Transform theory 2025-06-05 — Solutions

1. (a) Yes. Since u,(x) — 0 for |z| < 1/2 and |u,(z) — 0] = |z[>® < 273" — 0 independent
of z € [-1/2,1/2).
(b) Yes. The function is continuous (so piecewise continuous) and the area beneath the
graph is equal to one: Z 27571 = 1, so the functions belongs to G(R).
k=0

(¢) Yes. The partial sums are continuous functions so uniform convergence ensures that
the limiting function is continuous.

(d) Yes. This is clear because

[ Lu(s)] =

/ u(t) e dt‘ §/ lu(t)| e tRes at §/ lu(t)| dt < oo
0 0 0

since tRes > 0. Note that this is possible even if u does not belong to X, for
any a > 0.

(e) Yes. This is clear since

S Julkl= | < €Y et = —C < oo
k=0 k=0 1=

if |z| > 1, so the series is absolutely convergent.

Answer: Yes. Yes. Yes. Yes. Yes. (yes..)

2. Assuming that y,v',y"” € G, we take the Fourier transform to find that

d _
(i)Y () — 4Y () = 36 F(re"H(~)) = 36i— F(c"H(~1)) = %
Hence, by decomposing into partial fractions,
—36 1 8 9 12

Y = (i) —D)(iw =17 wt2 dw—1 w—2 Gw=1p

From a table, we find that

Fle® @) = 5o, FE@H(-0) = 5=—, FEH(-) = =
and F(xe"H(—x)) = 2% F(e"H(—z)) = (1__—;&))2,

so by uniqueness and linearity,
y(r) = e > H(x) — (8 + 12z)e"H(—x) + 9e* H(—x).

This function and its piecewise derivatives up to order 2 are absolutely integrable.

9e2 — (8 4+ 12x)e” <0
Answer: y(x)—{ ‘ (8 +122)e", @ <0,

e, x> 0.
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3. Clearly u € E. This is obvious since the the periodic extension function is continuous
for k7 <z < (k+ 1)7 and has one-sided limits at © = k7. Furthermore, u is infinitely
differentiable for x # nm, and at x = n7 the right- and lefthand derivatives exist. Hence —
by Dirichlet’s theorem — the Fourier series of u is convergent and converges to u(x) for
all z # km. For x = (2k + 1) we get (u(z™) +u(z7))/2 = (7" +0)/2 = e /2 and
for z = 2km we get (u(z™) +u(z7))/2 = (e® +0)/2 = 1/2; see the figure below. Since
the graph (depicting the Fourier series) has discontinuities, the convergence can not be

S NG
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T

We find that, for all k € Z,

—ikx T
Cp = i ( ) —ikx d — _/ —z —zk::r d — _/ —(1+ik)x dl‘ — 1 6—
21 J_ 2 | —(1+ik)],

1 —(14ik)r — (=1)fem
= — (1 e t ) - 7 "
2(1+ik) 27T(1 + ik)
Hence
= k e ikx
_z_: l—l—zk’ <
Notice that
P o Vi A Sl G N € el
T 2n(1+ik) | 2m2l k2 Are(1 4 k2)

so by Parsevals’s formula we obtain that

> 1 2T 1
Y ot =g [ oiie =g [ =g || =0
k=—00

which we can reformulate as

(L= (=DFem)? 1 —2r = (1— (- 2 —2r
kzzoo Am? (1 + 2) ST e Z 1+k2 =m(l—e™).

k—ﬂ'

o0
Answer: u(x E —— ke g (1 — 6727T).

1—|—2k
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4.

d.

We take the Z transform of the equation and find that

2?U(z) — 22u[0] — zu[1] — (2U(2) — zu[0]) — 6U(2) =4 - po— +5- ot

where we assume that (at least) |z| > 2. Reformulating this equation, we find that

4z 52 2(52% — 112 — 2)
2 2

—2z—-6)U(2) =5 =
(" =z = 6)U) Z+z—2+z—|—2 22— 4

U(z) 523 — 11z — 2
z  (24+2)2(2—2)(z—-3)

Rewriting the right-hand side and decomposing into partial fractions yields

Uz) _ 4, 2 1 1
z z—3 z+2 (2422 z-2

Using the identities

Z()=—"—, Z(3)=—"r Z(-2F)=—

z—2 z2—3 z2 42
and  Z (k(-2)") = 2
(2 +2)%

we obtain by linearity and uniqueness that

u[k]:4-3k+2-(—2)k+§-(—2)’“—2”:4-3’“—2’“4—(2—|—§) (—2)".

k
Answer: ulk] =4-3" — 2% 4 (2 + 5) (2% k=0,1,2,3,....

