
LINKÖPINGS UNIVERSITET Utbildningskod: TATA57
Matematiska institutionen Modul: TEN1
Transform theory Datum: 2026-01-07

Institution: MAI

Exam in Transform Theory
TATA57/TEN1 2026-01-07

You are permitted to use:

• Transformteori - Sammanfattning, Formler & Lexikon (from MAI);

• Table of Formulæ (by Johan Thim). This one is included at the end of the exam.

• A calculator (with cleared memories).

Swedish version of the exam comes after the English version. You may answer in Swedish or
English.

Each problem is worth 5 points (for a total of 35 points). No half-points will be awarded in the
grading. A solution is deemed good if the question is awarded at least 3 points out of 5. For
grade n, you need at least n good answers.

ERASMUS students will have their grades marked according to the scale: A = grade 5, B =
grade 4, C = grade 3.

Grading: for grade 3, you need to show that you have achieved all intended learning outcomes.
A sufficient way of proving this is:

• At least 15 points in total;

• Points on assignments for all four parts of the course;

• At least 3 good solutions (awarded at least 3 out of 5 points).

Your solutions need to be complete, well motivated, carefully written and concluded with a
clear answer. Be very careful with motivations since these are a huge part of your solutions.
Make sure to point out that conditions in theorems you are using hold. Assumptions you make
need to be explicit. The exercises are not necessarily in order of difficulty.

Solutions can be found on the homepage a couple of hours after the finished exam.
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1. For each of these statements, prove or disprove the claims. For each correct answer, you
get 1 p and for each incorrect answer, you get 0 p.

(a) Does un(x) = sin(xn), |x| ≤ 1/2, converge uniformly on [−1/2, 1/2] as n → ∞?
Hint: | sin t| ≤ t.

(b) The function with the graph below, where each of the infinitely many triangles
starting at each k = 0, 1, 2, . . ., has area 2−k−1, has a Laplace transform (at least)
for Re s > 0.

ω

y

1 2 3 4 5

1

(c) A function u ∈ L1(−π, π) can have the complex Fourier coefficients ck = 2k2 + i.

(d) A uniformly convergent Fourier series is a continuous function on R.

(e) It is true that Z(32k)(z) =
z

z − 32
, |z| > 32.

2. (a) Find a function y ∈ L1(R) such that

y′(x) + 2y(x) = 5e−3|x|, x ∈ R.

(b) Show (not using tables) that F(e−xH(x)) =
1

1 + iω
.

3. Find a solution to
y′′(t)− 4y′(t) + 5y(t) = 4et, t ≥ 0,

such that y(0) = 1 and y′(0) = 3.

4. Find all sequences u[n], n = 0, 1, 2, . . ., such that

n∑

k=0

(2k + 1)u[n− k] = 6 · 2n, n = 0, 1, 2, . . .

5. Define g(x) = lim
R→∞

1

2π

∫ R

−R

2 sinω

ω
eiωx dω for x ∈ R. Show that g(x) exists and draw

(carefully) the graph for g(x), −3 ≤ x ≤ 3. Calculate the convolution g ∗ g, x ∈ R, and
draw the graph. Hint : recall that 2 sin2 ω = 1− cos 2ω.

6. Let u(x) = π/2 − |x| when |x| < π/2 and u(x) = 0 when π/2 ≤ |x| ≤ π, and extend u

periodically. Find the Fourier series for u(x) and calculate the series
∞∑

k=1

(
1− cos(kπ/2)

)2

k4
.

7. Let u(x) =
∞∑

k=1

sin
(
k2x
)

x2 + k4
, x ∈ R. Prove that u ∈ C1 on R. Motivate carefully!
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Svensk översättning av uppgifterna

1. För varje p̊ast̊aende, bevisa eller motbevisa p̊ast̊aendet. Du f̊ar 1 p för varje rätt och 0 p
för varje fel.

(a) Konvergerar un(x) = sin(xn), |x| ≤ 1/2, likformigt p̊a [−1/2, 1/2] d̊a n → ∞?
Ledning: | sin t| ≤ t.

(b) Funktionen med grafen nedan, där var och en av de oändligt m̊anga trianglarna som
startar vid varje k = 0, 1, 2, . . ., har area 2−k−1, har en Laplacetransform (̊atminstone)
för Re s > 0.

ω

y

1 2 3 4 5

1

(c) En funktion u ∈ L1(−π, π) kan ha de komplexa Fourierkoefficienterna ck = 2k2 + i.

(d) En likformigt konvergent Fourierserie är en kontinuerlig funktion p̊a R.

(e) Det är sant att Z(32k)(z) =
z

z − 32
, |z| > 32.

2. (a) Hitta en funktion y ∈ L1(R) s̊a att

y′(x) + 2y(x) = 5e−3|x|, x ∈ R.

(b) Visa (utan tabeller) att F(e−xH(x)) =
1

1 + iω
.

3. Hitta en lösning till
y′′(t)− 4y′(t) + 5y(t) = 4et, t ≥ 0,

s̊a att y(0) = 1 och y′(0) = 3.

4. Bestäm alla talföljder u[n], n = 0, 1, 2, . . ., s̊a att

n∑

k=0

(2k + 1)u[n− k] = 6 · 2n, n = 0, 1, 2, . . .

5. Definiera g(x) = lim
R→∞

1

2π

∫ R

−R

2 sinω

ω
eiωx dω för x ∈ R. Visa att g(x) existerar och rita

(noggrant) grafen för g(x), −3 ≤ x ≤ 3. Beräkna faltningen g ∗ g, x ∈ R, och rita grafen.
Ledning : kom ih̊ag att 2 sin2 ω = 1− cos 2ω.

