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Each problem is worth 4 points. To obtain a grade 3, 4 or 5, you need 10, 14 or 18 points,

respectively. You must not use any aids (no textbooks, notes, calculators or other electronic

tools).

1. The interaction between two species x(t) and y(t) is modeled by the linear system
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Determine the general solution to this system and draw a picture of the entire phase plane

(including negative x and y). Is the steady state (= equilibrium point) (0, 0) stable?
What is the solution if the initial values are x(0) = 3 and y(0) = 2 ?

Show that the level of y(t) is approximately twice the level of x(t) for large t (for any initial

levels x(0) > 0, y(0) > 0).

2. The population Nn � 0 in a time discrete population model satisfies

Nn+1 = 2Nne
�Nn , n = 0, 1, 2, . . .

Find the steady states (= equilibrium points) of the model and determine their stability.

What happens to the population as n ! 1 if N0 > 0 ?

Sketch a cobweb diagram for some N0. (For this you need to sketch the graph of f(x) =
2xe�x

for x � 0; useful is to know f(0), limx!1 f(x), and where f(x) has its maximum)

3. A model for a phytoplankton-herbivore system is given by the equations
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dx

dt
= x+ x2 � xy

dy

dt
= 3xy � 2y2

Here x(t) is phytoplankton density and y(t) herbivore density.

Find all steady states and determine their stability. Draw, for x � 0 and y � 0, a phase

plane picture (with nullclines and directions of the vector field).

After a period in which both densities have decreased, which of the two densities begins to

increase first?

PLEASE TURN



4. Let Sn, In and Rn be the number of susceptibles, infective, and removed, respectively,

at time n � 0 in a time discrete SIRS epidemic model. The total population N is constant,

N = 290, and with Rn = N � Sn � In it is su�cient to study a two-dimensional system

for Sn and In. With 0 < ↵ < 1 constant and certain values of the other parameters, the

system is 8
><

>:

Sn+1 = Sn �
SnIn
300

+
5
6(290� Sn � In)

In+1 = In � ↵In +
SnIn
300

For what value of ↵ is there a steady state (= equilibrium point) (S̄, Ī) with the number of

susceptibles S̄ = 200 ? What is the number of infective Ī at this steady state? Show that

the steady state is stable.

5. For 0 < x < ⇡ and t > 0, solve the initial-boundary value problem (IBVP) for u(t, x)

8
>><

>>:

ut = uxx + u
u(t, 0) = 0

u(t, ⇡) = 0

u(0, x) = x

Hint: put u(t, x) = v(t, x)e↵t.

What is the limit of u(t, x) as t ! 1 ?

6. A model with spatial di↵usion for two populations N(t, x) and P (t, x) that compete for

the same resources is given by

(
Nt = N(6� 3N � P ) +D1Nxx

Pt = P (4� P �N) +D2Pxx

Find the four spatially uniform steady states, and show that only one of them is stable in

absence of di↵usion (D1 = D2 = 0).

Show that di↵usive instability is impossible in this model, so perturbations cannot give

rise to spatial patterns in the populations.








