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Solutions of all problems have to be complete and all arguments well motivated. When known theorems are
used it has to be shown that the assumptions are fulfilled. Each problem is worth 3 point and 2 points are needed
for having the problem approved. 3 passed problems and 8§ points are needed for passing the examination.

1. Find all equilibrium points and decide their stability for the logistic type equation 4 N = r[l - £IN —rN 2
where 7, K are positive constants. Find a general solution of this equation, a solution of the IC N(0) = N, and

find a limit of this solution when ¢t — oo .

X 5 8 1Mx
2. Give a general solution in a vector form for the linear system of equations [ . l = [ 3 5] [ l
y -5 =2y

and use it for drawing an approximate phase space diagram of this system. Determine a fundamental matrix
of this system and a solution with IC x(0) = 2, y(0) = -1.

3. Find a second linearly independent solution y,(x) of the differential equation: x° y'=5x)'+9y=0,x>0

when the solution y,(x) = x”is known. Give a general solution of this equation. Confirm your result by choosing

as independent variable ¢ = In x and by transforming this equation into a linear 2" order differential equation with
constant coefficients.

4. Find all equilibrium points of the dynamical system X =y, y=-x—y—-z>, Z=—-z—Xxz .
Decide stability of the equilibrium point in the origin (0,0,0).

5. Show that (0,0) is an asymptotically stable equilibrium point for the dynamical system

x'=3x-4y+4y°, Yy =-S5y+x-xy
by taking the ansatz V' = ax”" + by”", m,nEN for a Liapunov function. Confirm this result by using the linear
criterion of stability.

6. Find a continuously differentiable function y(x) that solves the integral equation

0
1
=t

¥ (s)ds
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1. The equation can be rewritten as a logistic equation with K (E) = —s1nce
N =r{1-2IN =rN* =rN = (& + F)N* = [l - N/(Z)IN = {1 - N/ KN = f(N). Equilibrium points
are N, =0 and N, -K = £ Since f'(N)= (rN—:NZ) =r-2£N,wehave f'(N,)=r>0and

N, =0 is unstable. f'(N,)=-r <0 is negative and N, =K = 7oz 1s stable. By separating variables in the
the equation N = {1—- N/K]N we find the solution N(f) = K / [l + Cexp(-rt)] where C is an integration
constant. From the IC N(0) = N, we get N(¥) = K/ +( e —==-K.
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2. det[ = 0 gives eigenvalues 4, =1, 4, = —1. The corresponding eigenvectors are w, = [ l,

o [x(@) 2], 41 -
. The general solution is =4 e +B e .
(1) -1 -3

The origin is an unstable equilibrium of the saddle point type. The line through the origin along the eigenvector w,

contains two outgoing trajectories and the line along the eigenvector w, contains two ingoing trajectories. All
remaining trajectories have a hyperbolic shape. They are directed consistently with the half-line trajectories along
w,, w, and they approach these lines when ¢ — +00.

. , x(0) =1 27, 41 ., 24+4B x(0] [ 3e' -2¢™
A solution that satisfies the IC =4 e +8B e is
y(0)=0 -1 -3 » -A-3B b2 (t) e +3e”
0)=0 2 4 24+ 4B t —4e!
and a solution satisfying the IC *0) =4 e +B e” xz( ) = de’ —de .
(0) =1 -1 =31 |, |-4- 38| v, (®) —-2e' +3e”
t )] "_2e" 4de' —4e™
By the definition the fundamental matrix is Y(¢,0) = H0 %0 = 3¢ ~2¢ e .
n(@) y,(0)] de'+de” -2e +3e”

A solution satisfying IC x(0)=2 y(O) = —1 is given by

Y(tO) @ x,@) _ 3¢' =2 de' —de” [ 2 _ 2 g
-1 |n® »0|- —3e'+3e” —2e'+3e7||-1] |-

3. The ansatz y(x) = x’u(x) gives 0=x"y"=5xy" +9y = x*(eu" +u') =[w=u']= x* (xw' + w).
xw' +w = 0 has the solution w=C/x and u=C ln|x| +D. We choose y,(x) =x"Inx. A general solution

is y(x,A4,B) = Ay,(x)+ By,(x) = Ax’ + Bx’ Inx. To change variables differentiate y(x) = y( = Inx) according

to the chain rule. —dyd(xx) G L3 A X O I W3] (5[ ‘r(t)) d 1 ‘r(’) 4 4(1)= d y(’)( ) ‘F(t)( ) After

dt dx dt x° g dx x

substituting into the initial equation we get 0 = x*y" =5x)'+9y =3" -5 -57'+9y =" -6 +97. The
characteristic equation 0 = 1> =61 +9 has a double root A, =3. The general solution is

Y(t) = Ae* + Be¥'t = 4e’™ + Be’™ Inx = Ax” + Bx’ Inx.

4. Equations 0=x=y, 0=y=-x—y-z°, 0=2=—z~-xz give 3 points (x, =0, y, = 0,z, = 0) and



0 1 0
(x, ==Ly =0,z, =1), (x,=-1,y, =0,z, =-1). The Jacobianis J = -1 -1 -2z
-z 0 -1-x
-A 1 0
Det[J(0,0,0) - Ald]= Det| -1 -1-A 0 |=—=(A+1)(A +A+1)=0 has three solutions, A, = -1
0 0 -1-4

5. Equations x'=-3x-4y+4y° =0, ' =-5y+x—xp =0 have only one real valued solution (0,0).
V= %xz + yzis a suitable positive definite Liapunov function. The directional derivative is

V= 4(lx? +y?)=txx+2yp=1x(-3x-4y+4y*)+2y(-5y +x—xy) = -3x* =10y* < 0. So by the
I -5

A, =-4=+ 2\/51'. ReA, =—-4 <0 and by the linear criterion of stability we can conclude that (0,0) is
asymptoticaly stable.

Liapunov theorem (0,0) is an asymptotically stable point. The Jacobian J(0,0) = [ } has eigenvalues

6. By taking derivative of the integral equation we get a first order linear differential equation
1
1+x°
This is a Bernoulli type equation. The substitution z(x) =1/ y(x), y(x) = Ogives y'(x) = —z'(x)/ z(x)’

V' =(- )y* and by setting x = 0 in the integral equation we obtain the IC y(0) = 1.

1 :
and z' = ek So z(x) = arctan x + Cand y(x) = 1/(arctan x + C). From the IC 1 = »(0) =  the solution
+X

is y(x) =1/(arctan x + 1). Substitution of this solution into the integral equation gives

0 1 0
1+»[s2 +1

0
yz(s)ds=l+f 21 ! sds =1+ e S =l—1+;=y(x)
) s” +1 (arctans +1) (arctans +1) | (arctanx +1)