6. L̊at u(x) = π/2−|x| d̊a |x| < π/2 och u(x) = 0 d̊a π/2 ≤ |x| ≤ π, och utvidga u periodiskt.

Bestäm Fourierserien för u(x) och räkna ut serien
∞∑

k=1

(
1− cos(kπ/2)

)2

k4
.

7. L̊at u(x) =
∞∑

k=1

sin
(
k2x
)

x2 + k4
, x ∈ R. Visa att u ∈ C1 p̊a R. Motivera noggrant!
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ve
rg
en

ce
in

n
or
m
.
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C
on

ve
rg
en

ce
of

F
u
n
ct
io
n
s

•
P
oi
n
tw

is
e
co
n
ve
rg
en

ce
:
W
e
sa
y
th
at

u
k
→

u
p
oi
n
tw

is
e
on

I
as

k
→

∞
if

li
m

k
→

∞
u
k
(x
)
=

u
(x
)

fo
r
ev
er
y
x
∈
I
.
W
e
of
te
n
re
fe
r
to

u
as

th
e
li
m
it
in
g
fu
n
ct
io
n
.

•
U
n
if
or
m

co
n
v
er
ge
n
ce
:
W
e
sa
y
th
at

u
k
→

u
u
n
if
or
m
ly

on
[a
,b
]
as

k
→

∞
if

li
m

k
→

∞
∥u

k
−
u
∥ L

∞
(a
,b
)
=

0.

W
ei
er
st
ra
ss
’
M
-t
es
t:

If
I
⊂

R
an

d
M

k
,
k
=

1,
2,
..
.,
ar
e
co
n
st
an

ts
su
ch

th
at

|u
k
(x
)|

≤
M

k

fo
r
x
∈
I
,
th
en

∞ ∑ k
=
1

M
k
<

∞
⇒

∞ ∑ k
=
1

u
k
(x
)
co
n
ve
rg
es

u
n
if
or
m
ly

on
I
.

If
:

•
u
0
,u

1
,u

2
,.
..

ar
e
co
n
ti
n
u
ou

s
fu
n
ct
io
n
s
on

[a
,b
]

•
an

d
u
(x
)
=

∞ ∑ k
=
0

u
k
(x
)
is
u
n
if
or
m
ly

co
n
ve
rg
en
t
fo
r
x
∈
[a
,b
],

th
en

•
th
e
se
ri
es

u
is
a
co
n
ti
n
u
ou

s
fu
n
ct
io
n
on

[a
,b
],

•
w
e
ca
n
ex
ch
an

ge
th
e
or
d
er

of
su
m
m
at
io
n
an

d
in
te
gr
at
io
n
:

ˆ

d

c

u
(x
)
d
x
=

ˆ

d

c

(
∞ ∑ k
=
0

u
k
(x
))

d
x
=

∞ ∑ k
=
0

ˆ

d

c

u
k
(x
)
d
x
,

fo
r
a
≤

c
<

d
≤

b,

•
an

d
if
in

ad
d
it
io
n

∞ ∑ k
=
0

u
′ k
(x
)
co
n
ve
rg
es

u
n
if
or
m
ly

on
[a
,b
],
th
en

u
′ (
x
)
=

d d
x

(
∞ ∑ k
=
0

u
k
(x
)
d
x

)
=

∞ ∑ k
=
0

d d
x
u
k
(x
)
=

∞ ∑ k
=
0

u
′ k
(x
),

x
∈
[a
,b
].

1
.6

In
te
gr
at
io
n
T
h
eo
ry

T
h
e
p
ri
n
ci
p
al

va
lu
e
in
te
gr
al

is
d
efi
n
ed

b
y

P
.V

.ˆ
∞ −
∞
u
(x
)
d
x
=

li
m

R
→

∞

ˆ

R −
R

u
(x
)
d
x
.

•
If
F
(x
)
=

ˆ

∞ −
∞
f
(x
,y
)
d
y
ex
is
ts

fo
r
ev
er
y
x
∈
I
an

d

su
p

x
∈I

∣ ∣ ∣ ∣ˆ

R −
R

f
(x
,y
)
d
y
−

F
(x
)∣ ∣ ∣ ∣→

0,
as

R
→

∞
,

th
en

w
e
ca
ll
th
e
in
te
gr
al

d
efi
n
in
g
F
(x
)
u
n
if
or
m
ly

co
n
ve
rg
en
t
on

I
.

5

•
D
om

in
at
ed

co
n
ve
rg
en

ce
:

If
:

–
f
:
R

2
→

C
,

–
F
(x
)
=

ˆ

∞ −
∞
f
(x
,y
)
d
y
ex
is
ts

fo
r
al
l
x
,

–
th
er
e
is
a
g
∈
L
1
(R

)
su
ch

th
at

|f
(x
,y
)|
≤

g
(y
)
fo
r
al
l
x
,y

∈
R
,

th
en

ˆ

∞ −
∞
f
(x
,y
)
d
y
co
n
ve
rg
es

u
n
if
or
m
ly

on
R
.

•
C
o
n
ti
n
u
it
y
:
If
f
:
R

2
→

C
is
co
n
ti
n
u
ou

s
on

[c
,d
]×

[a
,R

].
T
h
en

–
F
R
(x
)
=

ˆ

R

a

f
(x
,y
)
d
y
is
co
n
ti
n
u
ou

s
on

[c
,d
]

–
an

d
if
in

ad
d
it
io
n
f
is

co
n
ti
n
u
ou

s
on

[c
,d
]
×

[a
,∞

[
an

d
F
(x
)
=

ˆ

∞

a

f
(x
,y
)
d
y
co
n
-

ve
rg
es

u
n
if
or
m
ly

(o
n
[c
,d
])
,
th
en

F
is
co
n
ti
n
u
ou

s.

