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Inga hjälpmedel. Ej räknedosa.

P̊a del A (uppgift 1–3) ska endast svar ges. De ska lämnas p̊a ett gemensamt papper. Varje
uppgift p̊a del A ger högst 1 poäng. Uppgifterna p̊a del B (uppgift 4–8) ger högst 3 poäng per uppgift. Till
dessa krävs fullständiga lösningar.

Godkänt p̊a alla tre kontrollskrivningar KTR1–3 år 2024 eller 2025 adderar 1 bonuspoäng till total-
poängen. Markera detta genom att skriva ”G” i rutan för uppgift 9 p̊a skrivningsomslaget.

För betyg 3/4/5 krävs 9/12/15 poäng totalt.

Lösningsförslag finns efter skrivtidens slut p̊a kursens hemsida.

DEL A

1. Hur m̊anga ”ord” (bokstavsföljder) best̊ar av exakt fyra av bokstäverna i ASRATIAN?

2. Rita Hassediagrammet för en pomängd som har ett maximum (största element) och ett mini-
mum (minsta element) men ej är ett lattice.

3. Rita en enkel, eulersk graf med exakt sex hörn och exakt åtta kanter.

DEL B

4. (a) L̊at a0 = 0 och an = an−1 + 2
√

5an−1 + 5 om n ∈ Z+. Visa att an = 5n2 för alla n ∈ N.

(b) Visa att varje n ∈ N, n ≥ 12, kan skrivas som en summa av 4:or och 5:or.

5. (a) Antag att n är ett jämnt heltal. Visa att n3 − 4n är delbart med 48.

(b) Bestäm alla n ∈ Z som uppfyller att n2 − 4n− 21 är ett primtal.

6. I ett RSA-kryptosystem har Bob den offentliga nyckeln (65, 5).

(a) Alice krypterar klartexten 6 och skickar meddelandet till Bob. Vilken kryptotext skickas?

(b) Bob tar emot ett annat krypterat meddelande. Kryptotexten är 2. Vad är klartexten?

7. Hur m̊anga heltalslösningar till ekvationen x1 + x2 + x3 + x4 + x5 = 23 uppfyller 2 ≤ xi ≤ 6
för alla i ∈ {1, 2, 3, 4, 5}?

8. L̊at G = (V,E) vara en sammanhängande graf med |V | ≥ 2. Definiera en relation ∼ p̊a V
genom att l̊ata x ∼ y betyda att det existerar k ∈ Z+ och hörn x = x0, x1, x2, . . . , x2k = y ∈ V
s̊adana att {xi, xi+1} ∈ E för alla i ∈ {0, 1, . . . , 2k − 1}. Med andra ord betyder x ∼ y att det
är möjligt att g̊a längs kanter fr̊an x till y med ett positivt och jämnt antal steg.

(a) Visa att ∼ är en ekvivalensrelation.

(b) Visa att antalet ekvivalensklasser är 2 om G är bipartit och 1 annars.
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Linköpings universitet Course code: TATA82
Matematiska institutionen Module: TEN1
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Examination in TATA82 Discrete mathematics

2026-01-07 at 8.00–13.00

No aid. No calculator.

In part A (problems 1–3), only answers shall be given. They are to be handed in on a single
sheet of paper. Each problem in part A is worth 1 point. The problems in part B (problems 4–8) are worth
3 points each. For them, complete solutions are required.

Having passed all three digital tests KTR1–3 in 2024 or 2025 adds 1 bonus point to the total score.
Indicate this by writing “G” in the box representing problem 9 on the exam cover.

For grade 3/4/5 is required a total of 9/12/15 points.

After the exam, solutions are available from the course webpage.

PART A

1. How many “words” (letter sequences) consist of exactly four of the letters in ASRATIAN?

2. Draw the Hasse diagram of a poset which has a maximum (greatest element) and a minimum
(least element) but is not a lattice.

3. Draw a simple, Eulerian graph on exactly six vertices and exactly eight edges.

PART B

4. (a) Let a0 = 0 and an = an−1 + 2
√

5an−1 + 5 if n ∈ Z+. Show that an = 5n2 for all n ∈ N.

(b) Show that every n ∈ N, n ≥ 12, can be written as a sum of 4’s and 5’s.

5. (a) Suppose n is an even integer. Show that n3 − 4n is divisible by 48.

(b) Find all n ∈ Z which satisfy that n2 − 4n− 21 is a prime.

6. In an RSA cipher, Bob has the public key (65, 5).

(a) Alice encrypts the plaintext 6 and sends the message to Bob. Which ciphertext is sent?

(b) Bob receives another encrypted message. The ciphertext is 2. What is the plaintext?

7. How many integer solutions to the equation x1 + x2 + x3 + x4 + x5 = 23 satisfy 2 ≤ xi ≤ 6 for
all i ∈ {1, 2, 3, 4, 5}?

8. Let G = (V,E) be a connected graph with |V | ≥ 2. Define a relation ∼ on V by letting
x ∼ y mean that there exist k ∈ Z+ and vertices x = x0, x1, x2, . . . , x2k = y ∈ V such that
{xi, xi+1} ∈ E for all i ∈ {0, 1, . . . , 2k − 1}. In other words, x ∼ y means that it is possible to
walk along edges from x to y using a positive and even number of steps.

(a) Show that ∼ is an equivalence relation.

