearly v € E. This is obvious since the the periodic extension function is continuous

everywhere except for the jumps at odd multiples of 7. Furthermore, u is infinitely
differentiable for x # nm, and at x = nx the right- and lefthand derivatives exist. Hence —
by Dirichlet’s theorem — the Fourier series of u is convergent and converges to u(z) for
all z # (2m+1)7. At x = (2m+ 1), the Fourier series converges to 7/2. The convergence

can’t be uniform since the Fourier series converges to something that is discontinuous
at © = (2m + 1)w. We sketch the graph of the Fourier series below.
Y
2 1
[} [
—o x
-9 -8 -7—-6-5-4-3 -2 -1 1 2 3 4 5 6 7 8 9

lofb



We find that, for k& # 0,

1 T ik 1 T ik 1 pe ke 1 /‘7T —ik
_ 7 xd - 7 :cd - - i xd
k= 5 _Wu(x)e x 27T/O xe T= 5 ({ — L—i—ik i e x
ie kT 1 " (-=DF  (=DF -1
= W __ 1 — 1
TG )=t o
and
L[ dz
co=— [ xdx=—
T or 0
Hence C1F (1)
5 (-1 “DF -1\
ulw)~ g+ (Z 2k ork? >
k40

SR (—D)E -1
Answer: u(x) ~ %jt Z (Z( Qk) + ( 2)k2 ) ™™ see above.
m

4. The integral in the left-hand side is the one-sided convolution of u with ¢t — 3! — ef, so
taking the Laplace transform shows that

1
U(s)—i—U(s)L’(eSt—et):S_Q, Res > 2.
Thus
1 1 1 s? —4s+5 1
U 1 - = & Uls)- =
(S)< +s—3 5—1) s—2 (5) (s—=1)(s=3) s—2
We solve for U(s) and find that
s? —4s+3 -1 2s —4 -1 5—2

U(s) = - - 2. .
)= oo —dst5) -2 ¥_dsi5 s—3 2 o2l

Since L(e*v(t)) = V(s — 2), we find by uniqueness that

u(t) = —e* + 2e* cost, t> 0.

Answer: u(t) = —e* + 2¢* cost, t > 0.

5. We're looking for a solution to y/(z) = 4y(z+7)+1—€'™, so obviously y must be (at least)
differentiable. Hence y is continuous. This means that ¢’ must be continuous (since y
solves the equation). Hence y € C'. Which means that 3’ € C', so y € C? and so on. In
other words, the solution must be very smooth.

e y € C? implies that the Fourier series of y and y' converges to y(z) and y/(z),

o0
respectively (by Dirichlet’s theorem). So, let y(x) = Z e’
k=—o0
e y being 27m-periodical and 3y’ € F means we can form the termwise derivative of y
(with equality due to the first point):

[e.e]

y'(x) = Z ikcpe™™.

k=—o00
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Therefore, we can write

(@) —dy(z+7)=1-€" & Z (ik — 4e™* ™) cpe™™ =1 — €™

k=—o00

& Z (ik — 4(=1)F)cpe™™ =1 — ™.

k=—00
For y to be a solution to the differential equation, we must therefore (by uniqueness) have:
ik=4(-1)" or ¢ =0, k+#0,7.

Obviously ¢, = 0 is the only possibility when k& # 0,7. If £ = 0 we find that —4cq = 1,
so ¢ = —1/4. If k =7, then

1 4 -7 Ti—4

Ti—4(=1)Ner = -1 & = — = — = .

(7i = 4(=1))er T i 65 65
Hence our solutions must have the form

. 1 7i—4
— T i7x
y(x) = ¢y + cre 1 + o5
1 7i—4 .
A . - _ iTx
nswer: y(z) 1 o

(a) We observe that f € G(R) so the Fourier transform exists and
F(w) = / f(z)e ™" dx
o | 1 |
:/ (1+x)-e_““’dx+/ (x—1) e “"dx
-1 0

1 —iwz 0 1 0 ] — 1) wz 1 1 1 )
_ [( + QT?B :| 4+ = T o 4 |:([L' .)6 :| + _/ e~ T Iy
1 0

—iw w )y — W 0w
. oz 1

2 1 [t 20 1 [ee
=——+— e "dr = —+ — -

woow S woow | —w |y

2iw — (e —e™™) w—sinw
= 5 =2 > w#0.
w w

At w = 0, we calculate directly:

F(0) = / Z F(z)e™ 07 dy = / 11 fx)dz =0

since the integrand is odd.

(b) Drawing the graph of f(z), we find the following.
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—1

Since D* f(z) exists for every z € R, Fourier inversion (Dirichlet’s theorem for the

Fourier transform) yields

. .i/R sinw ~ W g~ 1 /R 2i(sinw — w)

ezwx dw

Roocodm [ p  w? R—oo 2T | _p w?
1 -
= lim — F(w)e™ dw
R—oo 277 _R
142z, —-1<2<0,
_ @)+ fET) )0, z =0,
2 r—1, 0<x<1,
0, |z| > 1.
Y
1
" T
—1 1

—1

(¢) Note that with F'(w) from (a), for w # 0,

and since f € L*(R) N L?*(R), we can use Plancherel’s theorem:

—00 w [e's) -1

SO

/OO (t —sint)? o — g

t4

[e.e]

4 of 5
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Answer: 24 nw)
i(w—sinw
(a) Flw) = —————,w#0,F(0)=0
(b) f(z) when |z| < 1, 0 when x =0 or |z| > 1.

(c) se above.

cos kx

Clearly

()] <

<5 k=123

so the series defining u(x) is convergent for all z (actually uniformly convergent by the
M-test). To show that u(x) is differentiable, we prove that

> . [ —ksinkxr —2xcoskx
Z%@)ZZ( 22 4 k3 + (x2+k3)2)
k=1

k=1

is uniformly convergent. We see that

—ksin kx N —2x cos kx k N 2|z| < 1 N 2|z|
24k (2R T 24k (24 k)2 TR (22 4 k8
Furthermore,
<k = 2|z| < 2k 2
x St bk Il
= (22 + k%2 — &5 &
and
B>k = 2|z| <2|av| 2<2
x - il
R A PR

o0
so it is clear that v(x) = Z uy.(z) is uniformly convergent by the M-test. Since all u}, are
k=1

o0
continuous, it follows that v is continuous. The fact that u(z) = Z ug(x) is convergent
k=1

and that the series defining the continuous function v is uniformly Eonvergent, we obtain
that u/(x) = v(x), which proves that v € C*(R).

Answer: See above.
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