•
O
rd
er

of
in
te
g
ra
ti
o
n
:
If

f
:
R

2
→

C
is

co
n
ti
n
u
ou

s
on

[c
,d
]
×

[a
,∞

[
an

d
F
(x
)
co
n
ve
rg
es

u
n
if
or
m
ly

(o
n
[c
,d
])
,
th
en

ˆ

d

c

( ˆ
∞

a

f
(x
,y
)
d
y

)
d
x
=

ˆ

∞

a

( ˆ
d

c

f
(x
,y
)
d
x

)
d
y
.

•
N
ot
e
th
at

w
e
ca
n
le
t
a
=

−
∞

in
th
e
p
re
v
io
u
s
th
eo
re
m
s
b
y
ex
ch
an

gi
n
g
[a
,R

]
b
y
[−

R
,R

]
an

d
co
n
si
d
er

th
e
p
ri
n
ci
p
al

va
lu
es
.

•
L
ei
b
n
iz
’s

ru
le
:
If

–
f
:
R

2
→

C
an

d
f
′ x
(x
,y
)
ex
is
t
an

d
ar
e
co
n
ti
n
u
ou

s,

–
F
(x
)
=

ˆ

∞ −
∞
f
(x
,y
)
d
y
is
co
n
ve
rg
en
t
fo
r
ev
er
y
x
,

–
an

d

ˆ

∞ −
∞
f
′ x
(x
,y
)
d
y
is
u
n
if
or
m
ly

co
n
ve
rg
en
t,

th
en

F
′ (
x
)
=

d d
x

ˆ

∞ −
∞
f
(x
,y
)
d
y
=

ˆ

∞ −
∞
f
′ x
(x
,y
)
d
y
.

2
F
ou

ri
er

S
er
ie
s

F
or

u
∈
L
1
(−

π
,π

):

a
k
=

1 π

ˆ

π −
π

u
(x
)
co
s
k
x
d
x

an
d

b k
=

1 π

ˆ

π −
π

u
(x
)
si
n
k
x
d
x

or
c k

=
1 2π

ˆ

π −
π

u
(x
)e

−
ik
x
d
x

ar
e
th
e
F
ou

ri
er

co
effi

ci
en
ts

(r
ea
l
or

co
m
p
le
x
)
fo
r
u
.
T
h
e
se
ri
es

S
(x
)
=

a
0 2
+

∞ ∑ k
=
1

( a
k
co
s
k
x
+
b k

si
n
k
x
) =

∞ ∑

k
=
−
∞
c k
ei

k
x

is
ca
ll
ed

th
e
F
o
u
ri
er

se
ri
es

of
th
e
fu
n
ct
io
n
u
(r
ea
l
or

co
m
p
le
x
).

W
e
w
ri
te

u
(x
)
∼

S
(x
).

N
ot
e
th
at
:
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•
if
u
is
ev
en
,
th
en

b k
=

0
fo
r
k
=

1,
2,
3,
..
.;

•
if
u
is
o
d
d
,
th
en

a
k
=

0
fo
r
k
=

1,
2,
3,
..
..

If
u
is
a
T
-p
er
io
d
ic

fu
n
ct
io
n
,
w
e
d
efi
n
e
Ω
=

2π T
.
T
h
e
re
al

F
ou

ri
er

se
ri
es

of
u
is
th
en

gi
ve
n
b
y

u
(x
)
∼

a
0 2
+

∞ ∑ k
=
1

( a
k
co
s
k
Ω
x
+
b k

si
n
k
Ω
x
) ,

w
h
er
e

a
k
=

2 T

ˆ

T
/
2

−
T
/
2

u
(x
)
co
s
k
Ω
x
d
x

an
d

b k
=

2 T

ˆ

T
/
2

−
T
/
2

u
(x
)
si
n
k
Ω
x
d
x
.

T
h
e
co
m
p
le
x
F
ou

ri
er

se
ri
es

is
gi
ve
n
b
y

u
(x
)
∼

∞ ∑

k
=
−
∞
c k
ei

k
Ω
x
,

w
h
er
e
c k

=
1 T

ˆ

T
/
2

−
T
/
2

u
(x
)e

−
ik
Ω
x
d
x
.

S
om

et
im

es
w
e
d
en
ot
e
c k

=
û
[k
].

2
.1

P
ar
se
va
l’
s
id
en
ti
ty

•
P
ar
se
va
ls
’s

id
en
ti
ty
:

1 2π

ˆ

π −
π

|u
(x
)|2

d
x
=

∞ ∑

k
=
−
∞
|c k

|2
or

1 π

ˆ

π −
π

|u
(x
)|2

d
x
=

|a
0
|2

2
+

∞ ∑ k
=
1

( |a
k
|2
+
|b k

|2)
,

w
h
er
e
u
(x
)
∼

∞ ∑

k
=
−
∞
c k
ei

k
x
(o
r
th
e
re
al

co
u
n
te
rp
ar
t)
.

•
P
ar
se
va
l’
s
ge
n
er
al
iz
ed

id
en
ti
ty
:

1 2π

ˆ

π −
π

u
(x
)v
(x
)
d
x
=

∞ ∑

k
=
−
∞
c k
d
k
,

w
h
er
e
u
(x
)
∼

∞ ∑

k
=
−
∞
c k
ei

k
x
an

d
v
(x
)
∼

∞ ∑

k
=
−
∞
d
k
ei

k
x
.