(a) We observe that f € G(R) so the Fourier transform exists and
0o 4 _1 ' 9 |
F((JJ) = / f(a:)e—zwa: dr = / —2 W Iy +/ 2 e WT o
- -2 1

2 e—iwz -1 2 e—iwx 2 4 €i2w _ eiw e—iZw _ e—iw
— |-== | == -
—w | _, —w |, —iw 2 2

4
-z (cos2w — cosw), w #0.
w

At w = 0, we calculate directly:

F(0) = /_OO f(x)e " dx =0

since f € L'(R) is odd. Drawing the graph of f(z), we find the following.
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O—)
1 1
x
—9 -1 1 2
—1
(b) Notice that
_ 2 1 4 '
050~ 082 _ L (cosw — cos ) = LF(w)

Since D* f(z) exists for every € R, Fourier inversion (Dirichlet’s theorem for the
Fourier transform) yields

I%i_{%o _}; cosw —wcosQw piw g _ %AE&%/_};F(M) G g
—iT, —2<r< -1,
am f(at) 4+ f(e) ), 1<z <2,
T2 2 ) kin/2, @ =42, 41,
0, |z| > 2 or |z] < 1.

We can draw the graph for the function defined by F~'(F(w))(z).

)
11 . .
T
—2 —1 1 2
° ° —1
O—)
Rewriting the integrand, we find that
(cosw — cos2w)sinw  (cosw — cos 2w) Im e™ (cosw — cos 2w)e™
fnd = 11m
w w w

so by the previous result (with z = 1),

) CoS w — €os 2w) sin w o T
lim dw=Im| =) ==
R—oo [_p w 2

o
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43 2w —
Answer: (a) F(w) = ifcos 2w cosw)’ w#0, F(0)=0 (b) see above.

w
(a) Easiest is to write the RHS as

f(t) =sint —sintH(t — w) = sint + sin(t — 7)H(t — )
and use L(u(t —a)H(t —a)) = e~* L(u) with u(t) = sint to obtain
1 e 14e™

F(s) = + =
(5) s24+1  s241 s2+1
for Res > 0. Alternatively, it is not an unreasonable approach to use direct integra-
tion:
o0 i 1 T ) .
F(s) = / ft)estdt = / sinte ™ dt = — (e" —e ™) e dt
0 0 2i Jo
1 e(z—s)t

e—(z—l—s)t ™ 1 o el e~ 1 1
= = |= + — =—=le - + - — | - + -
2t | 1— 8 1+ |, 21 1—S8 1+S 1—S8 1+ s
-1/ _.. 1 1 1 1
=—1e€ - + - + | - + -
21 1—S 1+s 1—S 1+s

—(1+e ™) 1 1 1+e ™ 1 1
= - - + - = - - — -
21 t1—S 1+S 21 Ss—1 S+1

l4+e™ 2 1+4e™
2i 241 241
with Res > 0 to avoid s = =+i.

Y

(b) The integral in the left-hand side is the one-sided convolution of u with ¢ — €%, so
taking the Laplace transform yields
B 1 + e~ TS

sU(s) — u(0) + U(s) L(e*) = o Res > 0.

s—2
(s —1)*(s2+ 1)

Thus
1 1477

[ — — 1 —TS
S+2) & Uls)=(1+e™)

oo (s ) = 2

for Res > 1. Decomposing into partial fractions we find that
5 —2 —s 1/2 1 1/2

G122 +1) #4101 £+1 s—1 (5-17
1 1
:ﬁ(—cost—ésint—i—i(Q—t)et).

Since L(v(t —m)H(t — 7)) = e ™*(Lv)(s), we find by uniqueness that

u(t) = —cost—%sint—i—%(?—t}et
I 1 -
+<—cos(t—7r)—§sm(t—7r)+§(2—(t—7r))e ”)H(t—w)

1 1
= —cost—ﬁsint—l——(Z—t)et

2
1. 1 .
+ cost+§smt—|—§(2—(t—7r))e ") H(t—m)
_J—cost—gsint+ 5 (2—1)€, 0<t<m,
B T2-te+i@2-(t—m)e ", t>m
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1 1
14 e —cost——sint+ = (2—t)e!, 0<t<m,
Answer: (a) F(s) = ,Res >0 (b) 2 2

s +1 %(2—t+(2—(t—7r))e‘”), t> .
. Since 1 1
0§(x+k)3/2§k;3/2’ x>0, k=1,2,3,...,
and i L is convergent, it follows from Weierstrass M-test that f: _ is
2 jan 2 (o + k)P

uniformly convergent on [0, 1]. Thus we can change the order of integration and summation,
yielding that

\
j:
gE
[\
VN
—_
|
ﬂH
—_
N———
I

since the integrated series is a telescoping sum (write out a couple of terms to ensure
this!).

Answer: 2.

Note: The bit about careful motivation is due to the problem of moving the limit inside
the integral. We show that this is allowed by proving that the sequence is uniformly
convergent on the interval we integrate over.
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