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Tentamen i TATA82 Diskret matematik

2026-06-05 kl 14.00–19.00

Inga hjälpmedel. Ej räknedosa.

P̊a del A (uppgift 1–3) ska endast svar ges. De ska lämnas p̊a ett gemensamt papper. Varje
uppgift p̊a del A ger högst 1 poäng. Uppgifterna p̊a del B (uppgift 4–8) ger högst 3 poäng per uppgift. Till
dessa krävs fullständiga lösningar.

Godkänt p̊a alla tre kontrollskrivningar KTR1–3 adderar 1 bonuspoäng till totalpoängen. Markera detta
genom att skriva ”G” i rutan för uppgift 9 p̊a skrivningsomslaget.

För betyg 3/4/5 krävs 9/12/15 poäng totalt.

Lösningsförslag finns efter skrivtidens slut p̊a kursens hemsida.

DEL A

1. Hur m̊anga funktioner f : {1, 2, 3} → {1, 2, 3, 4, 5, 6, 7, 8} uppfyller f(1) > f(2) > f(3)?

2. Reducera 692 modulo 19.

3. Rita en graf med kromatiskt tal 3 som är hamiltonsk men inte eulersk.

DEL B

4. (a) L̊at R vara en relation p̊a en mängd A. Vad är definitionen av att R är antisymmetrisk?

(b) Hur m̊anga relationer p̊a {1, 2, 3, 4, 5, 6} är b̊ade antisymmetriska och reflexiva?

5. Finn alla positiva tresiffriga heltal x som uppfyller systemet av kongruenser
x ≡ 1 (mod 2),

x ≡ 2 (mod 3),

x ≡ 3 (mod 5),

x ≡ 5 (mod 11).

6. Betrakta rekursionsekvationen an+3 = 3an+2 + 2an+1 + an + 2n, n ∈ N.

(a) Finn en lösning. (Du behöver inte finna alla.)

(b) Visa att den lösning som uppfyller villkoren a0 = a1 = 3 och a2 = 10 dessutom uppfyller
am ≥ 3m för alla m ∈ N.

7. Det finns 30 böcker, alla av olika författare (med olika namn). Hälften av böckerna är röda,
de övriga är bl̊a. P̊a hur m̊anga sätt kan böckerna ordnas i en rad p̊a en hylla s̊a att de bl̊a
böckerna varken st̊ar i en sammanhängande delföljd eller i alfabetisk ordning efter författare?

8. Givet n ∈ Z+ definierar vi en graf Gn vars hörnmängd är {1, 2, . . . , n} där tv̊a olika hörn bildar
en kant om och endast om deras största gemensamma delare är strängt större än 1. Ange alla
n ∈ Z+ för vilka Gn är planär.
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Linköpings universitet Course code: TATA82
Matematiska institutionen Module: TEN1
Algebra, geometri och diskret matematik

Examination in TATA82 Discrete mathematics

2026-06-05 at 14.00–19.00

No aid. No calculator.

In part A (problems 1–3), only answers shall be given. They are to be handed in on a single
sheet of paper. Each problem in part A is worth 1 point. The problems in part B (problems 4–8) are worth
3 points each. For them, complete solutions are required.

Having passed all three digital tests KTR1–3 adds 1 bonus point to the total score. Indicate this by
writing “G” in the box representing problem 9 on the exam cover.

For grade 3/4/5 is required a total of 9/12/15 points.

After the exam, solutions are available from the course webpage.

PART A

1. How many functions f : {1, 2, 3} → {1, 2, 3, 4, 5, 6, 7, 8} satisfy f(1) > f(2) > f(3)?

2. Reduce 692 modulo 19.

3. Draw a graph with chromatic number 3 which is Hamiltonian but not Eulerian.

PART B

4. (a) Let R be a relation on a set A. What is the definition of R being antisymmetric?

(b) How many relations on {1, 2, 3, 4, 5, 6} are both antisymmetric and reflexive?

5. Find all positive three-digit integers x that satisfy the system of congruences
x ≡ 1 (mod 2),

x ≡ 2 (mod 3),

x ≡ 3 (mod 5),

x ≡ 5 (mod 11).

6. Consider the recurrence equation an+3 = 3an+2 + 2an+1 + an + 2n, n ∈ N.

(a) Find a solution. (You do not need to find them all.)

(b) Show that the solution which satisfies the conditions a0 = a1 = 3 and a2 = 10 moreover
satisfies am ≥ 3m for all m ∈ N.

7. There are 30 books, all by different authors (with different names). Half of the books are red,
the others are blue. In how many ways can the books be ordered in a line on a shelf so that the
blue books neither appear as a consecutive subsequence nor in alphabetical order according
to author?