2.
2

C
o
n
v
er
ge
n
ce

K
er
n
el
s

•
T
h
e
D
ir
ic
h
le
t
ke
rn
el
:
D

N
(x
)
=

N ∑

k
=
−
N

ei
k
x
,
x
∈
R
,
N

=
1,
2,
3,
..
.

•
T
h
e
F
ej
ér

k
er
n
el
:
F
N
(x
)
=

1

N
+
1

N ∑ l=
0

l ∑ k
=
−
l

ei
k
x
=

N ∑

k
=
−
N

( 1
−

|k
|

n
+
1

)
ei

k
x
,

N
=

0,
1,
2,
..
.

7

2.
3

C
on

v
er
ge
n
ce

R
es
u
lt
s

•
If
u
∈
L
1
(−

π
,π

),
th
en

u
h
as

a
F
ou

ri
er

se
ri
es
.

•
L
et

u
∈
E

′ .
T
h
en

S N
u
(x
)
=

N ∑

k
=
−
N

c k
ei

k
x
→

u
(x

+
)
+
u
(x

−
)

2
,

x
∈
[−

π
,π

].

•
If
u
∈
E

an
d
D

±
u
(x
)
ex
is
ts
,
th
en

li
m

N
→

∞
S N

u
(x
)
=

u
(x

+
)
+
u
(x

−
)

2
.

•
If

∞ ∑

k
=
−
∞
|c k

|<
∞
,
th
en

∞ ∑

k
=
−
∞
c k
ei

k
x
co
n
ve
rg
es

u
n
if
or
m
ly
.

•
If
u
∈
E
,
th
en

th
e
F
ej
ér

m
ea
n
s
S N

u
(x
)
→

u
(x

+
)
+
u
(x

−
)

2
.

•
If

u
,v

∈
E

an
d
û
[k
]
=

v̂
[k
],
k
∈

Z
,
th
en

u
(x
)
=

v
(x
)
w
h
en
ev
er

u
an

d
v
ar
e
co
n
ti
n
u
ou

s
at

x
.

•
If
u
′ ∈

E
,
u
is
co
n
ti
n
u
ou

s
an

d
u
(−

π
)
=

u
(π
),
th
en

S N
u
co
n
ve
rg
es

u
n
if
or
m
ly

to
u
.

•
If
u
′ ∈

E
an

d
u
is
co
n
ti
n
u
ou

s
on

[a
,b
]
⊂
]−

π
,π

[,
th
en

S N
u
co
n
ve
rg
es

u
n
if
or
m
ly

on
[a
,b
].

•
If
u
∈
E

is
co
n
ti
n
u
ou

s
an

d
u
(−

π
)
=

u
(π
),
th
en

S N
u
co
n
ve
rg
es

u
n
if
or
m
ly

to
u
(x
).

T
h
e
st
at
em

en
t
u
′ ∈

E
d
o
es

n
ot

m
ea
n
th
at

u
′ (
x
)
ex
is
ts

ev
er
y
w
h
er
e,
b
u
t
th
at

th
er
e
ex
is
ts

a
v
∈
E

su
ch

th
at

v
(x
)
=

u
′ (
x
)
w
h
en

u
′ (
x
)
ex
is
ts

an
d
th
at

u
′ e
x
is
ts

ev
er
y
w
h
er
e
ex
ce
p
t
at

a
fi
n
it
e
n
u
m
b
er

of
p
oi
n
ts

in
[a
,b
].

2.
4

G
en

er
al

F
o
u
ri
er

S
er
ie
s

•
F
or

a
gi
ve
n
O
N

sy
st
em

,
th
e
co
m
p
le
x
n
u
m
b
er
s
⟨v
,
e k
⟩,
k
=

1,
2,
..
.,
ar
e
ca
ll
ed

th
e
ge
n
er
-

al
iz
ed

F
o
u
ri
er

co
effi

ci
en
ts

of
v
.

•
If

W
=

{e
1
,e

2
,.
..
}
is

an
O
N

sy
st
em

in
V
,
th
en

W
is

cl
os
ed

if
an

d
on

ly
if
P
ar
se
va
l’
s

id
en
ti
ty

h
ol
d
s:

∞ ∑ k
=
1

|⟨
v
,
e k
⟩|

2
=

∥v
∥2
,

v
∈
V
,

or
if
a
k
=

⟨u
,
e k
⟩a

n
d
b k

=
⟨v
,
e k
⟩,
th
en

⟨u
,
v
⟩=

∞ ∑ k
=
1

a
k
b k
.

2.
5

R
u
le
s
fo
r
F
o
u
ri
er

C
o
effi

ci
en
ts

L
et

u
,v

∈
E

b
e
p
er
io
d
ic

w
it
h
p
er
io
d
T
>

0
an

d
d
efi
n
e
Ω
=

2π
/T

.
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T
ab

le
1:

R
u
le
s
fo
r
F
ou

ri
er

C
o
effi

ci
en
ts

F
u
n
ct
io
n

F
ou

ri
er

co
effi

ci
en
t

N
ot
es

c 1
u
(x
)
+
c 2
v
(x
)

c 1
û
[n
]+

c 2
v̂
[n
]

(u
∗v

) T
(x
)

û
[n
]v̂
[n
]

p
er
io
d
ic

co
n
vo
lu
ti
on

†

u
(x
)v
(x
)

(û
∗v̂

)[
n
]

ei
m
Ω
x
u
(x
)

û
[n

−
m
]

m
∈
Z

u
(x

−
a
)

e−
in

Ω
a
û
[n
]

a
∈
R

u
(a
x
)

û
[n
]

p
er
io
d
T
/a

,
a
>

0

u
(−

x
)

û
[−

n
]

u
(x
)

û
[−

n
]

u
′ (
x
)

in
Ω
û
[n
]

u
(k
) (
x
)

(i
Ω
n
)k
û
[n
]

k
=

1,
2,
..
.

