
Exempel

Beräkna∫∫∫
R3\{(0,0,0)}

1√
x2 + y2 + z2(1+ x2 + y2 + z2)2

dxdydz .
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Lösning

Integranden är positiv.

Vi tömmer ut R3 \ {(0, 0, 0)} med

Dn = {(x , y , z) ∈ R3 : 1/n2 ≤ x2 + y2 + z2 ≤ n2}.∫∫∫
R3\{(0,0,0)}

1√
x2 + y2 + z2(1+ x2 + y2 + z2)2

dxdydz =

lim
n→∞

∫∫∫
Dn

1√
x2 + y2 + z2(1+ x2 + y2 + z2)2

dxdydz =

lim
n→∞

∫ π

0

(∫
2π

0

(∫ n

1/n

1

r(1+ r2)2
r2 sin θdr

)
dϕ

)
dθ =

lim
n→∞

2π

∫ π

0

sin θdθ ·
∫ n

1/n

r

(1+ r2)2
dr =

lim
n→∞

4π

[
−1

2(1+ r2)

]n
r=1/n

=

lim
n→∞

2π

(
−1

(1+ n2)
+

1

(1+ (1/n)2)

)
= 2π.
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