Written Examination in Discrete Mathematics TATA82, TEN1, 2022-08-18, kl
08-13. ’ S

No calculator. Complete motivations required.

For grade 3 are required 9 points, 12 points for grade 4 and 16 for grade 5.

1. Consider Fibonacci numbers, defined by f1 =1, fo = 1, fn = fa_1 + fa_2,n > 3. Show using

mathematical induction that f, > (14_2—\'/5)"_2 , forall n>3.

2. (a) Consider a complete binary tree of height h where all leaves have level equal to the height
of the tree. Determine the number of nodes and edges of the tree.  (1p)

(b) Can a connected planar graf with all the faces of degree 6 and all the nodes of degree 4
exist? (1p)
3. (a) In how many ways can one divide 25 dices in 5 boxes, if no box is empty?  (1p)
(b) In how many ways can one divide 25 people in 5 hotel rooms, with 5 people in each room?
(1p)
(c) In how many ways can one divide 25 people in 5 groups, with 5 in each group, where the
order of the groups is irrelevant? (1p)

4. (a) Which negative integers u,v satisfy that 143u® 4 187v® = —2640. (1p)
(b) Determine the integers between 1300 and 2600 that are congruent to 10123456789 104 1287
(2p)
5. Solve the difference equation an,—5an—1+8an—2—4an—3 = (3n+1)(2)", ap = 2,a1 = 14,a9 = 42.

6. Consider the functions f: A — {0,1}, where A = {l = z1pz9zsT7T6T5T4T3T2T120; T; € {0,1}}
is the set of binary lists of length 11. Determine the number of such functions that satisfy at least
one of the four following conditions: f(0zgzszrrersrazsrazizo) =0,0r f(T10T9T8T7T6T5T4T3T2710) =
0, or f(riozozslrsrsrazsrazizo) =0, or f(z1029T8T7TeT5T41T27120) = 0.

7. Consider the set of integers A = {t € Z;0 < ¢t < 2047. We define a relation R on A as
follows: t1Rty if their bit-representation have the same number of 0:s. Example 1024R1 since
1024 = 100000000002 and 1 = 00000000001 ).

(a) Show that R is an equivalence relation.  (1p)
(b) How many equivalence classes are there?.  (1p)

(c) How many integers in A belong to the equivalence class of 919 = 011100101119y .  (1p)
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For betyg 3 behovs 9 poéng, for betyg 4 12 poéng och 16 poéng for betyg 5.

1. Betrakta Fibonaccital som definieras av f1 = 1, fo = 1, fn, = fo—1 + fan—2,n > 3. Visa med
1++/5
2

2. (a) Betrakta ett fulltéindigt binért trid av hojden h dér alla 16v sitter pd hojden av trédet.
Bestdm antal noder och kanter i tridet.  (2p)

induktionsprincipen att f, > ( )*2, for alla n > 3.

(b) Kan det existera en sammanhéngande plandr graf dar alla regioner har gradtal 6 och alla
noder har gradtal 4?7  (1p)
3. (a) P& hur minga siitt kan man dela 25 tdrningar i 5 1ddor om ingen ldda &r tom?  (1p)
(b) P& hur ménga séitt kan man dela 25 personer i 5 hotell rum, med 5 personer i varje?  (1p)
(c) P4 hur manga sétt kan man dela 25 personer i 5 grupper, med 5 i varje, om ordningen i
vilken grupper ligger dr irrelevant?  (1p)
4. (a) Vilka negativa heltal u,v uppfyller att 143u> + 187v3 = —2640. (1p)
(b) Bestdm alla heltal mellan 1300 och 2600 som &r kongruenta med 10123496789 sy6] 1287
(2p)

5. Los den rekursiva ekvationen an—5an—1+8an—2—4an—3 = (3n+1)(2)", ap = 2,a1 = 14,a2 = 42.

6. Betrakta funktioner f: A — {0,1}, dir A = {l = z10T9T8T7TeT5T4T3T2L1Z0 5 &5 € {0,1}} &r
mé#ngden med binéra listor av lingd 11. Bestdm hur ménga funktioner ovan som uppfyller minst
ett av foljande villkor: f(0zgzsz7TeTsTaT3T2T1Z0) = 0, eller f(z10TozsrrTeTsT4x322210) =0,
eller f(x10T9z8lT6T5T4T3T2T1T0) = 0, eller f(z102orsTrrerszalaes120) =07

7. Betrakta heltalen A = {t € Z;0 < t < 2047. Vi definierar en relation R pd A genom:
t;Rte om deras bit-representationer har samma antal 0:or. Exempel 1024R1 eftersom 1024 =
100000000003y och 1 = 00000000001 )

(a) Visa att R &r en ekvivalensrelation.  (1p)
(b) Bestdm antalet ekvivalensklasser.  (1p)
(c) Bestdm antalet heltal i ekvivalenklassen till 919 = 011100101113 . (1p)
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