†
(u

∗v
) T

(x
)
=

1 T

ˆ

T

0

u
(x

−
t)
v
(t
)
d
t.

3
T
h
e
F
ou

ri
er

T
ra
n
sf
o
rm

T
h
e
F
ou

ri
er

tr
an

sf
or
m

of
a
fu
n
ct
io
n
u
:
R

→
C

gi
ve
n
b
y

U
(ω

)
=

û
(ω

)
=

F
u
(ω

)
=

ˆ

∞ −
∞
u
(x
)e

−
iω

x
d
x
,

ω
∈
R
,

w
h
en

th
is
in
te
gr
al

ex
is
ts
.

•
If
u
∈
L
1
(R

)
th
en

F
u
(ω

)
ex
is
ts

fo
r
al
l
ω
∈
R

an
d

∥F
u
∥ ∞

≤
∥u

∥ L
1
(R

).

•
F
or

u
∈
G
,
th
e
F
ou

ri
er

tr
an

sf
or
m

F
u
is
u
n
if
or
m
ly

co
n
ti
n
u
ou

s
on

R
.

•
T
h
e
R
ie
m
an

n
-L
eb

es
gu

e
le
m
m
a:

F
or

u
∈
G

w
e
h
av
e
F
u
(ω

)
→

0
as

|w
|→

∞
.

3.
1

C
o
n
v
er
ge
n
ce

K
er
n
el
s

•
T
h
e
D
ir
ic
h
le
t
ke
rn
el

(o
n
R
):

D
R
(x
)
=

si
n
(R

x
)

π
x

,
x
̸=

0,

an
d
D

R
(0
)
=

R
/π

.

•
T
h
e
F
ej
ér

k
er
n
el

(o
n
R
):

F
M
(t
)
=

1 2π

ˆ

M −
M

( 1
−

|ω
|

M

)
ei

ω
t
d
ω
=

1
−
co
s
M

x

π
M

x
2

=
M 2π

(
si
n
(M

x
/2
)

M
x
/2

) 2
,

w
h
er
e
th
e
la
st

tw
o
eq
u
al
it
ie
s
as
su
m
es

th
at

x
̸=

0.

9

In
ve
rs
io
n

•
If
u
∈
G
(R

)
an

d
D

±
u
(x
)
ex
is
ts
,
th
en

li
m

R
→

∞

1 2π

ˆ

R −
R

F
u
(ω

)e
iω

x
d
ω
=

u
(x

+
)
+
u
(x

−
)

2
.

•
If
u
∈
G
(R

),
th
en

li
m

R
→

∞

1 2π

ˆ

R −
R

F
u
(ω

)

( 1
−

|ω
|

R

)
ei

ω
x
d
ω
=

u
(x

+
)
+
u
(x

−
)

2
.

•
If
u
∈
G
(R

),
th
en

li
m

R
→

∞

1 2π

ˆ

R −
R

F
u
(ω

)e
iω

x
d
ω
=

u
(x

+
)
+
u
(x

−
)

2
,

w
h
en
ev
er

th
e
li
m
it
ex
is
ts
.

•
U
n
iq
u
en

es
s:

If
u
,v

∈
G
(R

)
an

d
F
u
(ω

)
=

F
v
(ω

)
fo
r
ev
er
y
ω
∈
R
,
th
en

u
(x
)
=

v
(x
)
fo
r

ev
er
y
x
∈
R

w
h
er
e
b
ot
h
u
an

d
v
ar
e
co
n
ti
n
u
ou

s.

3.
2

S
p
ec
ia
l
R
u
le
s

•
If
u
,U

∈
G
(R

)
an

d
U
(ω

)
=

F
(u
)(
ω
),
th
en

F
−
1
(U

)(
x
)
=

1 2π
F
( (
F
u
)(
−
ω
))
(x
)

an
d

F
(F

u
(ω

))
(x
)
=

2π
u
(−

x
),

fo
r
ev
er
y
x
w
h
er
e
u
is
co
n
ti
n
u
ou

s
an

d
D

±
u
(x
)
ex
is
t.

•
If
u
,v

∈
G
(R

)
su
ch

th
at

u
v
,F

u
,F

v
∈
G
(R

),
th
en

F
(u
v
)(
ω
)
=

1 2π
(F

(u
)
∗F

(v
))
(ω

).

3.
3

P
la
n
ch
er
el
’s

T
h
eo
re
m

•
If
u
∈
G
(R

)
∩
L
2
(R

),
th
en

F
u
∈
L
2
(R

).

•
P
ar
se
va
l’
s
fo
rm

u
la
:
If
u
,v

∈
G
(R

)
∩
L
2
(R

),
th
en

ˆ

∞ −
∞
u
(x
)
v
(x
)
d
x
=

1 2π

ˆ

∞ −
∞
F
u
(ω

)
F
v
(ω

)
d
ω
.