(b) Show that the number of equivalence classes is 2 if G is bipartite and 1 otherwise.
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Solutions

1. There are 6 · 5 · 4 · 3 = 360 words with all letters different. There are
(
4
2

)
· 5 · 4 = 120 words

that contain exactly two A’s (choose the positions for the A’s in
(
4
2

)
ways, and then the two

remaining letters in 5 · 4 ways). Finally, there are 5 · 4 = 20 words that contain all three A’s,
since we can choose the non-A in 5 ways and its position in 4 ways. Answer: 500

2. The smallest of many possible examples has six elements. Answer:

3. Random trial-and-error may work, but it is more convenient to use the handshake lemma and
the criterion for being Eulerian in terms of the vertex degrees. This leads to the conclusion that
we want any graph with vertex degree sequence 4, 4, 2, 2, 2, 2. One possibility is the complete

bipartite graph K2,4. Answer:

4. (a) Induction on n. The base case n = 0 holds since a0 = 0 = 5 · 02. For the induction step,
fix n > 0 and assume an−1 = 5(n− 1)2. We show that an = 5n2:

an = an−1 + 2
√

5an−1 + 5

= 5(n− 1)2 + 2
√

25(n− 1)2 + 5

= 5(n− 1)2 + 10(n− 1) + 5

= 5n2,

as desired.

(b) We use strong induction on n. The base cases 12 ≤ n ≤ 15 hold since 12 = 4 + 4 + 4,
13 = 4+4+5, 14 = 4+5+5, and 15 = 5+5+5. Now fix n ≥ 16 and assume by induction
that m is a sum of 4’s and 5’s for every 12 ≤ m ≤ n− 1. Thus, n− 4 is a sum of 4’s and
5’s. Since n = n− 4 + 4, so is n.

5. (a) With n = 2m, we have n3 − 4n = 8m3 − 8m = 8(m− 1)m(m + 1). Of three consecutive
integers, one is divisible by 3 and at least one is divisible by 2. Hence, (m− 1)m(m + 1)
is divisible by 6, and therefore n3 − 4n is divisible by 8 · 6 = 48.

(b) Let p(n) = n2 − 4n − 21. Notice that p(n) = (n − 7)(n + 3), for example by finding the
roots of p. The factors n − 7 and n + 3 are integers whenever n is. Thus, p(n) can only
be a prime if one of these factors is either −1 or 1. Since, moreover, primes are positive,
n− 7 and n+ 3 must have the same sign. The only remaining possibilities are n = −4 or
n = 8. Both are acceptable, since p(8) = p(−4) = 11. Answer: n = −4 or n = 8

6. (a) We encrypt: 65 = 216 · 36 ≡ 21 · 3 · 12 ≡ (−2) · 12 = −24 ≡ 41 (mod 65). Answer: 41

(b) Since 65 = 13 · 5, Bob’s private key is the inverse of 5 modulo 12 · 4 = 48. Euclid, or
experimenting, yields 29 ·5 ≡ 1 (mod 48). Hence, the private key is 29. Decryption yields

229 = (26)4 · 25 ≡ (−1)4 · 32 = 32 (mod 65).

Answer: 32



7. Introducing the new variables yi = xi − 2, we want to count the integer solutions to the
equation y1 + y2 + y3 + y4 + y5 = 13 that satisfy 0 ≤ yi ≤ 4 for all i. Let U denote the set of
all nonnegative integer solutions to this equation, and denote by Ai the set of such solutions
in which yi ≥ 5. By symmetry, the cardinality of an intersection of sets of the form Ai only
depends on the number of sets we intersect. Moreover, three or more such sets have empty
intersection. Standard “star and bars” type arguments show |U| =

(
17
4

)
, |A1| =

(
12
4

)
, and

|A1 ∩A2| =
(
7
4

)
. Hence, by inclusion-exclusion, the number we seek is

|U \ (A1 ∪A2 ∪A3 ∪A4 ∪A5)| = |U| − 5|A1|+
(

5

2

)
|A1 ∩A2|

=

(
17

4

)
− 5

(
12

4

)
+ 10

(
7

4

)
= 17 · 2 · 5 · 14− 5 · 11 · 5 · 9 + 10 · 7 · 5
= 5 · (17 · 28− 11 · 45 + 70)

= 5 · (476− 495 + 70)

= 255.

Answer: 255

8. (a) We show that ∼ is reflexive, symmetric, and transitive. First, pick v ∈ V . Since G is
connected, v is contained in an edge. Hence, it is possible to walk from v to v in two
steps. Thus, v ∼ v, and ∼ is reflexive. Next, assume v1 ∼ v2. This means there is a walk
from v1 to v2 which uses an even number of steps. Traversing the walk backwards yields
a walk from v2 to v1 with the same number of steps. Hence, v2 ∼ v1, and ∼ is symmetric.
Finally, assume v1 ∼ v2 and v2 ∼ v3. Then, there are walks from v1 to v2 and from v2 to
v3 that both use an even number of steps. Concatenating them yields an even-step walk
from v1 to v3, verifying that ∼ is transitive.

(b) First, suppose G is bipartite. This means V can be partitioned into two (nonempty, since
|V | ≥ 2) blocks X and Y such that every edge contains one vertex from X and one from
Y . Thus, every walk between vertices in the same block uses an even number of steps, and
every walk between X and Y uses an odd number of steps. It follows that the equivalence
classes under ∼ are precisely X and Y .

Now, assume G is not bipartite. Then, some v ∈ V is contained in an odd cycle. Since one
may, if necessary, traverse this cycle from v to v before following a different walk, v has
an even-step walk to every other vertex. Hence, every vertex is equivalent to v, meaning
that there is just one equivalence class.