8. Given n ∈ Z+ we define a graph Gn with vertex set {1, 2, . . . , n} where two different vertices
form an edge if and only if their greatest common divisor is strictly larger than 1. Find all
n ∈ Z+ for which Gn is planar.
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Solutions

1. Such a function is determined by specifying its three-element image. There are
(
8
3

)
= 56

possibilities. Answer: 56

2. Since 19 is a prime not dividing 6, Fermat yields 692 = (618)5 · 62 ≡ 15 · 36 ≡ 17 (mod 19).

Answer: 17

3. There are many possibilities. Removing one edge from K4 produces one. All three properties

are readily verified. Answer:

4. (a) That aRb and bRa implies a = b for all a, b ∈ A.

(b) Let us construct an antisymmetric and reflexive relation on A = {1, 2, 3, 4, 5, 6}. In order
to make it reflexive, we must include (i, i) for all i ∈ A. For each pair of different i, j ∈ A
we have three choices: either include (i, j), or (j, i), or neither. Including both would
violate antisymmetry. There are

(
6
2

)
= 15 such pairs. Answer: 315

5. The four moduli are primes. In particular, they are pairwise coprime. Either by employing
Euclid’s algorithm or by inspection, we find

1 · 165 ≡ 1 (mod 2),

2 · 110 ≡ 1 (mod 3),

1 · 66 ≡ 1 (mod 5),

(−4) · 30 ≡ 1 (mod 11).

By the Chinese remainder theorem, the system’s unique solution modulo 330 is

x = 1 · 1 · 165 + 2 · 2 · 110 + 3 · 1 · 66 + 5 · (−4) · 30

= 165 + 440 + 198− 600

= 203.

Hence, the solutions to the system are x = 203+330k, k ∈ Z. The positive three-digit solutions
are given by k ∈ {0, 1, 2}. Answer: x ∈ {203, 533, 863}

6. (a) With the ansatz an = C · 2n, the recurrence equation yields

8C · 2n = 2n(12C + 4C + C + 1),

which has the unique solution C = −1
9 . Answer: an = −2n

9
.

(b) We use strong induction on m. In the base cases m ∈ {0, 1, 2}, we have a0 = 3 ≥ 30,
a1 = 3 ≥ 31, and a2 = 10 ≥ 32 as desired. Fix m ≥ 3 and assume by induction that
ak ≥ 3k for all 0 ≤ k < m. Then,

am = 3am−1 + 2am−2 + am−3 + 2m−3

≥ 3 · 3m−1 + 2 · 3m−2 + 3m−3 + 2m−3

≥ 3 · 3m−1

= 3m,

as desired.



7. First solution (inclusion-exclusion). Denote by U the set of all permutations of the books,
and by A ⊂ U the set of such permutations where the blue books appear as a consecutive
subsequence. Similarly, let B ⊂ U consist of the permutations where the blue books appear
alphabetically according to author. By PIE, the quantity we wish to calculate is

|U \ (A ∪B)| = |U| − |A| − |B|+ |A ∩B|.

There are n! permutations of an n-set. Thus, |U| = 30!.

A permutation where all blue books are consecutive can be constructed by first choosing a
permutation of the 15 blue books, and then a permutation of the 16-element set consisting of
the red books and a single blue book chunk. Hence |A| = 15! · 16!.

A permutation where the blue books appear alphabetically can be constructed by first choosing
15 of the available 30 positions to put the blue books in, and then a permutation of the red
books to place in the remaining positions. Therefore, |B| =

(
30
15

)
· 15! = 30!

15! .

Finally, a permutation where the blue books appear consecutively and alphabetically ordered
can be thought of as a permutation of the same 16-element set that was discussed above when
counting A. That is, |A ∩B| = 16!.

We conclude that the number of allowed rows of books is 30!− 15! · 16!− 30!
15! + 16!.

Second solution (direct counting). Construct an allowed placement of the books in the
following way. First, choose the 15 positions where the blue books should be placed. There
are

(
30
15

)
possible selections, but 16 of them are forbidden since they are consecutive. Thus, we

have
(
30
15

)
− 16 choices. Next, choose the internal order of the blue books. All permutations

except the alphabetically ordered one are allowed. Hence, there are 15! − 1 allowed orders of
the blue books. Finally, choose how to order the red books in the 15 remaining positions. In
total, we arrive at

((
30
15

)
− 16

)
· (15!− 1) · 15! ways to place the books on the shelf.

Answer: 30!− 15! · 16!− 30!
15! + 16! =

((
30
15

)
− 16

)
· (15!− 1) · 15!

8. First note that if m < n, then Gm is a subgraph of Gn. Thus, if Gm is not planar, Gn is not
planar and, similarly, if Gn is planar, then Gm is planar.

We prove that G9 is planar by producing a plane embedding of it:

1

2

3

4

5 6

7 8

9

(To verify that we indeed have a correct illustration of G9, observe that two different positive
integers less than 10 form an edge iff both are divisible by 2 or both are divisible by 3.)

Finally, observe that the five even integers are the vertices of a complete subgraph of G10.
Since K5 is not planar, neither is G10. Answer: n ∈ {1, 2, . . . , 9}