3.
4

R
u
le
s
fo
r
th
e
F
o
u
ri
er

T
ra
n
sf
o
rm

L
et

u
,v

∈
G
(R

)
w
it
h
U
(ω

)
=

F
u
(ω

)
an

d
V
(ω

)
=

F
v
(ω

).
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T
ab

le
2:

R
u
le
s
fo
r
th
e
F
ou

ri
er

tr
an

sf
or
m

F
u
n
ct
io
n

F
ou

ri
er

tr
an

sf
or
m

N
ot
es

c 1
u
(x
)
+
c 2
v
(x
)

c 1
U
(ω

)
+
c 2
V
(ω

)

(u
∗v

)(
x
)

U
(ω

)V
(ω

)

ei
a
x
u
(x
)

U
(ω

−
a
)

a
∈
R

u
(x
)
co
s
a
x

U
(ω

−
a
)
+
U
(ω

+
a
)

2
a
∈
R

u
(x
)
si
n
a
x

U
(ω

−
a
)
−
U
(ω

+
a
)

2i
a
∈
R

u
(x

−
x
0
)

e−
ix

0
ω
U
(ω

)
x
0
∈
R

u
(a
x
)

1 |a
|U
( ω a

)
a
∈
R
,
a
̸=

0

u
(x
)

U
(−

ω
)

u
′ (
x
)

iω
U
(ω

)
u
∈
C
(R

),
u
′ ∈

G

u
(k
) (
x
)

(i
ω
)k
U
(ω

)
u
(k
)
∈
G
(R

)

x
m
u
(x
)

im
(d
/d
ω
)m

U
(ω

)
x
m
u
(x
)
∈
G
,
m

=
1,
2,
3,
..
.

11

3.
5

F
ou

ri
er

T
ra
n
sf
or
m
s

T
ab

le
3:

F
o
u
ri
er

tr
a
n
sf
o
rm

s

F
u
n
ct
io
n

F
ou

ri
er

tr
an

sf
or
m

N
ot
es

e−
a
x
2

√
π a
e−

ω
2
/
4
a

a
>

0

e−
a
|x
|

2a

a
2
+
ω
2

a
>

0

sg
n
(x
)e

−
a
|x
|

−
2i
ω

a
2
+
ω
2

a
>

0

H
(x
)e

−
a
x

1

a
+
iω

R
e
a
>

0

H
(−

x
)e

a
x

1

a
−
iω

R
e
a
>

0

1

a
2
+
x
2

π a
e−

a
|ω
|

a
>

0

H
(x

+
a
)
−
H
(x

−
a
)

2
si
n
a
ω

ω
a
>

0

sg
n
(x
)(
H
(x

+
a
)
−
H
(x

−
a
))

2(
1
−
co
s
a
ω
)

iω
a
>

0

(a
−
|x
|)(

H
(x

+
a
)
−
H
(x

−
a
))

2(
1
−

co
s
a
ω
)

ω
2

a
>

0

1
−

co
s
a
t

t2
π
(a

−
|ω
|)(

H
(ω

+
a
)
−
H
(ω

−
a
))

a
>

0

4
T
h
e
(u
n
il
at
er
al
)
L
ap

la
ce

T
ra
n
sf
o
rm

T
h
e
L
ap

la
ce

tr
an

sf
o
rm

of
u
:
[0
,∞

[→
C

is
gi
ve
n
b
y

L
u
(s
)
=

ˆ

∞

0

u
(t
)e

−
st
d
t,

fo
r
th
os
e
s
=

σ
+
iω

∈
C
,
σ
,ω

∈
R
,
w
h
er
e
th
is
in
te
gr
al

is
co
n
ve
rg
en
t.

•
E
x
p
on

en
ti
al

g
ro
w
th
:
A

p
ie
ce
w
is
e
co
n
ti
n
u
ou

s
u
:
[0
,∞

[
is

of
ex
p
on

en
ti
al

gr
ow

th
(o
f
or
-

d
er

a
)
if
th
er
e
ex
is
ts

co
n
st
an

ts
a
>

0
an

d
K

>
0
su
ch

th
at

|u
(t
)|
≤

K
ea

t
fo
r
t
≥

0.
T
h
e

se
t
of

al
l
su
ch

fu
n
ct
io
n
s
w
il
l
b
e
d
en
ot
ed

b
y
X

a
.

•
E
x
is
te
n
ce

of
L
u
(s
):

If
u
∈
X

a
fo
r
so
m
e
a
>

0,
th
en

th
e
L
ap

la
ce

tr
an

sf
or
m

L
u
(s
)
ex
is
ts

(a
t
le
as
t)

fo
r
R
e
s
>

a
.

•
L
u
(s
)
→

0
as

R
∋
s
→

∞
.

•
L
u
(s
)
co
n
ve
rg
es

u
n
if
or
m
ly

fo
r
R
e
s
>

a
.

•
L
u
(s
)
is
an

al
y
ti
c
fo
r
R
e
s
>

a
.

•
P
er
io
d
ic
it
y
:
If
th
er
e
ex
is
ts

T
>

0
su
ch

th
at

u
(t
+
T
)
=

u
(t
)
fo
r
ev
er
y
t
≥

0,
th
en

L
u
(s
)
=

1

1
−
e−

sT

ˆ

T

0

u
(τ
)e

−
sτ
d
τ,

R
e
s
>

0.

12



4
.1

In
v
er
si
on

•
If
u
∈
X

a
h
as

ri
gh

t-
an

d
le
ft
h
an

d
li
m
it
s
at

a
p
oi
n
t
t
>

0,
th
en

li
m

L
→

∞

1 2π

ˆ

L −
L

L
u
(σ

+
iω
)e

σ
t e

iω
t
d
ω
=

u
(t

+
)
+
u
(t

−
)

2
,

w
h
er
e
th
e
ve
rt
ic
al

li
n
e
R
e
z
=

σ
is
co
n
ta
in
ed

in
th
e
re
gi
on

of
co
n
ve
rg
en
ce

of
L
u
(s
)

•
If
u
,v

∈
X

a
an

d
L
u
(s
)
=

L
v
(s
)
on

so
m
e
ve
rt
ic
al

li
n
e
R
e
s
=

σ
,
th
en

u
(t
)
=

v
(t
)
fo
r
al
l
t

w
h
er
e
u
an

d
v
ar
e
co
n
ti
n
u
ou

s.

4.
2

L
im

it
T
h
eo
re
m
s

•
F
in
al

va
lu
e
th
eo
re
m
:

If
u
:
[0
,∞

[→
C

is
b
ou

n
d
ed

an
d

li
m

t→
∞
u
(t
)
=

A
,
th
en

A
=

li
m

R
∋s

→
0
+
s
L
u
(s
).

•
In
it
ia
l
va
lu
e
th
eo
re
m
:

If
u
:
[0
,∞

[→
C

b
el
on

gs
to

X
b
an

d
li
m

t→
0
+
u
(t
)
=

a
,
th
en

a
=

li
m

R
∋s

→
∞
s
L
u
(s
).

4.
3

R
u
le
s
fo
r
th
e
L
ap

la
ce

T
ra
n
sf
o
rm

L
et

s
=

σ
+
iω
,
σ
,ω

∈
R
,
an

d
U
(s
)
=

L
u
(t
),
σ
>

σ
u
,
V
(s
)
=

L
v
(t
),
σ
>

σ
v
.

T
ab

le
4:

R
u
le
s
fo
r
L
ap

la
ce

tr
an

sf
or
m
s

F
u
n
ct
io
n

U
n
il
at
er
al

L
ap

la
ce

tr
an

sf
or
m

R
eg
io
n
of

co
n
ve
rg
en
ce

c 1
u
(t
)
+
c 2
v
(t
)

c 1
U
(s
)
+
c 2
V
(s
)

σ
>

m
ax

{σ
u
,σ

v
}

(u
∗v

)(
t)

U
(s
)V

(s
)

u
n
il
at
er
al

co
n
v
.†
;
σ
>

m
ax

{σ
u
,σ

v
}

ea
t u
(t
)

U
(s

−
a
)

σ
>

σ
u
+
R
e
a

u
(t
−
t 0
)H

(t
−
t 0
)

e−
t 0
s
U
(s
)

σ
>

σ
u
,
t 0

>
0

u
(a
t)

1 a
U
( s a

)
σ
>

a
σ
u
,
a
>

0

u
(t
)

U
(s
)

σ
>

σ
u

u
′ (
t)

sU
(s
)
−
u
(0
)

σ
>

σ
u

u
′′ (
t)

s2
U
(s
)
−
su

(0
)
−
u
′ (
0)

σ
>

σ
u

u
(n

) (
t)

sn
U
(s
)
−

sn
−
1
u
(0
)
−
··
·

··
·−

su
(n

−
2
) (
0)

−
u
(n

−
1
) (
0)

σ
>

m
ax

{σ
u
,σ

u
′ ,
..
.,
σ
u
(n

−
1
)
}

ˆ

t

0

u
(τ
)
d
τ

U
(s
)

s
σ
>

m
ax

{σ
u
,0
}

tm
u
(t
)

(−
1)

m
(d
/d
s)

m
U
(s
)

σ
>

σ
u

†
(u

∗v
)(
t)

=

ˆ

t

0

u
(τ
)v
(t
−

τ
)
d
τ
.
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4.
4

L
ap

la
ce

T
ra
n
sf
or
m
s

T
ab

le
5:

L
a
p
la
ce

tr
a
n
sf
o
rm

s

F
u
n
ct
io
n

U
n
il
at
er
al

L
ap

la
ce

tr
an

sf
or
m

R
eg
io
n
of

co
n
ve
rg
en
ce

H
(t
)
=

1
1 s

σ
>

0

t
1 s2

σ
>

0

tm
m
!

sm
+
1

σ
>

0

m
=

1,
2,
3,
..
.

ta
Γ
(a

+
1)

sa
+
1

σ
>

0

a
>

0

ea
t

1

s
−
a

σ
>

R
e
a

tm
ea

t
m
!

(s
−
a
)m

+
1

σ
>

R
e
a

m
=

1,
2,
3,
..
.

co
s
a
t

s

s2
+
a
2

σ
>

|I
m
a
|

t
co
s
a
t

s2
−
a
2

(s
2
+
a
2
)2

σ
>

|I
m
a
|

si
n
a
t

a

s2
+
a
2

σ
>

|I
m
a
|

t
si
n
a
t

2a
s

(s
2
+
a
2
)2

σ
>

|I
m
a
|

si
n
a
t

t
ar
ct
an
( a s

)
σ
>

|I
m
a
|

co
sh

a
t

s

s2
−
a
2

σ
>

|R
e
a
|

si
n
h
a
t

a

s2
−
a
2

σ
>

|R
e
a
|

J
0
(a
t)

1
√
a
2
+
s2

σ
>

|I
m
a
|

5
T
h
e
(u
n
il
at
er
al
)
Z
T
ra
n
sf
or
m

T
h
e
Z
tr
an

sf
or
m

of
a
se
q
u
en
ce

u
[k
],
k
=

0,
1,
2,
..
.,
is
d
efi
n
ed

b
y

Z
(u
)(
z)

=
∞ ∑ k
=
0

u
[k
]z

−
k
,

fo
r
th
os
e
z
=

x
+
iy

∈
C
,
x
,y

∈
R
,
w
h
er
e
th
is
se
ri
es

is
ab

so
lu
te
ly

co
n
ve
rg
en
t.
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•
E
x
is
te
n
ce

of
Z

u
(z

):
F
or

a
se
q
u
en
ce

u
[k
],
k
=

0,
1,
2,
..
.,
th
e
Z
tr
an

sf
or
m

Z
u
(z
)
h
as

a
re
gi
on

of
co
n
ve
rg
en
ce

R
su
ch

th
at

Z
u
(z
)
is
ab

so
lu
te
ly

(u
n
if
or
m
ly
)
co
n
ve
rg
en
t
fo
r
|z
|>

R
an

d
d
iv
er
ge
n
t
fo
r
|z
|<

R
.
It

is
p
os
si
b
le

th
at

R
=

0
or

R
=

∞
.

•
In
ve
rs
io
n
:
If
U
(z
)
=

Z
u
(z
),
th
en

u
[k
]
=

1 2π
i

˛

γ

zk
−
1
U
(z
)
d
z,

k
=

0,
1,
2,
..
.,

w
h
er
e
γ
is
a
cl
os
ed

cu
rv
e
(i
n
si
d
e
|z
|>

R
u
)
co
u
n
te
rc
lo
ck
w
is
e
ar
ou

n
d
th
e
or
ig
in
.

•
U
n
iq
u
en

es
s:

If
Z
u
(z
)
=

Z
v
(z
)
fo
r
al
l
|z
|
>

R
fo
r
so
m
e
R

>
0,

th
en

u
[k
]
=

v
[k
]

fo
r
k
=

0,
1,
2,
..
..

•
In
it
ia
l
va
lu
e
th
eo
re
m
:
If
th
er
e’
s
an

R
>

0
su
ch

th
at

Z
u
(z
)
ex
is
ts

fo
r
|z
|>

R
,
th
en

li
m

|z
|→

∞
Z
u
(z
)
=

u
[0
].

5.
1

R
u
le
s
fo
r
th
e
Z
T
ra
n
sf
or
m

L
et

U
(z
)
=

Z
(u
[k
])
(z
),
|z
|>

R
u
an

d
V
(z
)
=

Z
(v
[k
])
(z
),
|z
|>

R
v
.

T
ab

le
6:

R
u
le
s
fo
r
Z
tr
an

sf
or
m
s

F
u
n
ct
io
n

U
n
il
at
er
al

Z
tr
an

sf
or
m

tr
an

sf
or
m

R
eg
io
n
of

co
n
ve
rg
en
ce

c 1
u
[k
]+

c 2
v
[k
]

c 1
U
(z
)
+
c 2
V
(z
)

|z
|>

m
ax

{R
u
,R

v
}

(u
∗v

)[
k
]

U
(z
)V

(z
)

u
n
il
at
er
al

co
n
v
.†
;

|z
|>

m
ax

{R
u
,R

v
}

a
k
u
[k
]

U
( z a

)
|z
|>

|a
|R

u
,
a
∈
C

\{
0}

u
[k

+
1]

zU
(z
)
−
zu

[0
]

|z
|>

R
u

u
[k

+
2]

z2
U
(z
)
−
z2
u
[0
]−

zu
[1
]

|z
|>

R
u

u
[k

+
m
]

zm
U
(z
)
−
zm

u
[0
]+

··
·

··
·−

z2
u
[m

−
2]
−
zu

[m
−

1]
|z
|>

R
u
,
m

=
1,
2,
3,
..
.

u
[k

−
m
]

z−
m
U
(z
)
+
z−

m
+
1
u
[−

1]
+
··
·

··
·+

z−
1
u
[−

m
+
1]
+
u
[−

m
]

|z
|>

R
u
,
m

=
1,
2,
3,
..
.

u
[k

−
m
]H

[k
−

m
]

z−
m
U
(z
)

|z
|>

R
u
,
m

=
1,
2,
3,
..
.

u
[k
]

U
(z
)

|z
|>

R
u

k ∑ l=
0

u
[l
]

z

z
−
1
U
(z
)

|z
|>

m
ax

{R
u
,1
}

k
m
u
[k
]

( −
z
d d
z

) m
U
(z
)

|z
|>

R
u

†
(u

∗v
)[
k
]
=

k ∑ l=
0

u
[l
]v
[k

−
l]
.
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5.
2

Z
T
ra
n
sf
or
m
s

T
ab

le
7:

Z
tr
a
n
sf
o
rm

s

F
u
n
ct
io
n

U
n
il
at
er
al

Z
tr
an

sf
or
m

R
eg
io
n
of

co
n
ve
rg
en
ce

δ[
k
]

1
z
∈
C

δ[
k
−
m
]

z−
m

|z
|>

0,
m

=
1,
2,
..
.

H
[k
]

z

z
−
1

|z
|>

1

k
z

(z
−
1)

2
|z
|>

1

a
k

z

z
−
a

|z
|>

|a
|

k
a
k

a
z

(z
−
a
)2

|z
|>

|a
|

k
2
a
k

a
z2

+
a
2
z

(z
−
a
)3

|z
|>

|a
|

k
3
a
k

a
z3

+
4a

2
z2

+
a
3
z

(z
−
a
)4

|z
|>

|a
|

(k
+
1)
a
k

z2

(z
−
a
)2

|z
|>

|a
|

(
k
+
m

m

)
a
k

zm
+
1

(z
−
a
)m

+
1

|z
|>

|a
|,
m

=
2,
3,
..
.

(
k m

)
a
k
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